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A  VARIATIONAL  PRINCIPLE  FOR  PLASTIC  MATERIALS  WITH 
STRAIN-HARDENING' 

Bt  P.  Hodoe  and  W.  Pbaobb 

1.  Introduction.  This  paper  is  concerned  with  a  minimum  principle  for  the 
stresses  in  a  plastic  material  with  strain-hardening.  Only  such  states  of  stress 
(or  strain)  are  considered  which  can  be  reached  from  the  natural  state  by  a  single 
loading  followed  by  at  most  one  (complete  or  partial)  unloading. 

Handelman,  Lin,  and  Prager*  discussed  both  finite  and  differential  stress- 
strain  relations  which  might  be  used  under  these  conditions.  These  relations 
assume  different  forms  depending  on  whether  “loading”  or  “unloading”  takes 
place.  In  the  case  of  simple  tension  or  pure  shear,  the  distinction  between  load¬ 
ing  and  unloading  is  obvious.  However,  in  more  general  cases  where  some  stress 
components  may  be  decreasing  while  others  are  increasing,  it  becomes  necessary 
to  establish  a  formal  mathematical  criterion  for  loading  and  unloading.  To  this 
end,  a  convenient  function /of  the  stress  components  may  be  used,  and  an  infini¬ 
tesimal  change  of  stress  may  be  said  to  constitute  loading,  unloading,  or  a  neutral 
change  according  to  whether  the  corresponding  differential  df  is  positive,  nega¬ 
tive,  or  sero. 

It  would  seem  reasonable  to  expect  the  stress-strain  relation  for  neutral  change 
of  stress  to  assume  the  same  form,  whether  this  change  of  stress  is  considered  as 
a  limiting  case  of  loading  or  unloading.  Handelman,  Lin,  and  Prager  proved, 
however,  that  no  finite  stress-strain  relation  will  fulfil  this  expectation.  In  view 
of  this  fact  the  general  validity  of  finite  stress-strain  relations  appears  doubtful. 

It  is  also  worth  noting  that  any  finite  stress-strain  relation  may  be  differentiated 
and  thus  put  in  the  form  of  a  differential  relation.  However,  the  converse  is 
not  true  since,  in  general,  a  differential  relation  may  not  be  integrated  to  yield  a 
finite  relation. 

In  view  of  these  facts  the  following  discussion  will  be  restricted  to  stress-strain 
relations  of  the  differential  form.  In  the  customary  tensor  notation,  we  denote 
the  strain  by  e<y ,  the  reduced  stress  (i.e.  the  stress  divided  by  Young’s  modulus) 
by  Oii ,  and  Poisson’s  ratio  by  v.  Using  the  summation  convention  regarding 
repeated  subscripts,  we  define  the  reduced  mean  normal  stress  as 


«  ■■  hvu 

(1) 

and  the  reduced^  stress  deviation  as 

»it  —  SSif  , 

(2) 

*  The  results  presented  in  this  paper  were  obtained  in  the  course  of  research  conducted 
under  Contract  N7onr-358  sponsored  jointly  by  the  Office  of  Naval  Research  and  the  Bureau 
of  Ships. 

*  G.  H.  Handelman,  C.  C.  Lin,  and  W.  Prager,  Q.  Appl.  Math.  4,  397-407  (1947). 

*  For  the  sake  of  brevity,  the  terms  "stress”  or  "stress  deviation”  will  be  used  in  the 
following  to  denote  "reduced  stress”  or  "reduced  stress  deviation”. 
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where  j.y  is  the  Kronecker  delta.  We  further  use  the  notations 

>  Jt  ^  \Sif8fk9ki  f  (3) 

and 

to  =  SikSk/  —  I J tSo  •  (4) 

•  Handelman,  Lin,  and  Prager  used  the  differential  dJt  as  the  criterion  for  load¬ 
ing.  However,  considerably  greater  generality  may  be  obtained  by  using  the 
differential  of  a  function  f(Jt ,  J«)  which  is  characteristic  for  the  material  under 
consideration.  With  this  minor  change,  the  differential  stress-strain  relations 
of  Handelman,  Lin,  and  Prager  become 

dfij  =  (1  -|-  y)dsij  -b  (1  —  2v)dsSii 

+  \piJt ,  Jl)sn  +  qiJt ,  Jt)J^n]df  when  d/  >  0,  ►  (5) 
dtif  =■  (1  -H  p)dsij  +  (1  —  2v)d»So  when  df  <0., 

These  two  equations  may  be  combined  and  written  as  follows: 

dtij  —  (1  v)d8ij  -f  (1  —  2v)dsSo  -f  ^[psii  +  qJitiilldf  -f  |  df  |].  (6) 

Here  the  first  two  terms  on  the  right-hand  side  represent  the  elastic  change  of 
strain  associated  with  the  change  of  stress  under  consideration,  while  the  last 
term  represents  the  change  in  permanent  strain. 

The  functions  p,  q,  and  /,  however,  are  not  entirely  arbitrary.  Let  us  consider 
the  surfaces  /  >  const,  in  a  five-dimensional  space  with  the  five  independent 
stress  deviation  components  as  coordinates  (there  are  only  five  such  components, 
since  $u  =*  0).  Unless  these  surfaces  are  convex  with  respect  to  the  origin,  a  ray 
from  the  origin  may  intersect  a  surface  /  »  const,  more  than  once.  This  would 
imply  that  a  process  during  which  the  stresses  are  continually  increased  in  such 
a  manner  that  all  ratios  between  the  components  of  the  stress  deviation  remain 
constant,  would  be  classified  first  as  loading,  then  as  unloading.  This  is  ob¬ 
viously  absurd.  A  sufficient  condition  for  the  surfaces  /  =  const,  to  be  convex 
is  that  /  be  a  positive  definite  form  of  the  components  of  the  stress  deviation. 

Next,  we  take  account  of  the  irreversible  character  of  plastic  deformation. 
Work  done  in  producing  [Elastic  deformations  cannot  be  reclaimed.  Defining  the 
strain  deviation  as 

=  Ui  —  (7) 

we  write  the  condition  of  irreversibility  in  the  form 

inde^i}  >  0,  (8) 

where  is  the  change  in  permanent  strain  represented  by  the  third  term  on  the 
right  hand  side  of  (6).  Thus,  (8)  is  equivalent  to 

2pJt  +  ZqA  >  0.  (9) 

Finally,  we  demand  that  when  the  state  of  stress  an  throughout  the  body  and 
the  infinitesimal  increments  dTj  ^  da/ni  of  the  surface  stresses  are  given,  we 
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shall  have  uniquely  determined  increments  of  stress  throughout  the  body. 
Melan*  has  shown  that  as  a  consequence  of  this  requirement,  p  and  q  are  deter¬ 
mined  to  within  an  arbitrary  positive  definite  invariant  factor  if  /  is  given. 
Experimentally,  however,  it  is  much  easier  to  determine  p  and  q  than  /,‘  We 
shall  therefore,  prove  the  converse  of  Melan’s  theorem,  in  Sec.  2,  establishing  the 
fact  that  /  is  determined  by  p  and  q.  Results  analoguous  to  the  reciprocity 
theorem  of  Maxwell  and  Betti  and  to  the  principle  of  virtual  displacements  will 
be  established  in  Sec.  3.  In  Sec.  4  it  will  be  proved  that  the  stress-strain  relation 
obtained  in  Sec.  2  satisfies  all  conditions  formulated  above.  Section  5  is  con¬ 
cerned  with  a  minimum  principle  for  the  case  where  the  given  rates  of  stress  at 
the  surface  produce  loading  throughout  the  body  and  Sec.  6  with  the  extension 
of  this  principle  to  other  cases.  Finally  in  Sec.  7  we  shall  discuss  the  limitations 
of  the  theory. 

2.  Determination  of  dta  in  terms  of  /.  If  we  are  given  any  two  well-behaved 
functions  p{Ji ,  Jl)  and  q(Ji ,  Jl),  there  exists  an  integrating  factor  F{Ji ,  7s)> 
unique  to  within  a  multiplicative  constant,  such  that  ^ 

[2pdJi  +  qd(Jl)]/2F  (10) 

is  a  perfect  differential.  We  shall  demand  that  p  and  q  be  such  that  F  be  positive 
definite,  and  d^ignate  the  resulting  perfect  differential  by  df.*  Furthermore, 
we  shall  demand  that  the  resulting  fimction  /  be  a  positive  definite  form  in  the 


components  of  the  stress  deviation.  Then 

p  =  Fdf/dJt ,  q  «  2Fdf/dJl .  (11) 

From  the  definitions  (1)  to  (4)  it  follows  that 

dJt/dfij  =*  Sif ,  dJt/dffij  —  Ui ,  (12) 

In  view  of  (11)  and  (12),  Eq.  (6)  now  becomes 

d*ij  =  (1  -I-  v)dSii  +  (1  -  2v)dsiii  +  |F(d//d<r.y)(d/  -f  I  df  I).  (13) 

If  the  elastic  part  of  the  strain  is  denoted  by 

=  (1  -f-  !-)«*/+  (1  -  2y)8Sii,  (14) 

the  stress-strain  relation  can  finally  be  written  as 

i<j  -  «!*’  +  +1/1).  (15) 


where,  for  convenience,  time  derivatives  have  been  used  instead  of  differentials. 

3.  Some  inequalities,  reciprocity  tiieorems,  and  an  analogy  to  ffie  principle  of 
virtual  displacements.  Let  us  consider  a  body  consisting  of  a  plastic  material 

«  E.  Melan,  Ing.  Arch.  9, 11&-126  (1938). 

*  See  for  instance  W.  Lode,  Forschungsarbeiten  a.d.  Gebiete  Ingenieurwesens  No.  303, 
VDI-Verlag,  Berlin  1928;  G.  I.  Taylor  and  H.  Quinney,  Phil.  Trans.  Roy.  Soc.  London  (A) 
280, 323-362  (1931) ;  W.  Prager,  J.  Appl.  Phys.  16, 837-840  (1948). 

•  Since  we  are  only  interested  in  the  sign  of  df,  we  could  always  replace  df  by  dkp(f)  where 
p’(f)  was  positive  definite.  Thus  the  fact  that  the  expression  (10)  could  be  denoted  by 

instead  of  just  df,  does  not  really  add  any  generality. 
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which  obeys  the  stress-strain  relation  (15).  Given  the  state  of  stress  thorough- 
out  this  body  (initial  condition)  and  the  rates  of  loading  on  its  surface  (boundary 
condition),  we  wish  to  determine  the  stress  rates  throughout  the  body. 

Let  cTij  denote  the  stress  rates  which  actually  occur  under  these  conditions 
(“actual”  stress  rates)  and  ffn  any  set  of  “artificial”  stress  rates  which  satisfy 
equilibrium  and  boundary  conditions.  Furthermore,  let  in  and  in  denote  the 
corresponding  strain  rates,  determined  in  accordance  with  Eq.  (15)  from  the 
initial  stress  <rn  and  the  stress  rates  cn  and  an,  respectively.  The  artificial 
strain  rates  c|y  will  not  satisfy  the  compatibility  equations  as  a  rule. 

We  shall  now  prove  the  following  lemmas. 

Lemma  1.  For  the  actual  stress  rate  in,  the  artificial  stress  rate  in ,  and  the  corre¬ 
sponding  rates  of  strain, 

(in  -  »o)(«ty  —  «</)  >  0  (16) 

Proof:  The  substitution  of  (15)  into  the  left-hand  side  of  (16)  yields 

(in  —  aii)(iii  ~  «</)  ®=  (^n  —  ^Iy)(«<y  —  <*^0 

+  (an  -  a[i)\F(df/dan)p -¥  |/|)  -  (/'  +  \f'  |)1.  (17) 

If  we  substitute  (2)  and  (14)  into  the  first^term  on  the  right-hand  side  of  (17) 
we  obtain  . 

(in  -  an)(i?/  -  =  (1  +  y)(iu  -  iii)(iu  -  *o)  +  3(1  -  2y)(i  -  i')\ 

which  is  positive,  since’ 

-1  <  F  <  1/2.  (18) 

To  determine  the  sign  of  the  other  term  several  cases  must  be  considered. 

(t)  If  both  the  actual  and  artificial  states  constitute  loading,  then  in  view  of  the 
relations 

^  /  =  (9f/da„)i„ ,  f  -  (df/da^)a,, ,  (19) 

the  last  term  on  the  right-hand  side  of  (17)  becomes 

(in  -  yn)F(df/dan)(f  -  f)  ^F(f-  r)\ 
which  is  non-negative,  since  F  is  positive  definite. 

(n)  If  the  actual  state  constitutes  loading  and  the  artificial  state  unloading,  then 
the  last  term  on  the  right-hand  side  of  (17)  becomes 

(in  -  in)F(df/dan)f  ^  F{j  -  f% 

which  is  positive,  since  in  this  case 

/  >  0,  f  <0. 

’  See  for  instance  A.  E.  H.  Love,  A  treatiss  on  the  mathenuUieol  theory  of  elaetieity,  4th 
edition,  Dover  Publications,  New  York,  1946,  p.  104. 
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(m)  If  the  actual  state  constitutes  unloading  and  the  artificial  state  loading,  then 
the  last  term  on  the  right-hand  side  of  (17)  becomes 

(iij  -  )(-/■)  =  #■(/-/>)(-/), 

which  is  positive,  since  in  this  case 

/  <  0,  f>0. 

(w)  Finally,  if  both  the  actual  and  artificial  states  constitute  unloading,  the  last 
term  on  the  right-hand  side  of  (17)  is  identically  equal  to  zero. 

Corollary.  For  any  stress  rate  in  and  the  corresponding  strain  rate  in , 

>  0.  (20) 

The  proof  is  precisely  analogous  to  that  of  the  lemma. 

Lemma  2.  For  the  natural  stress  rale  in  ,  the  artificial  stress  in « and  the  correspond¬ 
ing  rates  of  elastic  strain, 

Vt-yely’  “  ani'if-  (21) 

This  is  proved  by  substituting  (14)  in  both  sides  of  (21)  and  recalling  definitions 
(1)  and  (2). 

Lemma  3.  If  both  the  actual  and  artificial  stress  rates  constitute  loading,  then 

iijiii  =  atiiu.  (22) 

This  is  proved  by  substituting  (15)  in  both  sides  of  (22)  and  using  (21)  and  (19). 
Lemma  4.  (An  analogy  to  the  principle  of  virtual  displacements.)  Consider  any 
system  of  stress  rates  in  and  a  system  of  strain  rates  in  which  are  defined  in  a 
region  V  and  satisfy  the  following  conditions: 

(t)  the  stress  rates  satisfy  .the  equations  of  equilibrium 

in,i  =  0 

and  the  boundary  condition 

“  iifni , 

where  the  rates  are  given  over  the  entire  surface  5  of  F; 

(it)  the  strain  rates  satisfy  the  equations  of  compatibility,  i.e.  they  are  derived 
from  velocities  u<  in  accordance  with 

<*y  =  J(“*y  +  ^y.<); 

(Hi)  the  region  V  can  be  divided  into  a  finite  number  of  sub-regions 
^o)^  y(*)  . . .  ^  y(»)  gypjj  and  in  are  analytic  in  each  of  these  sub-regions; 

(tv)  The  velocities  tif  are  continuous  throughout  V  and; 

(v)  the  rates  of  the  stresses  transmitted  across  the  surface  of  separation  between 
the  regions  7*'^  and  are  the  same  whether  they  are  evaluated  from  the  ex¬ 
pression  of  flr<y  valid  in  or  from  that  valid  in 
It  is  not  necessary  that  in  and  c*y  be  connected  by  the  stressHBtrain  law. 
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Under  these  fixe  conditions  it  can  he  shown  by  precisely  the  method  used  to  prove  the 
principle  of  virtual  displacements,  that 

j  (hf  =  j  tiA*dS.  (23) 

4.  The  stress'strain  relation  (16)  satisfies  the  conditions  formulated  in  Section  * 
1.  To  show  that  the  irreversibility  condition  (9)  is  fulfilled,  we  substitute  (11) 
into  the  left-hand  side  of  (9).  Thus, 

2pJt  +  3qJl  =  F[2idf/dJt)Jt  +  6(d//dJj)/,*].  (24) 

Since  Jj  is  a  quadratic  form  and  Jt  a  cubic  form  in  the  components  of  the  stress 
deviation  and  since  we  demand  that  /(J* ,  jJ),  too,  be  a  homogeneous  in  these 
components,  we  may  use  Euler’s  theorem  to  write  (24)  in  the  form 

2p/j  +  "  wF/, 

where  n  is  the  degree  of  /.  Therefore,  since  F  and  f  are  positive  definite,  the 
condition  of  irreversibility  (9)  is  satisfied  by  our  choice  of  /. 

If  the  state  of  stress  aj  is  given  throughout  the  body  and  the  stress  rates  tj  = 
ififlii  on  the  entire  surface,  the  stress  rates  throughout  the  body  will  be  uniquely 
determined.  To  prove  this  proposition,  we  start  from  the  assumption  that  it 
is  not  correct.  Let  otf  and  oif  be  two  sets  of  stress  rates  which  satisfy  the 
equations  of  equilibrium  throughout  the  body,  and  the  boundary  conditions 

i  i  —  ffi/  n<  oti  n< 

on  the  entire  surface.  Furthermore,  let  and  be  the  strain  rates  deter-  e 
mined  from  and  o'ij  by  means  of  Eq.  (15).  Since  we  assume  both  sets  of  * 
stress  and  strain  rates  to  constitute  solutions  of  our  boundary  value  problem, 
ciV  as  well  as  e<V  satisfy  the  equations  of  compatibility.  Thus  the  strain 
rates  i!*’  are  derived  from  velocities  u\“\  and  the  strain  rates  from  velocities 

If  is  not  identically  equal  to  driy’,  then  we  may  integrate  the  inequality  of 
Lemma  1  over  the  entire  volume  and  obtain, 


/  -  il'’i)dv  >  0.  (25) 

If  we  use  the  notations 


•  («)  _  •  (•)  •  (6)  .(«) 
—  Vij  ~  if ,  *ij 


.{•)  _  .(«  ,..(«) 
*ii  ~  «<>■ » 


then  will  correspond  to  the  rates  of  loading 

f  <•>  «  =  0  (26) 

on  the  entire  surface.  Also,  since  and  satisfy  the  five  conditions  of 
Lemma  4, 


j  -  I  t'tW'ds. 


(HI) 
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But  in  view  of  (26),  the  right-hand  side  of  (27)  equals  zero,  and  hence  (27)  contra¬ 
dicts  (25).  Therefore  and  the  stress  rates  are  uniquely  determined  by 

the  rates  of  loading  on  the  surface. 

6.  Minimum  principle  for  loading  tiirougfaout  tiie  body.  In  this  section  we 
shall  assume  that  both  the  actual  and  artificial  stress  rates  constitute  loading 
throughout  the  body.  With  this  limitation  it  will  be  shown  that  the  volume 
integral  of  the  invariant  v«-y<<y  over  the  entire  body  has  a  smaller  value  for  the 
actual  stress  rates  than  for  any  artificial  system  of  stress  rates. 

Let  us  first  take  the  integral  of  (16)  over  the  body.  We  obtain 

A  -  2B  -f  Z)  >  0,  (28) 

where 

J  aiiiijdv,  (29-a) 

B  =  ^  +  Vyyi^y)  dv,  (29-b) 

D  =  j  crtiiijdv.  (29-c) 

From  Lemma  3,  it  follows  that 

B  =  I  <r;y«.y  dv.  (30) 

Since  vy/  and  in  satisfy  the  five  conditions  of  Lemma  4,  it  follows  from  (23)  that 

B  =  I  4i.ydt;  -  f  fiUidS,  (31) 

where  the  integral  is  to  be  taken  over  the  entire  surface  of  the  body.  However, 
since  both  the  actual  and  artificial  stress  rates  must  satisfy  the  same  boundary 
conditions  everywhere  on  the  surface,  we  have  fi  =*  fi  and  hence 

B  =  J  TiUi  dS. 

Since  in  also  satisfies  the  conditions  of  Lemma  4,  we  can  again  apply  (23)  to 
show  that 

B  =  J  vyyiyy  dv  A.  (32) 

Substituting  (32)  into  (28)  we  obtain  A  <  D,ot 

j  9n*it  dv  <  J  ini'n  dv.  (33) 

This  establishes  the  minimum  principle  in  the  case  where  both  the  natural  and 
the  artificial  state  constitute  loading  throughout  the  body. 
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6.  Extension  to  other  cases.  Consider  a  body  under  a  system  of  surface  forces 
such  that  both  the  actual  and  artificial  stress  rates  constitute  loading  in  some 
parts  and  unloading  in  others.  Let  Fu  denote  that  part  of  the  body  which  under¬ 
goes  loading  under  both  the  actual  and  artificial  stress  rates,  Vu  that  part  which 
is  loaded  according  to  the  actual  rates,  but  unloaded  according  to  the  artificial 
stress  rates,  Vn  that  part  which  is  being  unloaded  according  to  the  actual  rates, 
but  loaded  according  to  the  artificial  rates  and,  finally  Vn  that  part  which  under¬ 
goes  unloading  under  both  the  actual  and  the  artificial  stress  rates.  If  we 
particularize  Eq.  (15)  for  both  the  actual  and  artificial  stress  rates,  and  for  all 


four  regions,  we  obtain  the  following  stress-strain  relations: 

in  Vn:  in  =  i!®/  +  F(df/daii)f,  i'.j  =  4-  E(a//d<r,y)/';  (34-a) 

in  Vn:  in  =  in  +  F(df/daii)f,  i'n  «  iiT',  (34-b) 

in  Vn:  in  “  in.  in  =  iiT  +  F(d//d(r.y)/';  (34-c) 

in  Fa:  =  <{^1  i'n  —  *4^  •  (34-d) 

Since  the  equations  proved  in  Lemmas  2  and  3  are  local  equations,  they  are  valid 
wherever  the  required  conditions  are  fulfilled.  Applying  Lemma  3  to  Fu  ,  and 
Lemma  2  to  the  remaining  regions,  we  obtain  the  following  equalities: 

m  Fu:  ^nin  *  ^nin  ;  (35-a) 

in  Fu:  ^nin  =  ^nin’  =  ^nin  =  ^nia  ~  Fff']  (35-b) 

and  similarly,  -  , 

in  Fa:  =  oaia  4-  (35-c) 

and  in  Fa:  =  ^\iin  •  (35-d) 

Applying  equations  (35)  to  (20-b),  we  obtain, 

B- f  i'.Aiiii-U  FJt'dv  +  U  (36) 

Jv  £  Jrit  *  •'^11 

where 

$ 

■  F  =  Fu  4-  Fu  4-  Fa  4-  Fa 

is  the  total  volume. 


The  quantities  appearing  in  the  first  integral  on  the  right-hand  side  of  (36) 
satisfy  the  five  conditions  of  Lemma  4,  and  therefore  the  integral  may  be  trans¬ 
formed  in  exactly  the  same  manner  as  in  Sec.  5  to  obtain 

B  ••  j  &niij  dv  -{•  H  A  -{•  H,  (37) 

where 

H=-U  Firdv  +  U  Ftfdv. 

I  Jr„  I  Jr,i 


(38) 
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In  view  of  (37),  the  inequality  (28)  can  now  be  written  as 

D>  A  +  2H.  (39) 

Therefore,  if  we  substitute  (29)  and  (38)  into  (39),  we  obtain  the  inequality 

I  iijiiido  <  f  &ij^fdv+  f  Fff' do  —  f  Fff' do.  (40) 

Jr  Jr  Jrit  Jru 

Although  (40)  holds  in  all  cases,  it  does  not  lend  itself  to  an  application  of  the 
direct  methods  of  variational  calculus,  since  the  last  two  integrals  depend  on 
both  the  actual  and  the  artificial  stress  rates.  However,  if  these  stress  rates  are 
such  that  H  >0,  then  (40)  will  reduce  to  the  inequality  (33)  derived  for  loading 
only.  There  are  two  practically  important  situations  where  this  will  be  the  case. 

Since/  >  0  for  loading  and/  <  0  for  unloading,  and  since  F  is  positive  definite, 

Fff'  <  0  (41) 

throughout  both  Fu  and  Vn .  Thus  a  sufficient  condition  for  H  to  he  non¬ 
negative  is  that  Vti  =  0.  Therefore,  we  may  conclude  that  (33)  will  hold  in  all 
cases  where  the  artificially  loaded  region  is  entirely  contained  in  the  actually 
loaded  region. 

If  we  admit  only  those  artificial  stress  rates  which  are  indefinitely  close  to  the 
actual  stress  rat^  in  the  neighborhood  of  the  dividing  surface  between  loading 
and  unloading,  then  it  can  be  shown  that  H  is  an  infinitesimal  of  higher  order 
than  A  and  D*  Therefore,  in  this  case  also  the  minimum  principle  (33)  will 
apply. 

7.  Conclusion  and  limitations.  ()urconclusion,then,  is  as  follows:  The  volume 
integral  of  the  invariant  oaii  f  over  the  entire  body  is  less  for  the  actual  stress  rates  than 
it  is  for  any  system  of  artificial  stress  rates  which  satisfy  equilibrium  and  boundary 
conditions,  and  which  either  are  indefinitely  near  the  actual  stress  rates,  or  constitute 
unloading  in  all  regions  of  the  body  where  the  actual  stress  rates  constitute  unloading. 

A  similar  procedure  may  be  used  to  derive  a  minimum  principle  for  the  mixed 
boundary  value  problem,  where  the  stresses  are  given  throughout  the  interior  of 
the  body,  the  stress  rates  on  a  part  of  the  surface,  Sa  ,  and  the  velocities  on  the 
remainder  of  the  surface  Sa  •  Let 

n*  =  i  imiii  dv  -  TiUi  dSa  .  (42) 

Then  it  can  be  shown  that  11*  is  less  for  the  actual  stress  rates  than  for  any  system 
of  artificial  stress  rates  which  satisfy  the  above  restrictions.  In  the  case  where 
the  velocities  are  prescribed  zero  on  Sa  ,  this  principle  will  reduce  to  (33). 

These  conclusions  are,  of  course,  subject  also  to  the  limitations  imposed  on  the 
stress-strain  relation  developed  by  Handelman,  Lin,  and  Prager.  Therefore,  it 

*  In  this  connection,  see  W.  Prager,  Variational  Principles  in  the  Theory  of  Plasticity, 
to  be  published  in  Proc.  6th  Intemat.  Congr.  Appl.  Mech.,  Paris,  1946,  where  the  problem 
is  treated  by  methods  of  the  calculus  of  variations. 
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applies  only  to  cases  where  loading  from  the  stress-free  natural  state  is  followed 
by  at  most  one  unloading,  and  only  to  materials  which  exhibit  strain-hardening. 

It  is  also  worth  while  pointing  out  that  in  the  case  where  the  artificially  loaded 
region  is  entirely  contained  within  the  naturally  loaded  region,  we  have  proved 
an  absolute  minimum  principle,  since  we  have  proved  actual  inequalities.  Thus 
our  conclusion  is  stronger  than  if  we  had  used  the  method  of  first  and  second 
variations  which  can  never  do  more  than  compare  the  natural  state  with  indefi¬ 
nitely  near  artificial  states. 

Bbown  UmTBBsrrr 

(Reoeived  November  26,  1947) 
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AUXILIARY  TABLE  FOR  THE  INCOMPLETE  ELLIPTIC  INTEGRALS 

Bt  E.  L.  Kaplan 


1.  Introductioii.  Interpolation  into  Legendre’s  tables  [la  or  b]  of  the  incom¬ 
plete  elliptic  integrals  F  and  E  is  not  practicable  when  both  the  modular  angle 
sin~*A;  and  the  amplitude  ^  are  near  90°.  The  present  paper  derives  and  tabulates 
easily  interpolable  fimctions  from  which  the  integrals  may  be  calculated  in  this 
case.  The  relevant  formulas  are  (1)  and  (2)  below.  A  new  list  of  errata  for 
Legendre’s  tables  is  given. 

2.  Derivation  of  the  formulas. 


K  -  F{k,  v)  “  V(1  -«*)(!-  W  “  i  V(1  -  <*)(*'*  +  kV) 


r  “  k'/k.  We^use  the  formulas 
f  dt  _ 

A  Vr*  +  ” 


X  +  V  r*  -|-  X* 


sinh  ‘  - 
r 


/••  trdt  X— »  , _  ,  m  -  1  f  tr-*dt 

A  y/r*  +  P  "*  m  +  *  »■  ^  A  %/»■*+  <* 

.  E./L  ^  Pi  1  r*  1-3  3  1  4  "ll  .._ix 
..  K  2  ■  2  “*'2.4  ‘  4  ’  2^  •••Jj^smh  - 

,1  >  .  .  ,Pl  x,l-3/x*  3,  x\ 

,.x*  ^  4.x\ 

^  2-4.6  \6  6  4  ^6-4  2} 

The  expression  multiplying  sinh~*x/r  is  the  expansion  of 

2  r"  dip  2  r'*  dip  2  „ 


y/l  -I-  r*  sii 


,  ,  =  Hx(jfcO. 

1  —  I:'*  cos*  ip  V 


K  -  F(fc,  —  sinh"*  -  -I-  xVr*  -f  x*-/ 
V  r 


f/Vl  +  T» 
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dt 


For  the  integral  of  the  second  kind  we  have 

»j[  fcVr»  +  t*  dt  (l  +  +  2“^!  ^  ■)• 


We  use  the  formulas 


Vr*  +  <*  d<  =»  I  Vr*  +  X*  +  ^  sinh“‘  ^ 

•  r  -  ;^2  ^2 1' 

=  [l  -  1  .  L’  +  ‘1*  .  1 . 1  r*  -  . . .  ]  A.  f  V^MPT-  M 
1-3-5/x'  6  ,  X*  6-3  4  x\  . 

^U“8’'  0  +^’'  ■?;  + 


+ 


The  expression  multiplying  the  integral  is  the  expansion  of 


■]• 


2k  2  cos*  ip  dtp  4A.*  r*^*  cos*  ip  dip 


T  Jo 


^0  \/l  +  r*  sin*  ip  r  lo  y/l  —  cos*  >p  rr 


=  —  («:(fcO  -  E(k% 


Hence 


E  -  Eik,  ip)^-  (K'  -  E')  r sinh-‘  -  +  \  +  x(r*  +  x*)*'‘.e*, 

T  L  J 


where 

e*vTT7* 


If  we  set  e  =  2{K'  —  E')litr‘  +  (r*  +  x*)e*,  we  have 


(2)  E  -  E{k,  ip)  (K'  -  W)  sinh"‘  £  +  xv/f*  +  x*-e, 

T  r 

an  equation  which  differs  from  (1)  in  the  right  member  only  in  having  K'  —  E' 
and  e  in  place  of  K'  and  /,  respectively.  The  equation  for  e  can  be  reduced  to 
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vrr 


-  [i  -  i  ■] 

-u-mh-mr,'-]- 


Since  this  formula  was  not  discovered  until  after  e*  had  been  computed,  the 
values  of  e  were  computed  from  10-decimal  values  of  e*  rather  than  directly. 

It  is  possible  to  modify  equations  (1)  and  (2)  to  give  F(k,  ip)  and  E{k,  <p)  di¬ 
rectly,  K  and  E  not  appearing: 


Oir'  A  _ 

F{k,v)  -  —  InJ  (x  -I-  y/r*  +  x*)~'  -  xy/r*  +  x*-/  -  K, 

IT  fC 


E(k,  <p)  *■  -  (K'  —  E')  In  (x  -f-  y/r*  +  x*)  *  —  xy/ r*  -f-  x*-e  +  Et 

IT  fC 


Ki  and  Et  have  been  tabulated  by  Airey  [2],  Equations  (3)  are  a  little  more 
general  than  (1)  and  (2),  since  (3)  could  be  used  to  compute  the  complete  inte¬ 
grals  if  desired.  A  previous  paper  [3]  by  the  author  provides  a  more  direct 
means  for  doing  this,  however,  so  that  if  it  is  available  the  more  complicated 
equations  (3)  would  be  useful  only  in  the  uncommon  case  that  the  complete  inte¬ 
grals  were  unknown  and  unwanted. 


3.  Description  of  the  tables.  The  principal  table  gives  10-decimal  values  of 
/  and  e  for  x*  *=  —  .005(.005)0.16,  r*  =  —  .005(.005)0.16,  the  negative  arguments 
being  included  to  facilitate  interpolation .  Fourth  differences  are  everywhere  less 
than  about  16  units  in  the  last  place,  and  may  be  neglected.  The  greatest  second 
and  third  differences  are  7  X  10“*  and  8  X  10“*,  so  that  linear  and  quadratic 
interpolation  is  substantially  valid  to  6  and  8  decimals,  respectively.  The  table 
is  so  constructed  that  even  if  the  initial  data  are  values  of  x*  and  k*,  only  one 
square  root  has  to  be  extracted,  namely  y/x*(r*  -f  x*).  For  this  purpose  the 
expression  sinh~'  x/r  is  written  in  the  form 

i  8inh“*  (2xy/f^~+l^/r^  -  I  In  I(r^  +  2x*  +  2xy/r*  +  x*)//^. 

All  of  the  values  were  calculated  directly  from  the  double  series,  and  the  results 
checked  by  differencing.  Tabular  errors  should  not  exceed  1  X  10~”.  As  a 
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check  on  the  formulas  and  general  procedure,  values  of  both  integrals  for  x*  *■ 
0.09,  r*  =  0.16  were  calculated  by  numerical  integration;  the  results  agreed 
with  (1)  and  (2)  to  12  decimals. 

As  a  by-product  of  the  principal  computations,  12-decimal  values  of  the  fimc- 
tions  2K'  jr  and  2{K'  —  E')/t  appearing  in  (1)  and  (2)  were  obtained  as  functions 
of  r*  for  r*  =  —  .005(.006)0.16  and  are  included  here.  The  last  decimal  of  2K'  jr 
is  not  precise;  and  the  fourth  differences  of  2{K'  —  E')fir,  which  vary  from 
—3000  to  — 1600  X  10““,  are  not  perfectly  allowed  for  by  the  modified  second 
differences,  so  that  a  maximum  error  of  1.3  X  10““  may  arise  thereby. 

The  author’s  previous  table  [3]  gives  the  complete  elliptic  integrals  K  and  E 
near  their  singularity  as  functions  of  logio  k'*.  A  similar  device  is  possible  for  the 
incomplete  integrals,  by  using  as  arguments  X  =  8inh“^  x/r,  a  =  r*  -|-  x*.  The 
inverse  relations  are  r*  =  a  sech*  X,  x*  =  a  tanh*  X,  xy/ r*  -f-  x*  “  a  tanh  X.  The 
fact  that  such  a  treatment  increases  the  size  of  the  required  table  is  of  little 
consequence  for  the  univariate  table,  but  it  would  be  a  grave  disadvantage  for 
the  bivariate  table.  The  labor  saved  by  the  novel  form  of  table  would  be  about 
the  same  in  each  case,  taken  absolutely,  and  hence  of  little  importance,  relatively, 
for  the  incomplete  integrals. 

4.  Checking  of  Legendre’s  Tables.  There  is  one  other  respect  in  which 
Legendre’s  tables  [1]  need  to  be  supplemented,  and  that  is  by  a  list  of  errata. 
In  an  effort  to  find  most  of  the  errors  detectable  by  a  reasonable  amount  of  work, 
the  following  operations  were  performed  on  the  Pearson  edition :  (a)  In  Legendre’s 
Table  I  the  indicated  differences  of  logu  E'  and  logu  F’  were  verified  (this  dis¬ 
regards  the  13th  and  14th  decimals  given  in  part  of  the  table),  (b)  In  Legendre’s 
Table  IX  all  those  fifth  differences  of  E  and  F  with  respect  to  0  which  involve 
entries  on  the  same  printed  page  (i.e.,  every  fifth  such  difference)  were  calculated, 
(c)  For  the  columns  in  which  0  is  a  multiple  of  5°,  and  the  preceding  test  insensi¬ 
tive,  every  (n  —  l)st  one  of  the  nth  differences  (n  «=  4  or  6)  with  respect  to  ^  was 
calculated,  (d)  Values  occurring  at  more  than  one  place  in  Legendre’s  nine 
tables  were  compared  w  ith  one  another  as  well  as  with  anti-logarithms  calculated 
from  Table  I  at  intervals  of  1°,  and  complete  integrals  calculated  from  Hayashi 
[5]  and  Kaplan  [3]  for  0'*=  0(5°)80®(1®)90®.  (e)  Entries  in  Table  IX  for  0  «  0 
and  90®  were  compared  with  other  tables,  (f)  As  a  spot-check  in  the  difficult 
region,  E  and  F  were  computed  from  the  present  tables  for  0  and  v>  ■*  70®(6®)85®. 
The  results  are  given  below.  The  largest  error  in  the  set  is  2.4  X  10“*.  (g) 
Heuman’s  values  [4]  of  F(86®,  86®)  and  F(87®,  87®)were  corrected  in  the  ninth 
decimal,  and  F  was  computed  by  numerical  integration  and  checked  by  the 
present  tables  for  0  =»  76®,  <f>  *=  55(1)89®,  where  Legendre  has  systematic  errors  < 
31  X  10“*,  and  one  other. 

In  the  following  table  of  errata,  those  previously  given  by  Heuman  [4]  and/or 
Samoilova- Yakhontova  [6]  are  starred.  As  they  had  already  been  entered  into 
the  copy  being  checked,  they  were  not  subject  to  rediscovery  by  the  writer.  The 
letter  D  indicates  that  corresponding  errors  occur  in  higher  differences.  The 
letter  N  indicates  that  the  error  does  not  occur  in  the  1816  edition  and  its  re¬ 
prints,  which  were  only  examined  for  the  errors  found  in  the  Pearson  edition. 
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The  obscurities  noted,  some  of  which  led  to  errors  in  checking,  are  all  peculiar  to 
the  Pearson  edition,  except  for  one  in  log  E'  (22.4°)  in  the  1816  edition,  which 
resulted  in  an  error  in  the  1826.  Page  niunbers  in  parentheses  refer  to  the  1826 
edition. 

For  p.  86  (355),  function  F,0  =  76°,  ^  *=  55(1)  89°,  the  amounts  to  be  added 
( X  10~*)  to  Legendre’s  values,  and  the  resulting  correct  values  for  the  last  three 
digits  (7-9th  decimals)  are  as  follows: 


V  -  65-60: 

21 

-179 

21 

21 

21 

21 

100 

376 

946 

923 

475 

964 

-  61-70: 

22 

22 

23 

23 

24 

25 

26 

26 

27 

27 

088 

024 

676 

302 

666 

083 

101 

331 

473 

176 

^  -  71-80: 

28 

29 

30 

30 

31 

31 

29 

27 

26 

23 

809 

051 

284 

703 

082 

095 

120 

398 

488 

950 

^  -  81-89: 

21 

19 

16 

15 

13 

11 

9 

6 

3 

265 

111 

247 

485 

391 

625 

843 

066 

042 

Also,  for  =  45°  in  Table  IX,  decrease  by  one  unit  in  the  last  place  J?(24°), 
F(60°),  F(89°);  increase  E  by  one  unit  for  6  =  38,  53,  62,  64,  70,  74,  78,  and  F 
for  0  =  1,  6,  20,  46,  60,  65,  75.  (This  is  based  on  Legendre’s  own  12-decimal 
values  in  Table  VIII.) 

The  table  of  errors  does  not  include  14  errors  of  1  or  2  units,  presumably  only 
t3rpical  of  considerable  portions  of  Table  IX,  derived  from  the  following  values 
calculated  by  the  writer: 


<P 

e  -  70" 

76" 

80" 

85" 

70" 

.98297  68254 

.96518  62639 

.95143  84692 

.94269  81311 

76" 

1.02171  63337 

.99915  74432 

.98140  78139 

.96992  21180 

80" 

1.05648  22128 

1.02823  30506 

1.00543  29463 

.99022  77900 

85" 

1.08824  77295 

1.05342  63162 

1.02436  39317 

1.00394  02679 

B 

1 

O 

75" 

80" 

85" 

1.50590  62431 

1.64683  71117 

1.60181  48925 

1.72372  39526 

Itti 

1.79268  73574 

1.87145  39624 

1.94682  23053 

2.00498  77555 

2.01192  70796 

2.13389  51423 

2.26527  32608 

2.38364  70808 

85" 

2.25177  99498 

2.43657  61369 

2.66935  04480 

2.94868  87547 

The  consistent  discrepancy  of  one  unit  between  the  two  sets  of  given  values  of 
F  for  “  75°,  =  84-88°  is  curious.  Only  the  value  for  ip  85°  was  recalcu¬ 
lated.  Another  curious  fact  concerns  the  errors  in  F  for  ^  7°,  9  =  11°,  and 

^  *  6°,  ^  *  86°;  and  in  F  for  ^  =  6°,  ®  *«  14°,  and  <p  -*  31°,  0  =*  83°.  These 
were  not  given  by  Heuman,  although  he  states  that  he  used  the  1826  edition 
(none  of  them  occurs  in  the  1816),  and  if  imcorrected  they  would  have  resulted 
in  errors  in  his  6-decimal  tables  (his  values  are  actually  correct). 

Natal  Obonanck  Labobatort 
Washinoton,  D.  C. 


(Received  September  8,  1947) 
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'COLVMlf 

roa 

laAO 

F»  I 

...  m 

8  269  /76 

£»  II 

...  935 

664  935  D 

£*  III 

loe 

10.* 

E>  III 

ISl 

14S 

E‘  III 

188 

105 

E‘ 

...  460 

0.179  686  069  460  obsc. 

F*  II 

...  724 

734  727  N 

P 

..587  732 

0.217  047  587  732*  N 

E*  III 

335 

334 

E‘ 

obscure 

0.167  149  996  573  N 

P 

8.228  ... 

0.228  724  167  129  *  N 

E‘ 

..108  854 

0.167  376  100  864  • 

E* 

...  718 

0.163  276  754  518 

E‘  I 

..181  846 

238  151  846 

P  II 

918  048 

910  048 

P  II 

933  497 

933  490  D 

E‘ 

obscure 

0.136  899  080  179  N 

E‘  I 

...  4T2 

286  398  872  N 

E‘ 

...  313 

0.122  726  812  303 

P  III 

343/ 

'  3437 

E‘  I 

..848  296 

309  845  296 

P  III’ 

618/ 

6180 

P  II 

1  456  871 

1  446  871 

P  II 

...  165 

1  737  168  D 

P  III 

8037 

8035 

P  II 

62  608 

62  60/  D 

P  IV 

53 

83 

P  IV 

65/ 

1  650 

P  I 

965  ... 

965  829  772  N 

P  III 

...  975 

144  078  D 

P  II 

...  315 

1  1  309  315  D 

P 

0,006  ... 

1  0.006  613  376  378.88 

P  IV 

64  678 

64  68/ 

P 

...  618  ... 

0.003  739  615  163.78  *  N 

P  III 

450  ... 

45/  286  857  D 
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ERRATA  FOR  PEARSON'S  TABLE  II  (LEGENDRE’S  TABLE  IX) 


PAOX 

ruMcnoN 

¥ 

i 

FOB 

BEAD 

24(293) 

F 

32 

3 

05004 

0.55858 

0/004 

99 

F 

42 

2 

0P968 

0.73311 

00968 

« 

25(294) 

E 

51 

4 

88952 

0.88952 

98250 

26(295) 

F 

64 

3 

64582 

1.11750 

65482 

N 

27(296) 

E 

5 

10 

00557 

0.05755 

31277 

N 

99 

E 

41 

10 

95746 

0.71391 

97546 

99 

E 

44 

6 

15513 

0.76721 

15513 

28(297) 

F 

5 

7 

08720 

0.08725 

81052 

• 

»> 

F 

20 

9 

34503 

0.34053 

53662 

• 

.  29(298) 

E 

90 

8 

56506 

1.565/6 

22295 

* 

30— 

54 

obscure 

0.94451 

96925 

N 

99 

67 

obscure 

1.1709/ 

31870 

N 

30(299) 

73 

55448 

1.27598 

55448 

• 

N 

31 (300) 

E 

7 

11 

12215 

0.12215 

20142 

N 

99 

E 

41 

10 

See  above 

32(301) 

F 

1 

14 

01745 

0.01745 

33444 

• 

N 

99 

F 

6 

14 

1/473 

0.10473 

09355 

N 

33(302) 

E 

54 

15 

93450 

0.93450 

23938 

* 

N 

33— 

E 

72 

10 

obscure 

1.24934 

56503 

N 

34(303) 

F 

89 

12 

40539 

1.57035 

40439 

35(304) 

E 

14 

47559 

0.24406 

47559 

36(305) 

F 

32 

mm 

72078 

0.56174 

52078 

37(306) 

E 

45 

16 

47534 

0.77994 

47534 

N 

39(308) 

E 

.  14 

20 

See  above 

99 

E 

24 

80059 

0.34791 

800/9 

99 

E 

40 

24 

08535 

0.68953 

08535 

41 (310) 

E 

50 

mm 

obscure 

0.86142 

06/77 

N 

99 

E 

62 

obscure 

1.05610 

54197 

N 

99 

E 

78 

31072 

1.31072 

85082 

• 

42(311) 

88 

21 

58584 

1.58784 

47725 

• 

90 

23 

63651 

1.63651 

74093 

• 

44(313) 

35 

30 

62503 

0.62003 

01811 

• 

N 

42 

27 

74754 

0.74574 

01816 

• 

46(315) 

59 

27 

59233 

1.06251 

59233 

99 

85 

27 

56540 

1.56450 

67133 

• 

99 

,89 

26 

85937 

1.63627 

85937 

47(316) 

E 

41 

34 

33784 

0.69797 

33584 

48(317) 

F 

12 

31 

42255 

0.20984 

42245 

N 

49(318) 

E 

48 

33 

56955 

0.81181 

56955 

50(319) 

F 

84 

34 

05543 

1.59518 

05543 

51(320) 

E 

45 

36 

72625 

0.76003 

72625 

53(322) 

E  , 

45 

35 

76158 

0.76158 

30381 

* 

N 

99 

E 

69 

40 

86091 

1.10811 

86591 

55(324) 

E 

27 

42 

46376 

0.46356 

10915 

* 

57(326) 

E 

69 

40 

See  above 

99 

E 

73 

45 

53451 

1.13785 

43451 

• 

58(327) 

F 

80 

44 

55006 

1.50506 

49280 

• 

61(330) 

E 

73 

45 

See  above 

0 

62(331) 

51 

46 

95155 

0.95157 

7953 

0 

99 

■a 

90 

46 

7545 

1.86914 

7545 
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f 


c*fV 

*'•/*•  .  -MS 

0 

.oos 

.01 

.ois 

.02 

•  .24961  01196 

1  .24953  2547S 

1  .24945  47794 

.24937  68196 

1  .24929  86739 

1  .24922  03473 

0 

.25007  80264 

i  .25000  OOOOO 

1  .24992  17782 

.24984  33666 

i  .24976  47702 

:  .24968  59944 

;  .25054  85410 

1  .25047  00564 

:  .25039  13779 

.25031  25108 

i  .25023  34605 

>  .25015  42321 

.01 

.25102  16890 

•  .25094  2742S 

1  .25086  36040 

.25078  42781 

.26070  47703 

.25062  50859 

.oie 

;  .25149  74968 

1  .25141  80854 

:  .25133  84828 

.25125  86945 

>  .25117  87258 

.25109  85818 

.02 

.25197  59911 

.25189  61108 

i  .25181  60408 

.25173  57867 

.25165  53535 

.25157  47464 

.026 

.25245  71987 

.25237  68459 

.25229  63050 

.25221  55813 

.25213  46801 

.25205  36064 

.03 

.25294  11471 

.25286  03183 

.25277  93027 

.25269  81058 

.25261  67329 

.25253  51800 

.036 

.25342  78642 

.25334  65556 

.25328  50616 

.25318  33870 

.25310  16396 

.25301  95217 

.04 

.25391  73781 

.25383  55858 

.25375  36099 

.25367  14556 

.25358  91281 

.25350  66328 

.045 

.25440  97175 

.25432  74379 

.25424  49761 

.25416  23374 

.25407  95272 

.25399  65504 

.05 

.25490  49116 

.25482  21407 

.25473  91892 

.25165  60624 

.25467  27666 

.25448  03036 

.055 

.25540  29899 

.25531  97238 

.25523  62787 

.25515  26598 

.25696  88724 

.25498  40217 

.06 

.25690  39823 

.25582  02171 

.25573  62745 

.25565  21597 

.25556  78779 

.25548  34343 

.065 

.25640  79192 

.25632  36610 

.25623  92068 

.25615  45921 

.25606  98120 

.25598  48717 

.07 

.25691  48317 

.25683  00663 

.25674  51067 

.25665  99880 

.25657  47056 

.25648  92645 

.076 

.26742  47610 

.25733  94644 

.25725  40052 

.25716  83786 

.25708  25898 

.25699  66139 

.08 

.26793  77091 

.25786  19071 

.25776  59342 

.25767  97955 

.25759  34963 

.25750  70416 

.065 

.25845  37383 

.25836  74168 

.25828  09259 

.25819  42710 

.25810  74572 

.25802  04896 

.09 

.25897  28715 

.25888  60262 

.25879  90132 

.25871  18379 

.25862  45053 

.25853  70206 

.095 

.25949  51421 

.25940  77687 

.25932  02294 

.25923  25293 

.25914  46737 

.25905  66677 

.26002  05841 

.25993  26782 

.25984  46082 

.25975  63791 

.25966  79962 

.25957  94645 

.26054  92319 

.26046  07892 

.28037  21840 

.26028  34215 

.26019  45069 

.26010  54453 

.26108  11205 

.26099  21365 

.26090  29917 

.26081  36014 

.26072  42408 

.26063  46448 

.115 

.26161  62865 

.26152  67566 

.26143  70668 

.28134  72242 

.26125  72331 

.26116  70983 

.12 

.26215  47631 

.26206  46828 

.26197  44454 

.26188  40660 

.26179  35197 

.26170  28117 

.125 

.26269  65901 

.26260  5^547 

.26251  51640 

.26242  42232 

.26233  31373 

.26224  19114 

.13 

.26324  18038 

.26315  06086 

.28305  92600 

.26296  77631 

.26287  61230 

.28278  43446 

.135 

.26379  04421 

.26369  86825 

.26360  67711 

.26351  47134 

.26342  ‘25143 

.26333  01789 

.14 

.26434  25437 

.26425  02147 

.26415  77359 

.28406  51126 

.26397  23498 

.26387  94525 

.145 

.26489  81478 

.26480  52446 

1 

.26471  21935 

.26461  89908 

.26452  56684 

.26443  22044 

.15 

.26545  72943 

.26536  38119 

.26527  01836 

.26517  64145 

.26508  25097| 

.26498  84742 

.155 

.26602  00238 

.26592  59572 

.26583  17466 

.26573  73972 

.26564  29141 

.26554  83021 

.16 

.26668  63775 

.26649  17216 

.28639  69237 

.28630  10890 

.26620  69225 

.26611  17291 
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e 


MtV 

rVi'--A05 

0 

XIOS 

Ais 

.02 

-.005 

.50031  62190 

.49937  65676 

.49844  35293 

.49751  70S32 

.49650 

.49568  34409 

0 

.50094  08340 

.50000  (XXXK) 

.49906  mm 

.40813  81733 

.49721  70201 

.49630  22688 

.005 

.50156  85803 

.50062  65674 

.49969  1^^ 

.49876  24061 

.49784  00970 

.49692  41974 

.01 

.50219  94873 

.50125  62893 

.50031  97478 

.49938  07811 

.49846  63099 

.49754  92558 

.015 

.50283  35852 

.50188  91957 

.60095  14704 

.50002  a32^ 

.49909  56886 

.49817  74738 

.02 

.50347  0D042 

.50252  53169 

.50158  64016 

.50065  40770 

.19072  82631 

.49880  88814 

.(r25 

.£0411  14754 

.  .50316  46837 

.50222  46720 

.50129  10588 

.mm  40641 

.49944  35092 

.03 

.50175  53298 

.60380  73273 

.50286  60128 

.50193  13046 

.50100  31226 

.50008  13882 

.035 

.50540  24993 

.50445  32794 

.5a351  07555 

.50257  48458 

.50164  54701 

.50072  25498 

.04 

.50605  30161 

.50610  25722 

.50416  8S322 

.60322  17144 

.50229  11385 

.50136  70257 

.045 

.50670  69128 

.50675  52381 

.50481  02754 

.50387  19430 

.50294  01603 

.50201  48485 

.05 

.50736  42227 

.50641  13104 

.50546  51182 

.50452  55644 

.50359  25683 

.50266  60509 

.0o5 

.60802  49792 

.50707  08225 

.50612  33941 

.50518  26121 

.50424  83958 

.50332  06662 

.06 

.50868  92167 

.50773  3^788 

.50678  51371 

.50584  31^ 

.50490  76768 

.50397  87281 

.50935  69697 

.50840  03032 

.50745  03816 

.50650  71226 

.50567  044S6 

.50464  02710 

.07 

.61002  82733 

.50907  03414 

.50811  916-27 

.50717  46648 

.50623  67370 

.50530  53297 

.075 

.51070  31634 

.50974  39589 

.50879  15159 

.50784  57521 

.50690  («SS5 

.50697  39395 

.08 

.61138  16760 

.51042  11917 

.50946  74774 

.60862  04^ 

.50768  00300 

.50664  61362 

.085 

.51206  384S0 

.61110  20786 

.51014  70836 

.50919  87864 

.50825  71039 

.50732  19563 

.09 

.61274  97168 

.61178  66509 

.51083  03719 

.50988  07972 

.50803  78464 

.50800  14367 

.(^5 

.51343  93202 

.61247  49.524 

.51151  73800 

.51056  65203 

.50962  2w2n 

.50868  46150 

.10 

.61413  26888 

.61316  70195 

.61220  81462 

.61125  50942 

.51031  04819 

.50937  15292 

.105 

.51482  98856 

.51386  28912 

.51290  27095 

.61194  92576 

,51100  24538 

.51006  22181 

.11 

.51553  09264 

.51456  26<I72 

.51360  11094 

.51264  63500 

.51169  82473 

.61075  67210 

.116 

.51623  58595 

.51526  62077 

.51430  33861 

.51334  73115 

.51239  79021 

.51145  50777 

.12 

.51694  47259 

1 

.51597  37336 

.51500  05804 

.61405  21^ 

.51310  14591 

.51215  73289 

.125 

.51766  76671 

.51668  52264 

.51571  97336 

.51476  10053 

.51380  89595 

.51286  35156 

.13 

.61837  442.55! 

.51740  07284 

.51643  388^ 

.51647  3^)9| 

.51452  04451 

,51357  36798 

.135 

.61909  534401 

.51812  02^ 

.51716  20863 

.61619  0672S| 

,51623  59588 

.51428  78640 

.14 

.61982  0.3863 

.51884  3931S 

.51787  43720 

.51691  16033' 

.51505  55433 

.51500  61113 

.145 

.52054  953671 

.51957  17211 

.51860  C7^2 

.51763  66674 

.61667  92432 

.51572  84667 

.15 

.52128  290031 

.52030  36951 

.61933  l;3820 

.61836  58796 

.51740  71030 

.61645  49719 

.155 

.52202  056:joi 

.62103  98097 

.52006  619^ 

.61909  93155 

.51813  gieao 

.61718  56750 

.16 

.52276  23912 

.52178  0381.3 

.62080  52827 

.51983  70114 

.61887  &1S47 

.61792  06212 
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cmV 

vym 

mOl 

.02S 

.03 

.03S 

.04 

-.006 

.24922 

03473 

.24914 

18448 

.24906 

31716 

.24898 

43325 

.24890 

53322 

0 

.24968 

69944 

.24960 

70442 

.24952 

79245 

.24944 

86402 

.24936 

91961 

.005 

.25015 

42321 

.25007 

48306 

.24999 

52611 

.24991 

55284 

.24983 

56371 

.01 

.25062 

50859 

.25054 

52298 

.25046 

52070 

.25038 

50224 

.25030 

46807 

.015 

.26109 

85818 

.25101 

82676 

.25093 

77881 

.25085 

71482 

.25077 

63525 

.02 

.25157 

47464 

.25149 

39706 

.25141 

30308 

.25133 

19321 

.25125 

06790 

.025 

.25205 

36064 

.25197 

23654 

.25180 

09619 

.25180 

94008 

.25172 

76868 

.03 

.25253 

51890 

.26245 

34792 

.25237 

16083 

.25228 

95813 

.25220 

74029 

.035 

.25301 

95217 

.25293 

73395 

.25285 

49977 

.25277 

25012 

.25268 

98547 

.04 

.25350 

66328 

.25342 

39744 

.25334 

11580 

.25325 

81883 

.25317 

50701 

.045 

.25399 

65504 

.25391 

34122 

.25383 

01175 

.25374 

66710 

.25366 

30774 

.05 

.25448 

93036 

.25440 

56818 

.25432 

19050 

.25423 

79779 

.25415 

39052 

.055 

.25498 

49217 

.25490 

08124 

.25481 

65497 

.25473 

21382 

.25464 

75827 

.06 

.25548 

34343 

.25539 

88338 

.25531 

40813 

.25522 

91816 

.25514 

41394 

.066 

.25598 

48717 

.26589 

97760 

.25581 

45298 

.25572 

91381 

.25564 

36054 

.07 

.25648 

92645 

.25640 

36697 

.25631 

79260 

.25623 

20382 

.25614 

60110 

.075 

.25699 

66439 

.25691 

05460 

.25682 

43007 

.25673 

79130 

.25665 

13874 

.08 

.25760 

70416 

.26742 

04364 

.25733 

36856 

.25724 

67938 

.25715 

97659 

.086 

.25802 

04896 

.25793 

33731 

.25784 

61126 

.25775 

87128 

.25767 

11784 

.09 

.25863 

70206 

.25844 

93886 

.25836 

16143 

.25827 

37023 

.25818 

56573 

.095 

.26906 

66677 

.25896 

85160 

.25888 

02237 

.25879 

17953 

.25870 

32357 

.10 

.25057 

94645 

.25949 

07880 

.25940 

19743 

.25931 

30254 

.25922 

39468 

.106 

.26010 

54453 

.26001 

62415 

.25992 

69003 

.25983 

74266 

.25974 

78248 

.11 

.26063 

46448 

.26054 

49084 

.26045 

50363 

.26036 

50334 

.26027 

49042 

.115 

.26116 

70983 

.26107 

68249 

.26098 

64175 

.26089 

58810 

.26080 

52199 

.12 

.26170 

28417 

.26161 

20267 

.26152 

10796 

.26143 

00051 

.26133 

88078 

.125' 

.26224 

10114 

.2i215 

05505 

.26205 

90591 

.26196 

74420 

.26187 

57040 

.13 

.26278 

43446 

.26260 

24330 

.262C0 

03927 

.26250 

82287 

.26241 

59453 

.135 

.26333 

01789 

.26323 

77119 

.26314 

51182 

.26305 

24024 

.26295 

95692 

.14 

.26387 

94525 

.26378 

64255 

.26369 

32736 

.26360 

00015 

.26350 

66137 

.145 

.26443 

22044 

.26433 

86126 

.26424 

48978 

.26415 

10646 

.26405 

71176 

.15 

.26498 

84742 

.26489 

43128 

.26480 

00302 

.26470 

56311 

.26461 

11200 

.166 

.26554 

83021 

.26545 

35662 

.26535 

87109 

.26526 

37111 

.26516 

86612 

.16 

.26611 

17291 

.26001 

64136 

.26592 

09808 

.26582 

54353 

.26572 

97816 
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-.02 

.025 

.03 

.035 

.04 

-.005 

.49568 

34409 

.49477 

61497 

.49387 

51009 

.49298 

02200 

.49209 

14342 

0 

.49630 

22688 

.49539 

38427 

.49449 

16661 

.49359 

56647 

.49270 

57656 

.005 

.49692 

41974 

.49601 

46302 

.49511 

13200 

.49421 

41922 

.49332 

31737 

.01 

.49754 

92558 

.40663 

85416 

.49573 

40916 

.49483 

58314 

.49394 

36877 

.015 

.49817 

74738 

.49726 

56064 

.49636 

00106 

.49546 

06119 

.49456 

73369 

.02 

.49880 

88814 

.49789 

58546 

.49698 

91069 

.49608 

85636 

.49519 

41513 

.025 

.49944 

35092 

.49852 

93168 

.40762 

14110 

.49671 

97169 

.49582 

41611 

.03 

.50008 

13882 

.40916 

60239 

.49825 

69536 

.49735 

41025 

.49645 

73971 

.035 

.50072 

25498 

.49980 

60071 

.49880 

67661 

.49799 

17617 

.49709 

38904 

.04 

.50136 

70257 

.60044 

92984 

.49953 

78802 

.49863 

26961 

.49773 

36726 

.045 

.50201 

48485 

.50109 

50209 

.60018 

33281 

.49927 

69680 

.49837 

67758 

.05 

.50266 

60509 

.50174 

59344 

.50083 

21425 

.49992 

45998 

.49902 

32326 

.055 

.50332 

06662 

.50239 

93452 

.50148 

43565 

.50057 

56247 

.49967 

30760 

.06 

.50397 

87281 

.50305 

61960 

.50214 

00038 

.50123 

00764 

.60032 

63394 

.065 

.50464 

02710 

.50371 

65210 

.60279 

91187 

.60188 

79887 

.50098 

30570 

.07 

.50530 

53297 

.50438 

03548 

.50346 

17356 

.50254 

93965 

.50164 

32632 

.075 

.50507 

30395 

.50504 

77329 

.50412 

78898 

.50321 

43347 

.50230 

69931 

.08 

.50664 

61362 

.60671 

86909 

.50479 

76171 

.50388 

28390 

.60297 

42823 

.085 

.50732 

19563 

.50639 

32652 

.60647 

09536 

.50455 

49456 

.50364 

51668 

.09 

.50800 

14367 

.50707 

14927 

.50614 

79362 

.50523 

06912 

.50431 

96833 

.005 

.50868 

46160 

.60775 

34109 

.50682 

86023 

.50591 

01132 

.50499 

78691 

.10 

.50937 

15292 

.50843 

90677 

.60751 

29897 

.50659 

32494 

.50667 

97620 

.105 

.51006 

22181 

.50912 

84717 

.50820 

11372 

.50728 

01383 

.60636 

54003 

.11 

.51075 

67210 

.50982 

16923 

.50889 

30837 

.50797 

08189 

.60705 

48230 

.115 

.51145 

50777 

.51051 

87662 

.50958 

88691 

.50866 

53309 

.50774 

80697 

.12 

.51215 

73289 

.51121 

07130 

.51028 

85337 

.50936 

37146 

.50844 

51807 

.125 

.51286 

35156 

.61192 

45046 

.51099 

21186 

.51006 

60110 

.50914 

61967 

.13 

.51357 

36798 

.51263 

34450 

.61169 

96653 

.61077 

22616 

.50985 

11594 

.135 

.51428 

78640 

.51334 

63003 

.61241 

12164 

.51148 

25087 

.51056 

01108 

.14 

.51500 

61113 

.61406 

32279 

.61312 

68148 

.61219 

67952 

.51127 

30938 

.145 

.51572 

84667 

.51478 

42455 

.61384 

65041 

.51291 

61649 

.51199 

01520 

.15 

.51645 

49719 

.61560 

94066 

.51457 

03290 

.61363 

76619 

.61271 

13296 

.155 

.51718 

56750 

.51623 

87566 

.51529 

83344 

.51436 

43313 

.51343 

66716 

.16 

.51702 

06212 

.61607 

23413 

.51603 

05663 

.51509 

52191 

.51416 

62237 
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c*iV 

kVk* 

-.04 

.045 

.05 

.0S5 

M 

.24890 

63322 

.24882 

61752 

.24874 

68666 

.24866 

74103 

.24858 

78110 

n 

.24936 

91961 

.24928 

95969 

.24920 

98470 

.24912 

99610 

.24904 

99134 

.24983 

66371 

.24975 

55921 

.24967 

63978 

.24959 

50688 

.24961 

45794 

.01 

.26030 

46807 

.26022 

41865 

.25014 

36444 

.25006 

27590 

.24998 

18346 

.016 

.26077 

63525 

.26069 

5405S 

.25061 

43126 

.25053 

30774 

.26045 

17045 

.02 

.26126 

06790 

.25116 

92763 

.25108 

77286 

.25100 

60400 

.26092 

42163 

.26172 

76868 

.25164 

58246 

.25156 

38187 

.25148 

16735 

.26139 

93935 

.03 

.26220 

74029 

.26212 

50776 

.25204 

26101 

.26198 

00048 

.26187 

72660 

.26288 

98547 

.26260 

70628 

.25252 

41301 

.25244 

10611 

.26236 

78599 

.04  1 

1 

.26317 

60701 

.26309 

18030 

.25300 

84065 

.25292 

48701 

.25284 

12031 

.046 

.25366 

30774 

.25367 

93414 

.25349 

64675 

.25341 

14601 

.26332 

73236 

.06 

.26415 

39052 

.26406 

96916 

.25398 

63416 

.26390 

08595 

.25381 

62498 

.066 

.25464 

75827 

.26456 

28877 

.25447 

80578 

.25439 

30974 

.25430 

80108 

.06 

.25514 

41394 

.25505 

89593 

.25497 

36467 

.25488 

82032 

.25480 

26360 

.066 

.26564 

36054 

.26555 

79362 

.26547 

21362 

.25538 

62068 

.25530 

01651 

.26614 

60110 

.25605 

93490 

.25597 

35567 

.26588 

71384 

.25580 

05986 

.25665 

13874 

.25656 

47286 

.26647 

79410 

.25639 

10290 

.25630 

39969 

.26715 

97659 

.26707 

26063 

.25698 

53194 

.25689 

79098 

.25681 

03816 

.25767 

11784 

.25758 

35139 

.26749 

57238 

.25740 

78125 

.26731 

97843 

.26818 

56573 

.26809 

74839 

.25800 

91865 

.26792 

07695 

.25783 

22372 

.25870 

32357 

.25861 

45492 

.26852 

67404 

.25843 

68136 

.25834 

77730 

.10 

.26922 

39468 

.25913 

47431 

.25904 

54187 

.26895 

59779 

!  .26886 

64251 

.106 

.25074 

7824S 

.25965 

80996 

.25966 

82554 

.25947 

82964 

.25938 

82271 

.11 

.26027 

49042 

.26018 

46532 

.26039 

42848 

.26000 

38035 

.25991 

32134 

.116 

.280S0 

52199 

.28071 

44383 

.26062 

35420 

.26053 

25340 

.26044 

14188 

.12 

.26133 

88978 

.26124 

74921 

.26115 

60625 

.26106 

45234 

.26097 

28788 

.126 

.26187 

67010 

.28;78 

38493 

.26169 

18825 

.26169 

98078 

.26160 

76296 

.13 

.26241 

59453 

.26232 

.35471 

.28223 

10386 

.26213 

84239 

.26204 

67073 

.136 

.26295 

95692 

.26286 

66230 

.26277 

35680 

.26268 

04088 

.26268 

71495 

.14 

.26350 

66137 

.26341 

31148 

.26331 

95080 

.28322 

58006 

.26313 

19939 

.146 

.26405 

71176 

.26396 

30612 

.26386 

88998 

.26377 

46376 

.26368 

02790 

.16 

.26461 

11200 

.26451 

65015 

.26442 

17797 

.26432 

69591 

.26423 

20438 

.166 

.26516 

86612 

.26507 

34756 

.26497 

81887 

.26488 

28048 

.26478 

73280 

.16 

.28572 

97816 

.26563 

40241 

.26563 

81672 

.28544 

22162 

.26534 

61722 
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ccjV 

-.04 

.045 

.05 

.055 

.06 

-.005 

.49209 

14342 

.49120 

86718 

.49033 

18620 

.48946 

09356 

.48859 

58242 

0 

.49270 

57656 

.49182 

18967 

.49094 

39875 

.49007 

19686 

.48920 

57715 

.006 

.49332 

31737 

i  .49243 

81926 

.49166 

91782 

.49068 

60609 

.48981 

87723 

.01 

.49394 

36877 

.49305 

76886 

.49217 

74629 

.49130 

32415 

.49043 

48556 

.016 

.49456 

73369 

1  .49368 

01136 

.49279 

88710 

.49192 

35395 

.49105 

40505 

.02 

.49619 

41513 

1  .49430 

57978 

.49342 

.34322 

.49254 

69847 

.49167 

63867 

.026 

.49682 

41611 

.49493 

46714 

1 

.49406 

11767 

.49317 

36072 

.49230 

18941 

.49646 

73971 

.49556 

67650 

.49468 

21361 

.49380 

34375 

.49293 

06033 

.49709 

38904 

.49620 

21097 

.49631 

63384 

.49443 

65065 

.49356 

25451 

.04 

.49773 

36726 

.49684 

07370 

1  .49596 

38181 

.49507 

28458 

.49419 

77510 

.045 

.49837 

67758 

.49748 

26790 

i  .49659 

46062 

.49671 

24871 

.49483 

62528 

.06 

.49902 

32326 

.40812 

79682 

.49723 

87350 

.49635 

54630 

.49547 

80828 

.066 

.49967 

30760 

.49877 

66374 

.49788 

62376 

.49700 

18061 

.49612 

32737 

.06 

.60032 

63.394 

.49942 

87202 

!  .49853 

71472 

.49765 

15498 

.49677 

18588 

.066 

.60098 

30570 

i  .50008 

42506 

{  .49919 

14977 

.49830 

47279 

.49742 

38718 

.07 

.60164 

32632 

.50074 

32628 

.49984 

93236 

.49896 

13747 

.49807 

93470 

.076 

.60230 

69831 

.60140 

57921 

.50061 

06597 

.49962 

15252 

.49873 

83191 

.08 

.60297 

42823 

1  .50207 

18737  1 

.60117 

55414 

.50028 

52145 

.49940 

08235 

.086 

.50364 

51668  1 

1  .60274 

15439 

.50184 

40048 

.50095 

24787 

.50006 

68959 

.09 

.50431 

96833  1 

1  .60341 

48391 

1  .50251 

60863 

.50162 

33542 

.50073 

65728 

.096 

.50499 

78691 

.50409 

17965 

.60319 

18231 

.50229 

78779 

.50140 

98910 

.10 

.60567 

97620  1 

.50477 

24538 

.60387 

12527 

.50297 

60874 

.50208 

68881 

.106 

.50636 

64003 

.6?546 

68494 

.50455 

44134 

.50365 

80210 

.50276 

76022 

.11 

.60706 

48230 

.50614 

60222 

.60524 

13441 

.50434 

37173 

.50345 

20719 

.115 

.50774 

80697 

.60683 

70116 

.60533 

20841 

.50503 

32158 

.50414 

03364 

.12 

.60844 

61807 

.50763 

28678 

.60662 

66736 

.50672 

65563 

.50483 

24358 

.126 

.60914 

61967 

.60823 

26017 

.60732 

51531 

.50642 

37795 

.50552 

84105 

.13 

.50J86 

11594 

.60893 

62846 

.50102 

75642 

.50712 

49267 

.50622 

83018 

.136 

.61066 

01108 

.60964 

39484 

.50373 

39487 

.50783 

00398 

.50693 

21513 

.14 

.61127 

30938 

.61035 

56362 

.50944 

43493 

.50853 

91614 

.50764 

00018 

.145 

.61199 

01520 

.61107 

13912 

.61016 

88094 

.50925 

23347 

.50835 

18962 

.15 

.61271 

132£6 

.61179 

12678 

.61087 

73732 

.50996 

96037 

.50906 

78787 

.155 

.61343 

66716 

.51261 

52807 

.51160 

00853 

.51069 

10132 

.50978 

79937 

.16 

.51416 

62237 

.51324 

35056 

.51232 

69913 

.61141 

66086 

.51051 

22866 

( 

i 

I 
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-.(M 

.065 

.07 

.075 

•  .os 

.24858 

78110 

.24850 

80729 

.24842 

82005 

.24834 

81975 

.24826 

80682 

.24904 

99134 

.24896 

97382 

.24888 

94299 

.24880 

89925 

.24872 

84300 

.24951 

45794 

.24943 

39639 

.24935 

32165 

.24927 

23414 

.24919 

13425 

.24998 

18346 

.24990 

07753 

.24981 

95856 

.24973 

82694 

.24965 

68308 

.25045 

17045 

.25037 

01982 

.25028 

85627 

.25020 

68022 

.25012 

49206 

.25092 

42153 

.25084 

22586 

.25076 

01740 

.25067 

79657 

.25059 

56377 

.25139 

93935 

.25131 

60828 

.25123 

44458 

.25115 

17863 

.25106 

90086 

.25187 

72660 

.25179 

43979 

.25171 

14048 

.25162 

82908 

.25154 

50599 

.25235 

78509 

.25227 

45310 

.25219 

10784 

.25210 

75063 

.25202 

38187 

.25284 

12031 

.25275 

74097 

.25267 

34941 

.25258 

94604 

.25250 

53125 

.25332 

73236 

.25324 

30621 

.25315 

86798 

.25307 

41809 

.25298 

95693 

.25381 

62498 

.25373 

15166 

.25364 

66641 

.25356 

16964 

.25347 

66175 

.25430 

80108 

.25422 

28022 

.25413 

74758 

.25405 

20356 

.25396 

64857 

.25471 

69482 

.25463 

11442 

.25454 

52278 

.25445 

92032 

.25530 

01551 

.25521 

39844 

.25512 

76990 

.25504 

13027 

.25495 

47996 

.25580 

05985 

.25571 

39411 

.25562 

71704 

.25554 

02905 

.25545 

33052 

.25630 

39909 

.25621 

68489 

.25612 

95892 

.25604 

22216 

.25595 

47503 

.25681 

03816 

.25672 

27391 

.25663 

49863 

.25654 

71274 

.25645 

91662 

.25731 

97843 

.25723 

16433 

.25714 

33936 

.25705 

50393 

.25696 

65843 

.25783 

22372 

.25774 

35936 

.25765 

48431 

.25756 

59894 

.25747 

70366 

.25834 

77730 

.25825 

86220 

.25816 

93673 

.25808 

00103 

.25799 

05557 

.25886 

64251 

.25877 

67642 

.25868 

69996 

.25859 

71351 

.25850 

71746 

.25938 

82271 

.25929 

80514 

.25920 

77735 

.25911 

73974 

.25902 

69270 

.25991 

32134 

.25082 

25186 

.25973 

17233 

.25964 

08314 

.25954 

98468 

.26044 

14188 

.26035 

02007 

.26025 

88837 

.26016 

74718 

.26007 

59688 

.26097 

28788 

.26088 

11330 

.28078 

92900 

.28069 

73538 

.26060 

53282 

.26150 

76295 

.26i41 

53516 

.26132 

29782 

.26123 

05133 

.26113 

79608 

.26204 

57073 

.26195 

28929 

.26185 

99847 

.26176 

69868 

.28167 

39029 

.26258 

71495 

.26249 

37941 

.26240 

03467 

.26230 

68112 

.26221 

31915 

.26313 

19939 

.26303 

80929 

.26294 

41017 

.26285 

00242 

.26275 

58642 

.26368 

02790 

.26358 

58278 

.26349 

12882 

.26339 

66641 

.28330 

19592 

.26423 

20438 

.26413 

70377 

.26404 

19451 

.28394 

67697 

.26385 

15154 

.26478 

73280 

.26469 

17624 

.26459 

61120 

.26450 

03807 

.26440 

45722 

.26534 

61722 

.26525 

00422 

.26515 

38292 

.26505 

75372 

.26496 

11698 
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cmV 

kVk* 

-.M 

.07 

.075 

.08 

-.006 

.48859 

58242 

.48773 

64607 

.48688 

27791 

.48603 

47143 

.48619 

22025 

0 

.48920 

57715 

.48834 

53290 

.48749 

05750 

.48664 

14445 

.48679 

78734 

.005 

.48981 

87723 

.48895 

72452 

.48810 

14132 

.48725 

12112 

.48640 

65753 

.01 

.49043 

48556 

.48957 

22380 

.48871 

53222 

.48786 

40432 

.48701 

83367 

.015 

.49105 

40505 

.49019 

03365- 

.48933 

23312 

.48847 

99693 

.48763 

31866 

.02 

.49167 

63867 

.49081 

15705 

.48995 

24698 

.48909 

90192 

.48826 

11545 

.025 

.49230 

18941 

.49143 

59698 

.49057 

57678 

.48972 

12227 

.48887 

22701 

.03 

.49293 

06033 

.49206 

35648 

.49120 

22555 

.49034 

66099 

.48949 

65636 

.035 

.49356 

25451 

.49269 

43865 

.49183 

19639 

.49097 

52119 

.49012 

40658 

.04 

.49419 

77510 

.49332 

84661 

.49246 

49241 

.49160 

70596 

.49075 

48078 

.045 

.49483 

62528 

.49396 

58353 

.49310 

11679 

.49224 

21847 

.49138 

88211 

.05 

.49547 

80828 

.49460 

65265 

.49374 

07273 

.49288 

06194 

.49202 

61379 

.055 

.49612 

32737 

.49525 

05724 

.49438 

36351 

.49352 

23961 

.49266 

67905 

.06 

.49677 

18588 

.49589 

80060 

.49502 

99244 

.49416 

75481 

.49331 

08121 

.065 

.49742 

38718 

-.49654 

88611 

.49567 

96288 

.49481 

61087 

.49395 

82360 

.07 

.49807 

93470 

.49720 

31719 

.49633 

27823 

.49546 

81121 

.49460 

90963 

.075 

.49873 

83191 

.49786 

09730 

.49698 

94197 

.49612 

35929 

.49526 

34275 

.08 

.49940 

08235 

.49852 

22998 

.49764 

95760 

.49678 

25860 

.49602 

12646 

.50006 

68959 

.49918 

•71878 

.49831 

32871 

.49744 

51272 

.49658 

26431 

.09 

.50073 

65728 

.49985 

56736 

.49898 

05890 

.49811 

12626 

.49724 

75991 

.095 

.50140 

98910 

.50052 

77938 

.49965 

15186 

.49878 

09989 

.49791 

61693 

.10 

.50208 

68881 

.50120 

35860 

.50032 

61132 

.49945 

44033 

.49858 

83908 

.105 

.50276 

76022 

.50188 

30880 

.50100 

44108 

.50013 

16038 

.49926 

43015 

.11 

.50345 

20719 

.50256 

63387 

.50168 

64499 

.50081 

23388 

.49994 

39397 

.115 

.50414 

03364 

.50325 

33770 

.50237 

22696 

.50149 

69473 

.60062 

73445 

.12 

.50483 

24358 

.50394 

42429 

.50306 

19097 

.50218 

53690 

.60131 

45653 

.125 

.50552 

84105 

.50463 

89769 

.50375 

54104 

.50287 

76443 

.60200 

56124 

.13 

.50622 

83018 

.50533 

76199 

.50445 

28130 

.50357 

38139 

.60270 

06567 

.135 

.50693 

21513 

.50604 

02138 

.60515 

41580 

.50427 

39196 

.60339 

94296 

.14 

.50764 

00018 

.50674 

68010 

.50585 

94906 

.60497 

80036 

.60410 

22734 

.145 

.50835 

18962 

.50745 

74245 

.50656 

88511 

.60568 

61087 

.60480 

91309 

.15 

.50906 

78787 

.50817 

21283 

.50728 

22841 

.50639 

82787 

.60552 

00457 

.155 

.50978 

79937 

.50889 

09568 

.50799 

98341 

.60711 

45679 

.16 

.51051 

22866 

.50961 

39554 

.50872 

15462 

.60783 

49915 

42248 
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tts^ 

-.o« 

.085 

.09 

.095 

.to 

-.006 

.24828 

80682 

.24818 

78166 

.24810 

74464 

.24802 

69617 

.24794 

63660 

0 

.24872 

84300 

.24864 

77465 

.24866 

69458 

.24848 

60317 

.24840 

50080 

.005 

.24919 

13425 

.24911 

02238 

.24902 

89893 

.24894 

76428 

.24886 

61879 

.01 

.24965 

68308 

.24957 

52738 

.24949 

36022 

.24941 

18199 

.24932 

99306 

.015 

.25012 

49206 

.25004 

29219 

.24996 

08100 

.24987 

85887 

.24979 

62616 

.02 

.25069 

56377 

.25051 

31940 

.25043 

06384 

.25034 

79748 

.25026 

52067 

.025 

.26106 

90086 

.26098 

61165 

.25090 

31138 

.25082 

00045 

.25073 

67921 

.03 

.25154 

50599 

.25146 

17169 

.25137 

82628 

.25129 

47044 

.25121 

10443 

.035 

.25202 

38187 

1  .25194 

■  00194 

.25185 

61125 

.25177 

21015 

.25168 

79902 

.04 

.25250 

53125 

!  .25242 

10545 

.25233 

66901 

.25225 

22232 

.25216 

76573 

.045 

.25298 

95693 

:  .25290 

48490 

.25282 

00237 

.25273 

50972 

.25265 

00733 

.05 

.25347 

66175 

!  .25339 

14312  1 

.25330 

61414 

.25322 

07619 

j  .25313 

52663 

.055 

.25396 

64857 

1  .25388 

08298 

.25379 

5.1720 

.25370 

92158 

.25362 

32649 

.06 

.25445 

92032 

j  .25437 

30741 

.25428 

68445 

.25420 

05180 

.25411 

40983 

.065 

.25495 

47996 

.25486 

81936 

.25478 

14885 

.25469 

46880 

.25460 

77958 

.07 

.25545 

33052 

.25536 

62185 

.26527 

90341 

.25519 

17559 

.25510 

43874 

.075 

.25695 

47603 

!  .25586 

71791 

.26677 

95118 

.25569 

17521 

1  .25560 

39036 

.08 

.26645 

91662  i 

I  .25637 

11066 

.25628 

29624 

.25619 

47074 

.25610 

63761 

.086 

.25696 

65813 

.26687 

80324 

.25678 

93875 

.26670 

06533 

.25661 

18333 

.09 

.25747 

70366 

1  .25738 

79885 

.25729 

88490 

.25720 

96216 

.25712 

03101 

.095 

.26799 

05557  ! 

.25790 

10074 

.26781 

13692 

.25772 

16448 

.25763 

18377 

.10 

.25850 

71746 

.25841 

71221 

.25832 

69812 

.25823 

67567 

.25814 

64491 

.105 

.25902 

69270  ! 

.25893 

63661 

.25881 

67184 

.25875 

49878 

.25866 

41776 

.11 

.25954 

98468  j 

.25945 

87734 

.25936 

76149 

.25027 

63749 

.25918 

50571 

.115 

.26007 

59688 

.25998 

43787 

.25989 

27051 

.25080 

09517 

.25970 

91221 

.12 

.26060 

53282  1 

.26051 

32171 

.26042 

10242 

.26032 

87631 

f 

.26023 

64075 

.125 

.26113 

79608  j 

.26104 

53244 

.26095 

26079 

.26085 

98149 

.26076 

69490 

.13 

.26167 

39029 

.26158 

07368 

.26148 

74924 

.26139 

41731 

.26130 

07826 

.135 

.26221 

31915  j 

.26211 

94914 

.26202 

57146 

.26193 

18647 

.26183 

79462 

.14 

.26275 

58642  , 

.26266 

16256 

.26256 

73119 

.26247 

29269 

.26237 

84741 

1 

.145 

.26330 

19592  1 

.26320 

71776  I 

.26311 

23225 

.26301 

73979 

.26292 

24072 

.15  1 

.26385 

15154  1 

.26375 

61860  ; 

.26366 

07851 

.26356 

63163 

.26346 

97832 

.155  1 

.28440 

46722  1 

.26430 

86906  1 

.26421 

27390 

.26411 

^7215 

.26402 

06414 

.16  1 

.26496 

11698 

.26486 

47310 

.26476 

82243 

.26467 

16533 

.26457 

60216 

AXnULIABT  TABLE  FOR  INCOMFLXTTE  ELUFTIC  INTEGRALS 


29 
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MlV 

-.00 

.08S 

.09 

.09S 

.10 

.48519 

22025 

.48435 

51807 

.48352 

35870 

.48269 

73606 

.48187 

64414 

.48579 

78734 

.48495 

97988 

.48412 

71587 

.48329 

98921 

.48247 

79390 

.48640 

65753 

.48556 

74423 

.48473 

37602 

.48390 

54379 

.48308 

24464 

.01 

.48701 

83367 

.48617 

81397 

.48534 

33900 

.48451 

40265 

.48368 

99891 

.015 

.48763 

31866 

.m79 

19199 

.48595 

61070 

.48612 

56867 

.48430 

05988 

.02 

.48825 

11545 

.48740 

88123 

.48657 

19305 

.48674 

04477 

.48491 

43036 

.025 

.48887 

22701 

.48802 

88466 

.48719 

08901 

.48635 

83391 

.48553 

11332 

.03  1 

.48949 

65636 

.48865 

20531 

.48781 

30160 

.48697 

93910 

.48615 

11175 

.49012 

40658 

.48927 

84623 

.48843 

83388 

.48760 

36339 

.48677 

42871 

.04 

.49075 

48078 

.48990 

81053 

.48906 

68894 

.48823 

10988 

.48740 

06727 

.045 

.49138 

88211 

.49054 

10136 

.48969 

86994 

.48886 

18170 

.48803 

03057 

.05 

.49202 

61379 

.49117 

72192 

.49033 

38006 

.48949 

68204 

.48866 

32180 

.49266 

67905 

.49181 

67545 

.49097 

22254 

.49013 

31414 

.48929 

94418 

.06 

.49331 

08121 

.49245 

96526 

.49161 

40068 

.49077 

38128 

.48993 

90097 

.065 

.49395 

82360 

.49310 

59467 

.49225 

91779 

.49141 

78677 

.49058 

19552 

.07 

.49460 

90963 

.49375 

56709 

.49290 

77728 

.49206 

53401 

.49122 

83118 

.075 

.49526 

34275 

.49440 

88595 

.49355 

98257 

.49271 

62642 

.49187 

81138 

.08 

.49592 

12646 

.49506 

55475 

.49421 

53716 

.49337 

06748 

.49263 

13960 

.085 

.49658 

26431 

.  49572 

57703 

.49487 

44458 

.49402 

86073 

.49318 

81937 

.09 

.49724 

75091 

.49638 

95641 

.49553 

70844 

.49469 

00976 

.49384 

85426 

.095 

.49791 

61693 

.49705 

69653 

.49620 

33237 

.49535 

51821 

.49451 

24791 

.10 

.49858 

83908 

.49772 

80111 

.49687 

32009 

.49602 

38977 

.49518 

00401 

.105 

.49926 

43015 

.49840 

27393 

.49754 

67537 

.49669 

62821 

.49585 

12632 

.11 

.49994 

39397 

.49908 

11880 

.49822 

40201 

.49737 

23734 

.49652 

61863 

.115 

.50062 

73445 

.49976 

33963 

.49890 

50391 

.49805 

22103 

.49720 

48483 

.12 

.50131 

45553 

.50044 

94036 

.49058 

98501 

.49873 

58323 

.49788 

72883 

.125 

.50200 

56124 

.50113 

92500 

.50027 

84932 

.49942 

32792 

.49857 

35463 

.13 

.50270 

05567 

.50183 

29764 

.50097 

10090 

.50011 

45918 

.49926 

36628 

.135 

.50339 

94296 

.50253 

06241 

.50166 

74389 

.50080 

98112 

.49996 

76790 

.14 

.50410 

22734 

.50323 

22353 

.60236 

78250 

.50150 

89795 

.50066 

56367 

.145 

.50480 

91309 

.50393 

78527 

.50307 

22098 

.50221 

21391 

.50135 

76786 

.15 

.50552 

00457 

.50464 

75198 

.60378 

06368 

.60291 

93336 

.50206 

35478 

.155 

.50623 

50620 

.50536 

12808 

.50449 

31501 

06067 

.50277 

36882 

.16 

.50695 

42248 

.50607 

91806 

.60620 

97946 

.50434 

.50348 

77444 
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k'»/k* 

-.10 

.lOS 

.11 

.115 

.12 

-.005 

.24794 

63660 

.24786 

56630 

.24778 

48564 

.24770 

39497 

.24762 

29462 

0 

.24840 

50080 

.24832 

38783 

.24824 

26462 

.24816 

13153 

.24807 

98889 

.005 

.24886 

61879 

.24878 

46282 

.24870 

29676 

.24862 

12092 

.24853 

93568 

.01 

.24032 

90306 

.24924 

79378 

.24916 

58453 

.24008 

36565 

.24900 

13748 

.015 

.24970 

62616 

.24971 

38325 

.24963 

13040 

.24954 

86823 

.24946 

50681 

.02 

.25026 

52067 

.25018 

23379 

.25009 

93720 

.25001 

63123 

.24993 

31625 

.025 

.25073 

67921 

.25065 

34803 

.25057 

00727 

.25048 

65727 

.25040 

29838 

.03 

.25121 

10443 

.25112 

72861 

.25104 

34335 

.25095 

94898 

.25087 

54586 

.035 

.25168 

79902 

.25160 

37823 

.25151 

94813 

.25143 

50906 

.25135 

06136 

.04 

.25216 

76573 

.25208 

29062 

.25199 

82433 

.25101 

34021 

.25182 

84761 

.045 

.25265 

00733 

.25256 

49554 

.25247 

97472 

.25239 

44521 

.25230 

90735 

.05 

.25313 

52663 

.25304 

96882 

.25296 

40211 

.25287 

82686 

.25279 

24340 

.055 

.25362 

32640 

.25353 

72230 

.25345 

10036 

.25336 

48801 

.25327 

85859 

.06 

.25411 

40083 

.25402 

75889 

.25394 

00035 

.25385 

43155 

.25376 

75582 

.065 

.25460 

77958 

.25452 

08154 

.25443 

37504 

.25434 

66041 

.25425 

93800 

.07 

.25510 

43874 

.25501 

60323 

.25402 

93939 

.25484 

17758 

.25475 

40813 

.075 

.25560 

39036 

.25551 

59699 

.25542 

79545 

.25533 

98608 

.25525 

16022 

.08 

.25610 

63751 

.25601 

79501 

.25502 

94629 

.25584 

08899 

.25575 

22434 

’.085 

.25661 

18333 

.25652 

29311 

.25643 

39503 

.25634 

48942 

.25625 

57661 

.00 

.25712 

03101 

.25703 

09179 

.25694 

14485 

.25685 

10054 

.25676 

22918 

.095 

.25763 

18377 

.25754 

19515 

.25745 

10808 

.25736 

19558 

.25727 

18529 

.10 

.25814 

64491 

.25805 

60650 

.25796 

56068 

.25787 

50780 

.25778 

44818 

.105 

.25866 

41776 

.25857 

32915 

.25848 

23329 

.25830 

13052 

.25830 

02118 

.11 

.25018 

50571 

.25009 

36649 

.25900 

22019 

.25891 

06713 

.25881 

>00765 

.115 

.25070 

01221 

.  25961 

72197 

.25952 

52481 

.25943 

32105 

.25934 

11103 

.12 

.26023 

64075 

.26014 

39007 

.26005 

15063 

.25095 

89576 

.25986 

63479 

.125 

.26076 

69490 

.26067 

40136 

.26058 

10122 

.26048 

79482 

.26039 

48247 

.13 

.26130 

07826 

.^6120 

73243 

.26111 

38017 

.26102 

02180 

.26092 

65767 

.135 

.26183 

79452 

.26174 

39506 

.26164 

99114 

.26155 

58039 

.26146 

16402 

.14 

.26237 

84741 

.26228 

30568 

.26218 

93787 

.26209 

47428 

.26200 

00526 

.145 

.26292 

24072 

.26282 

73539 

.26273 

22413 

.26263 

70727 

.26254 

18515 

.15 

.26346 

07832 

.26337 

41802 

.26327 

85377 

.26318 

28320 

.26308 

70753 

.155 

.26402 

06414 

.26392 

45021 

.26382 

83071 

.26373 

20507 

.26363 

57630 

.16 

.26457 

50216 

.26447 

83325 

.26438 

15894 

.26428 

47956 

.26418 

70543 
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fMV 

*•»/*• 

-.10 

.105 

.11 

.US 

.12 

.48187 

64414 

.48106 

07704 

.48025 

02896 

.47944 

49417 

.47864 

46706 

0 

.48247 

79390 

.48166 

12403 

.48084 

97378 

.48004 

33744 

.47924 

20936 

.48308 

24454 

.48226 

47135 

.48145 

21841 

.48064 

47997 

.47984 

.48368 

99891 

.48287 

12186 

.48205 

76566 

.48124 

02458 

.48044 

59297 

.48430 

05088 

.48348 

07840 

.48266 

61840 

.48185 

67413 

.48105 

23994 

.48491 

43036 

.48409 

34390 

.48327 

77954 

.48246 

73153 

.48166 

19421 

.025 

.48553 

11332 

.48470 

92131 

.48389 

25203 

.48308 

00971 

.48227 

45871 

.48615 

11175 

.48532 

81362 

.48451 

03885 

.48369 

78167 

.48289 

03641 

.035 

.48677 

42871 

.48595 

02-38 

.48513 

14304 

.48431 

78042 

.48350 

93035 

.04 

.48740 

06727 

.48657 

55516 

.48575 

56767 

.48494 

09904 

.48413 

14358 

.045 

.48803 

03057 

.48720 

41050 

.48638 

31587 

.48556 

74065 

.48475 

67921 

.05 

.48866 

32180 

.48783 

50335 

.48701 

30081 

.48619 

70840 

.48538 

54041 

.48920 

94418 

.48847 

10666 

.48764 

79570 

.48683 

00551 

.48601 

73037 

.06 

.48993 

00097 

.48010 

05378 

.48828 

53380 

.48746 

63523 

.48665 

25235 

.065 

.49058 

19552 

.48975 

13803 

.48892 

60842 

.48810 

60086 

.48729 

10964 

.07 

.49122 

83118 

.49039 

66279 

.48957 

02292 

.48874 

00576 

.48793 

EMI 

.075 

.49187 

81138 

.49104 

53145 

.49021 

78071 

.48930 

55333 

.48857 

84350 

.08 

.49253 

13060 

.49169 

74750 

.49086 

88526 

.49004 

54704 

.48922 

72710 

.49318 

81937 

.49235' 

31446 

.49152 

34007 

.49060 

89037 

.48987 

05061 

.49384 

85426 

.40301 

23589 

.49218 

14872 

.40135 

58690 

.49053 

54468 

.005 

.49451 

24701 

.49367 

51543 

.49284 

31482 

.49201 

64024 

.40119 

48502 

.10 

.49518 

00401 

.49434 

15676 

.49350 

84206 

.49268 

05406 

.49185 

78700 

.105 

.49585 

12632 

.40501 

16362 

.49417 

73417 

.49334 

83210 

.49252 

45163 

.11 

.49652 

61863 

.49568 

53982 

.49484 

99495 

.49401 

97813 

.49319 

48369 

.115 

.49720 

48483 

.49636 

28922 

.49552 

62824 

.49469 

49600 

.49386 

88672 

.12 

.49788 

72883 

.49704 

41573 

.49620 

63796 

.49537 

38963 

.49454 

66493 

.125 

.49857 

35463 

.49772 

92335 

.49680 

02800 

.49605 

66297 

.49522 

82217 

.18 

.49026 

36628 

.49841 

81M1 

.49757 

80267 

.49674 

32005 

.49591 

36246 

.135 

.49095 

76790 

.49911 

09812 

.49826 

06579 

.49743 

36498 

.49660 

28989 

.14 

.50065 

56367 

.49980 

77357 

.49896 

52163 

.49812 

80192 

.49729 

60862 

.145 

.50135 

75786 

.50050 

84670 

.49966 

47442 

.49882 

63508 

.49799 

32286 

.15 

.50206 

35478 

.50121 

32182 

.50036 

82847 

.49952 

86878 

.49869 

43691 

.155 

.50277 

35882 

.50192 

20332 

.50107 

58816 

50738 

.40039 

95613 

.16 

.50348 

77444 

.50263 

49566 

.50178 

75793 

55531 

.60010 

88196 

V. 


32 


K.  L.  KAPLAN 


_ f 

*mV  *'»/*• -.U  .IJS  .IJ  .135  .14 

-.005  .24762  29462  .24764  18496  .24746  06628  .24737  93896  .24729  80325 

0  .24807  98889  .24799  83705  .24791  67634  .24783  60708  .24776  32960 

.005  .24853  93568  .24845  74136  .24837  63829  .24829  32680  .24821  10722 

.01  .24900  13748  .24891  90036  .24883  65462  .24876  40069  .24867  13868 

.015  .24946  69681  .24938  31657  .24930  02786  .24921  73096  .24913  42622 

.02  .24993  31626  .24984  99257  .24976  66053  .24968  32046  .24969  97266 

.025  .26940  29838  .25031  93093  .25023  66626  .26016  17168  .25006  78051 

.03  .25087  64586  .25079  13431  .25070  71467  .26062  28726  .25063  86238 

.036  .26136  06136  .25126  60538  .25118  14144  .26109  66985  .25101  19094 

.04  .25182  84761  .25174  34686  .25166  83826  .25167  32217  .25148  79889 

.045  .25230  90735  .25222  36147  .25213  80791  .25205  24697  .25196  67898 

.05  .26279  24340  .25270  66206  .26262  05316  .26263  44704  .25244  83400 

.055  .25327  85859  .26319  22143  .26310  67686  .25301  92520  .25293  26676 

.06  .  25376  76582  .  25368  07249  .  25359  38189  .  25350  684.33  .  25341  98014 

.065  .26425  93800  .25417  20814  .25408  47115  .26399  72736  .25390  97706 

.07  .25476  40813  .25466  63138  .25457  84764  .25449  06722  .25440  26046 

.075  .25525  16922  .25516  34520  .25507  61434  .25498  67696  .25489  83336 

.08  .  25575  22434  .  25566  35268  .  25557  47433  .  25.548  58960  .  25539  69881 

.085  .26626  57661  .25616  65693  .25607  73072  .25598  79827  .25589  86990 

.09  .26676  22318  .25667  26111  .25668  28665  .25649  30610  .25640  31978 

.095  .25727  18629  .26718  16843  .25709  14533  .26700  11630  .25891  08165 

.10  .  25778  44818  .  25769  .38215  .  25760  31003  .  25761  23213  .  25742  14876 

.105  .26830  02118  .25820  90557  .26811  78403  .25802  66687  .25793  62439 

.11  .25381  90765  .26872  74208  .25863  67072  .26854  39389  .25845  21191 

.116  .26934  11103  .26924  89607  .26916  67350  .25906  44660  .25897  21471 

.12  .25988  63479  .25977  38804  .25968  09583  .25958  81847  .25949  63625 

.126  .  26039  48247  '.26030  16451  .26020  84128  .  26011  51300  .  26002  18006 

.13  .28092  65767  .26083  28808  .28073.  91335  .28064  53379  .26055  14970 

.135  .28146  16402  .26136  74237  .26127  31576  .26117  88446  .26108  44881 

.14  .26200  00526  .26190  63112  .26181  05217  .26171  56872  .26162  08107 

.146  .26254  18515  .26244  65808  .26235  12836  .26225  59032  .26216  05024 

.16  .26308  70763  .28299  12708  .26289  64216  .26279  96308  .26270  36013 

.155  .26363  67630  .26353  94202  .26344  30345  .26334  66089  .26325  01463 

.16  .26418  79543  .26409  10687  .26399  41419  .26389  71769  .28380  01767 
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cmV 

k'vm 

-.12 

.12S 

.13 

.135 

.14 

.47864 

46705 

.47784 

94207 

.47705 

91375 

.47627 

37673 

.47549 

32572 

0 

.47924 

20936 

.47844 

58400 

.47765 

45590 

.47686 

81968 

.47608 

67004 

.47984 

25039 

.47904 

52414 

.47825 

29572 

.47746 

55977 

.47668 

31098 

.01 

.48044 

59297 

.47964 

76527 

.47885 

43601 

.47806 

59980 

.47728 

25133 

.015 

.48105 

23994 

.48025 

31027 

.47945 

87962 

.47866 

94261 

.47788 

49392 

.02 

.48166 

19421 

.48086 

16201 

.48006 

62943 

.47927 

59108 

.47849 

04164 

.48227 

45871 

.48147 

32342 

.48067 

68837 

.47988 

54814 

.47909 

89740 

.48289 

03641 

.48208 

79749 

.48129 

05940 

.48049 

81673 

.47971 

06415 

.48350 

93035 

.48270 

58722 

.48190 

74554 

.48111 

39988 

.48032 

54490 

.04 

.48413 

14358 

.48332 

69568 

.48252 

74983 

.48173 

30061 

.48094 

34268 

.045 

.48475 

67921 

.48395 

12597 

.48315 

07539 

.48235 

52204 

.48156 

46058 

.05 

.48538 

54041 

.48457 

88124 

.48377 

72534 

.48298 

06730 

.48218 

90174 

.055 

.48601 

73037 

.48520 

96468 

.48440 

70289 

.48360 

93957 

.48281 

66934 

.06 

.48665 

25235 

.48584 

37955 

.48504 

01127 

.48424 

14208 

.48344 

76659 

.065 

.48729 

10964 

.48648 

12912 

.48567 

65377 

.48487 

67811 

.48408 

19678 

.07 

.48793 

30558 

.48712 

21675 

.48631 

63371 

.48551 

55100 

.48471 

96323 

.075 

.48857 

84359 

.48776 

64583 

.48695 

95449 

.48615 

76412 

.48536 

06930 

.08 

.48922 

72710 

.48841 

41979 

.48760 

61955 

.48680 

32089 

.48600 

51843 

.085 

.48987 

95961 

.48906 

’54213 

.48825 

63236 

.48745 

22481 

.48665 

31408 

.09 

.49053 

54468 

.48972 

01640 

.48890 

99647 

.48810 

47940 

.48730 

45978 

.005 

.49119 

48592 

.49037 

84619 

.48956 

71547 

.48876 

08825 

.48795 

95912 

.10 

.49185 

78700 

.49104 

03518 

.49022 

79302 

.48942 

05502 

.48861 

81574 

.105 

.49252 

45163 

.49170 

58707 

.49089 

23283 

.49008 

38339 

.48928 

03332 

.11 

.49319 

48359 

.49237 

50563 

.49156 

03865 

.49075 

07713 

.48994 

61563 

.115 

.49386 

88672 

.49304 

79470 

.49223 

21432 

.49142 

14005 

.49061 

56646 

.12 

.49454 

66493 

.49372 

45816 

.49290 

76371 

.49209 

57603 

.49128 

88969 

.125 

.49522 

82217 

.49440 

49998 

.49358 

69077 

.49277 

38901 

.49196 

58924 

.13 

.49591 

36246 

.49508 

92416 

.49426 

99952 

.49345 

58300 

.49264 

66912 

.135 

.49660 

28989 

.49577 

73478 

.49495 

69402 

.49414 

16204 

.49333 

13338 

.14 

.49729 

60862 

.49646 

93600 

.49564 

77841 

.49483 

13028 

.49401 

98614 

.145 

.49799 

32286 

.49716 

53202 

.49634 

25680 

.49552 

49191 

.49471 

23160 

.15 

.49869 

43691 

.49786 

52713 

.49704 

13374 

.49622 

25120 

.49540 

87400 

.155 

.49939 

95513 

.49856 

92567 

.49774 

41331 

.49692 

41248 

.49610 

91768 

.16 

.50010 

88195 

.49927 

73207 

.49845 

10001 

.49762 

98016 

.49681 

36704 

.24775 

32960 

.24821 

10722 

.24867 

13858 

.24913 

42622 

.24959 

97266 

.25006 

78051 

.25053 

85238 

.25101 

19094 

.25148 

79889 

.25196 

67898 

.25293 

26676 

.25341 

98014 

.25390 

97705 

.25440 

26046 

.25489 

83336 

.25539 

69881 

.25589 

85990 

.25640 

31978 

.25691 

08165 

.25742 

14876 

.25793 

52439 

.25845 

21191 

.25897 

21471 

.25949 

53625 

.26002 

18006 

■ 

.26325  01463 

.25092  70501 


.25236  21434 


.25431 

45764 

.25180 

98385 

.25530 

80224 

.25580 

91591 

.25631 

32799 

.25682 

04168 

.25733 

06021 

.25784 

38689 

.25S36 

02505 

.25887 

97810 

.25940 

24949 

'.25992 

84273 

.26045 

76138 

1 

.24713 

50807 

.24758 

95118 

.24804 

64497 

.24850 

59188 

.24896 

79443 

.24943 

25515 

.24989 

97663 

.25036 

96148 

.25084 

21237 

.25131 

73198 

.25179 

52305 

.25227 

58837 

.25275 

93074 

.25324 

55304 

.25373 

45816 

.25422 

64905 

.25472 

12872 

.25521 

90021 

.25571 

96659 

.25622 

33102 

.25672 

99667 

.25723 

96679 

.25775 

24466 

.25826 

83362 

.25878 

73707 

.25930 

95846 

.25983 

50128 

.26036 

36912 

.26039 

56557 

.26143 

09434 

.26196 

95915 

.26251 

16380 

.26305 

71218 

.26360 

60821 

1  .ISS 

.24705 

34916 

.24750 

75087 

.24796 

40292 

.24842 

30779 

.24888 

46798 

.24934 

88604 

.24981 

56453 

.25028 

59607 

.25075 

71331 

.25123 

18895 

.25170 

93572 

.25218 

95638 

.25267 

25377 

.25315 

83073 

.25364 

69016 

.25413 

83501 

.25463 

26828 

.25512 

99300 

.25563 

01225 

.25613 

32916 

.25663 

94633 

.25714 

86878 

.25766 

09799 

.25817 

63791 

.25869 

49191 

.25921 

66345 

.25974 

15603 

.26026 

97319 

.26080 

11857 

.26133 

59582 

.26187 

40870  ‘ 

.26241 

56099 

.26296 

05656 

mil 

89934 

.24697 

18314 

.24742 

54353 

.24788 

15398 

.24834 

01693 

.24880 

13489 

.24926 

51040 

.24073 

14603 

.25020 

04439 

.25067 

208V 

.25114 

63992 

.25162 

34251 

.25210 

.31867 

.25258 

57120 

.25307 

10296 

.25355 

91684 

.25405 

01579 

.25454 

40280 

.25504 

08089 

.25554 

05315 

.25604 

32270 

.25654 

89273 

.25705 

76646 

.25756 

94717 

.25808 

43818 

.25860 

24290 

.25912 

36475 

.25964 

80722 

.26017 

57388 

.26070 

66834 

kVki 

-.14 

.145 

.IS 

.iss 

.47549 

32572 

.47471 

75551 

.47394 

66096 

.47318 

03703 

.47608 

67004 

.47531 

00176 

.47453 

80972 

.47377 

08884 

.47668 

31098 

.47590 

54412 

.47513 

25405 

.47436 

43571 

.47728 

25133 

.47650 

38536 

.47572 

99676 

.47496 

08044 

.47788 

49392 

.47710 

52832 

.47633 

04065 

.47556 

02583 

.47849 

01164 

.47770 

97587 

.47693 

38860 

.47616 

27476 

.47909 

89740 

.47831 

73091 

.47754 

04351 

.47676 

83010 

.47971 

06415 

.47892 

79641 

.47815 

00333 

.47737 

69481 

.48032 

54490 

.47954 

17534 

.47876 

28604 

.47798 

87187 

.48094 

34268 

.48015 

87076 

.47937 

87967 

.47860 

36431 

.48156 

46058 

.48077 

88573 

.47999 

79231 

.47922 

17519 

.48218 

90174 

.48140 

22340 

.48062 

02707 

.47984 

30764 

.48261 

66934 

.48202 

88692 

.48124 

58712 

.48046 

76480 

.48344 

76650 

.48265 

87953 

.48187 

47568 

.48109 

54990 

.48408 

19678 

.48329 

20448 

.48250 

69600 

.48172 

66618 

.48471 

96323 

.48392 

86510 

.48314 

25139 

.48236 

11696 

.48536 

06930 

.48456 

86474 

.48378 

14522 

.48299 

90558 

.48600 

51843 

.48521 

20684 

.48442 

38093 

.48364 

03544 

.48665 

31408 

.48585* 

89485 

.48506 

96188 

.48428 

51001 

.48730 

45978 

.48650 

93229 

.48571 

83169 

.48493 

33279 

.48795 

95912 

.48716 

32275 

.48637 

17389 

.48558 

50735 

.48861 

81574 

.48782 

06986 

.48702 

81210 

.48624 

03733 

.*48928 

03332 

.48848 

17729 

.48768 

81001 

.48689 

92632 

.48994 

61563 

.48914 

64880 

.48835 

17136 

.48756 

17813 

.49061 

56646 

.48981 

48818 

.48901 

89994 

.48822 

79653 

.49128 

88969 

.49048 

69930 

.48968 

99959 

.48889 

78536 

.49196 

58924 

.49116 

28609 

.49036 

47425 

.48957 

14853 

.49264 

66912 

.49184 

25252 

.49104 

32789 

.49024 

89002 

.49333 

13338 

.49252 

60265 

.49172 

56456 

.49093 

01386 

.49401 

98614 

.49321 

34060 

.49241 

18835 

.49161 

52415 

.49471 

23160 

.49300 

47055 

.49310 

20345 

.49230 

42505 

.49540 

87400 

.40450 

99674 

.49379 

61409 

.49299 

72081 

.49610 

91768 

.40520 

92349 

.49449 

42459 

.49369 

41571 

.49681 

36704 

.49600 

25520 

.49519 

63933 

.49439 

51415 

.47360  08412 
.47419  63142 
.47479  47887 
.47539  62933 

.47600  08568 
.47660  85085 
.47721  92784 
.47783  31965 

.47845  02935 
.47907  06006 
.47960  41493 
.48032  09716 

.48095  10999 
.48158  45674 
.48222  14074 
.48286  16540 

.48350  53416 
.48415  25052 
.48480  31895 
.48545  74035 

.48611  52108 
.48677  66399 
.48744  17284 
.48811  05147 

.48878  30379 
.48945  93376 
.49013  94542 
.49082  34285 

.49151  13021 
.49220  31173 
.49289  89170 
.49350  87449 
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! 

j 

0.99 

87472 

57295 

26078 

42901 

0 

1.00 

54 

68680 

1  -.00 

0 

166 

24693 

.006 

1.00 

12472 

73896 

54 

19220 

24922 

17647 

164 

44576 

.01 

24891 

28446 

53 

70445 

1  .00 

49689 

90169 

152 

67443 

.015 

37256 

12428 

53 

22344 

74304 

94709 

160 

93240 

.02 

49567 

73947 

52 

74887 

98769 

05483 

149 

21892 

.025 

1.00 

61826 

60461 

52 

28085 

!  01 

23083 

93849 

147 

53349 

.03 

74033 

18774 

51 

81911 

47251 

28362 

145 

87544 

.035 

86187 

95061 

61 

36362 

71272 

74837 

144 

24424 

.04 

98291 

34873 

50 

91421 

95149 

96405 

142 

63927 

.045 

1.01 

10343 

83153 

60 

47079 

.02 

18884 

63572 

141 

06006 

.05 

22346 

84245 

50 

03328 

42478 

04270 

139 

50699 

.055 

34297 

81902 

49 

60156 

65932 

03915 

137 

97662 

.06 

46200 

19297 

49 

17543 

89248 

05454 

136 

47138 

.065 

1.01 

58053 

39044 

48 

75502 

.03 

12427 

59420. 

134 

98977 

.07 

69867 

83187 

48 

33999 

35472 

13982 

133 

53139 

.076 

81613 

93231 

47 

93038 

58383 

14988 

132 

09566 

.08 

93322 

10140 

47 

52604 

81162 

06018 

130 

68221 

.085 

1.02 

04982 

74349 

47 

12692 

.04 

03810 

28426 

129 

29054 

.09 

16596 

25771 

46 

73238 

26329 

21387 

127 

92024 

.095 

28163 

03812 

46 

34391 

48720 

21939 

128 

57085 

.10 

39683 

47371 

45 

95980 

70984 

65928 

125 

24201 

.105 

1.02 

51167 

94861 

45 

58064 

.04 

93123 

83546 

123 

93328 

.11 

62586 

84201 

45 

20616 

.05 

15139 

08375 

122 

64425 

.116 

73970 

52840 

44 

83639 

37031 

68424 

121 

37454 

.12 

85309 

37756 

44 

47125 

58802 

90670 

•120 

12380 

.125 

1.02 

96603 

75464 

44 

11061 

.05 

80454 

00194 

118 

89166 

.13 

1.03 

07854 

02029 

43 

75443 

.06 

01986 

20217 

117 

67773 

.135 

19060 

53070 

43 

40264 

23400 

72138 

116 

48168 

.14 

30223 

'63767 

43 

05518 

44698 

75568 

115 

30318 

.145 

1.03 

41343 

68867 

42 

71193 

.06 

65881 

48364 

114 

14186 

.15 

52421 

02697 

42 

37284 

88950 

06663 

112 

99743 

.155 

63455 

99167 

42 

03791 

.07 

07905 

64914 

111 

83965 

.16 

74448 

91771 

28749 

35911 

The  value  of  the  modulus  k  is  1/V^ 1  +  r*. 


*  These  are  modified  differeooes;  ~  ^  ~  0.184-1^. 
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SOME  BESSEL  EQUATIONS  AND  THEIR  APPLICATION  TO 
GUIDE  AND  CAVITY  THEORY* 

Morhib  Kunb 

1.  Introduction.  Information  about  the  real,  positive  values  of  x  which 
satisfy  either  of  the  Bessel  fimction  equations 

JMNM  -  JMNnix)  =  0,  n  =  0,  1,  2,  3  .  •  •  (1) 
and 

JUx)  Nnipx)  -  Jnipx)  NUx)  ==  0,  u  =  0, 1,  2,  3  •  •  •  (2) 

for  p  values  between  0  and  1,  has  been  desirable  for  a  number  of  applications  in 
hydrod3rnamics,  acoustics,  and  electromagnetic  theory.  For  example,  the  exist¬ 
ence  of  electromagnetic  modes  in  coaxial,  circularly  cylindrical  wave  guides  and 
cavities  depends  upon  the  existence  of  such  solutions  of  equations  (1)  and  (2). 

Asymptotic  expressions  for  the  roots  of  equations  (1)  and  (2)  in  terms  of  p 
and  actual  calculation  of  specific  ones  have  been  published.  An  extensive  table 
of  these  roots  has  recently  been  prepared  by  H.  B.  Dwight.*  Borgnis*  observes 
on  the  basis  of  calculations  that  as  p  approaches  0,  the  first  root  of  equation  (1) 
forn  s  0  approaches  the  first  root  of  yo(x)  »  0  and  likewise,  the  first  and  second 
roots  of  equation  (2)  forn  1  approaches  the  first  and  second  roots,  respectively, 
of  Jiix)  =  0. 

This  paper  establishes  mathematically  the  existence  of  roots  of  equations  (1) 
and  (2)  for  p  near  0.  Moreover,  it  proves  that  the  observation  of  Borgnis  holds 
*  generally  for  all  roots  and  all  orders  of  the  Bessel  functions.  Specifically,  each 
solution  x(p)  of  equations  (1)  and  (2)  approaches,  as  p  approaches  zero,  one  and 
only  one  root  of  Jn{x)  =  0  and  Jn(x)  =  0,  respectively.  There  is,  in  fact,  a 
one-to-one  correspondence  between  the  positive  roots  of  Jn(x)  0  and  solutions 
of  equation  (1)  for  small  p  and,  likewise,  a  one-to-one  correspondence  between 
the  positive  roots  of  Jn(x)  ==  0  and  solutions  of  equation  (2)  for  small  p. 

These  facts  can  be  applied  in  several  w&yB  to  electromagnetic  wave  guide  and 
cavity  theory.  In  the  first  place  the  existence  and  ordering  of  coaxial,  circularly 
cylindrical  modes*  has  meaning  only  in  terms  of  the  existence  and  ordering  for  a 
given  n  of  the  solutions  of  equations  (1)  and  (2).  This  ordering  can  now  be 
established  on  the  basis  of  the  solutions  proven  to  exist  for  small  p.  Moreover, 
since  the  circular  modes  correspond  to  the  zeros*  of  Jnix)  and  Jnix),  there  is  a 

*  This  paper  was  written  under  the  aponBorship  of  United  Statea  Air  Force,  Air  Materiel 
Command,  Wataon  Laboratoriea,  Red  Bank,  N.  J. 

^  Dwight,  H.  B.:  Table  of  Roota  for  Natural  Frequenciea  in  Coaxial  T3rpe  Cavitiea.  J. 
Math,  and  Phyaiea,  27, 84.  Thia  paper  containa  alao  referencea  to  earlier  work  on  the  roots. 

*  Borgnis,  F.:  Die  konzentrische  Leitung  ala  Resonator,  Hochfrequens  und  Eleotro- 
akustik,  V.  LVI,  1940,  pp.  47-A4. 

*  Hereafter  coaxial,  circularly  cylindrical  will  be  shortened  to  coaxial  and  circularly 
cylindrical  to  circular. 

*  We  shall  use  the  more  convenient  phrase  zero  of  /■(x)  for  root  of  J%(x)  —  0.  Likewise 
forJUx). 
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one-to-one  correspondence  between  the  coaxial  modes  other  than  the  principal 
or  TEM  mode  and  the  circular  ones. 

It  may  now  be  proved  also  that  the  field  of  each  coaxial  mode  (other  than  the 
principal  mode)  approaches  the  field  of  the  corresponding  circular  mode  as 
p  approaches  0  and  that  the  field  of  a  circular  mode  is  disturbed  veiy  little  by 
the  introduction  of  a  thin  inner  conductor.  Thus  the  use  of  the  notation  TMn.m 
and  TEn.m  for  coaxial  modes  and  their  corresponding  circular  modes  is  well 
justified. 

It  follows  readily  too  that  quantities  such  as  cut-off  and  resonant  frequencies 
for  modes  in  coaxial  structures  with  thin  inner  conductors  may  be  approximated 
by  the  corresponding  quantities  for  the  corresponding  modes  in  circular 
structures. 

No  doubt  physical  evidence  for  many  of  the  above  facts  about  guides  and 
cavities  has  not  been  wanting.  It  does  seem  desirable,  however,  to  add  mathe¬ 
matical  proof. 

2.  The  Principal  Theorem.  By  a  solution  of  equation  (1)  [or  (2)]  we  shall 
understand  a  function  x(p)  which  is  defined  for  positive  p  values  arbitrarily  close 
to  0  and  which  satisfies  equation  (1)  [or  (2)]  identically.  Such  solutions  may  be 
bounded  or  unbounded  as  p  approaches  0.  The  principal  theorem  of  this  paper 
may  now  be  stated  thus: 

Theorem.  A.  To  each  positive  zero,  s^.m  ,  of  •/•(x)  there  exists  a  unique,  con¬ 
tinuous  solution  x(p)  of  the  equation 

J»(x)  Nnifix)  -  J,(px)  Nn(x)  -0,  n  =  0, 1,  2,  •  •  •  ,  (1) 

and  x(p)  approaches  Sn.m  as  p  approaches  0.  The  same  relation  holds  for  zeros, 
^.m,  of  Jn(x)  and  solutions  of  the  equation 

JUx)  K(j>x)  -  A(px)  N'nix)  =  0,  n  =  0, 1,  2,  . .  •  ,  (2) 

where  primes  indicate  derivatives  with  respect  to  the  argument. 

B.  As  p  approaches  0  each  continuous  solution  of  equation  (1)  [equation  (2)] 
approaches  a  (unique)  zfero  of  Jnix)  [/«(*)]• 

C.  The  correspondence  between  zeros  of  Jn(x)  and  solutions  of  equation  (1) 
is  one-to-one.  Likewise  the  correspondence  between  zeros  of  Jn(x)  and  solutions 
of  equation  (2)  is  one-to-one. 

Proof  of  A.  The  proof  will  be  carried  through  for  equation  (1).  Minor 
modifications  necessary  to  handle  equations  (2)  will  be  indicated  later.  Pri¬ 
marily  we  apply  the  implicit  function  theorem  for  a  function  of  two  variables  to 
equation  (1).  The  theorem  will  be  applied  in  the  neighborhood  of  p  =  0  and 
X  =  8n,m  but  only  for  p  >  0.  This  modification  of  the  usual  statement  of  the 
implicit  function  theorem  is  justified  by  the  standard  proofs.* 

*  See  the  proof  in  Courant,  R.:  Differential  and  Integral  Caleulua,  Vol.  U,  Nordemann 
Publishing  Co.,  N.  Y.,  1936,  p.  116. 
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Because  7»(z)  and  Jo(z)  are  continuous  everywhere  while  iV.(z)  and  N^ix) 
are  discontinuous  only  at  z  0,/(p,  z)  is  continuous  in  p  and  z  for  all  p  >  0  and 
for  all  positive  values  of  z.  If  we  take  as  the  definition  of  /(p,  z)  at  p  =  0, 
z  ^  0,  lim  f(j>,  z),  then,  in  view  of  the  actual  expressions  for  Nnix)  and  Nt(x), 


we  may  assert  that  /(p,  z)  is  continuous  at  p  =  0,  z  >  0,  also. 

Let  Sn.m  be  the  positive  zero  in  order  of  magnitude  of  </»(z),  n  «  0, 1 , 2,  •  •  • . 

Then  /(O,  »  0.  To  apply  the  implicit  function  theorem  to  f  at  (0,  Sn.m) 


5/. 


we  need  the  fact  that  ^  (0, «».«,)  be  unequal  to  0  and  continuous  in  a  neighborhood 

OX 


ot  (0,  In  view  of  the  definition  of  /(O,  ««,«)  we  cannot  obtain  this  partial 

derivative  by  direct  differentiaticm.  However,  we  may  obtain  it  as  follows. 

For  p  >  0  and  z  positive  we  may  write 


^  (p.  *)  -  P*  [./'.WAr.(pi)  +  J.(x)  ^  NM 


-  J.ipx)N 

OX 


'.(*)]. 


(3) 


Examination  of  the  expression  d/(p,  z)/dz  shows  that  lim  d/(p,  z)/dz  exists. 

If  we  take  this  limit  to  be  the  value  of  the  function  d/(p,  z)/dz  at  (0,  z)  then  the 
extended  function  is  continuous  at  (0,  «*.«),  and  the  value  of  this  limit  is 
d/(0,««.,)/az. 

The -proof  of  the  continuity  follows  merely  by  examining  each  individual  term 
in  d/(p,  z)/dz.  The  proof  thfit  the  extended  fimction  is  actually  d/(0,  «.,a)/dz 
is  as  follows: 

By  definition, 

^  (0,  «».«)  =  lim  /(O.*-.-  +  ~ 

ax  as-po  Az 


.  lim  |im^<'’-‘-  +  '^> 

0  Az 

By  the  mean  value  theorem  applied  to/ as  a  function  of  z  we  obtain 

—  lim  lim  (p,  Zi),  «„.«  <  Zj  <  +  Az 

Aa-*0  OX 

In  view  of  the  continuity  at  (0,  ««,•)  of  the  function  denoted  by  d/(p,  zt)/dz  we 
may  write 

-  lim  lim  ^  (p,  zi)  -  lim  ^  (p,  «,.«). 

The  value  of  d/(0,  ««,m)/dz  may  be  obtained,  then,  from  equation  (3)  by  letting 
p  approach  0  and  by  using  the  fact  that  =  0.  All  terms  but  p*Jn(x) 

Nnipx)  yield  0  in  the  limit.  The  limit  of  this  term  is 
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[-(n  -  1)1 

Now  Jn(x)  cannot  vanish  at  the  zeros  of  Jn(x),  for  Jn(x)  »  —  Jnix)  —  Jn+i(x) 

X 

and  the  positive  zeros  of  Jnix)  and  /.hiCx)  separate  each  other.  If7.(«»,«) 
and  Jniin.m)  were  both  zero  we  would  have  a  contradiction.  .  Hence  the  term 
in  question  is  not  zero  and  we  have  that  d/(0, 8n.m)/dx  ^  0. 

By  the  usual  implicit  function  theorem  we  may  now  assert  the  existence  for  p 
near  0  of  a  unique  continuous  function  x(p)  which  satisfies  equation  (1)  and  such 
that  x(0)  *=  8n,m  .  It  follows  that  lim  x(p)  «...  . 

The  proof  of  the  analogous  assertion  relating  solutions  of  equation  (2)  to 
zeros  of  J  nix)  proceeds  in  practically  the  same  manner.  Since  ^.(x)  is  of 
the  same  general  character  as  Nnix),  except  that  the  discontinuity  at  x  «  0 
of  order  x“"  is  replaced  by  one  of  order  x“"”*,  we  multiply  the  left  side  of  equation 
(2)  by  p"''’‘and  proceed  as  above  forn  =  1, 2, 3  •  •  • .  The  case  n  =  0  is  identical 
with  the  case  n  =  1  of  equation  (1)  and  so  is  already  disposed  of. 

In  paralleling  the  proof  used  for  equation  (1),  one  needs  the  fact  that  J*U^) 
does  not  vanish  where  Jnix)  does.  This  follows  from  the  differential  equation 
which  Jn  satisfies,  namely, 

fnix)  ■\-\jnix)  +  (l  -  "^Jnix)  =  0. 

If  xi  is  a  zero  of  J'nix)  and  Jnix)  then  either  Jnixi)  =  0  which  was  shown  above 
to  be  impossible  or  xi  =  =b  n.  The  latter  is  also  impossible  since  the  smallest 
positive  root  of  Jnix)  >  n.* 

We  have  therefore,  thus  far,  to  each  positive  zero  of  Jnix)  and  of  J'nix)  the 
existence  of  a  unique  continuous  function  x(p)  in  the  interval  0  <  p  <  c,  where 

c  is  some  positive  number;  x(p)  satisfies  equation  (1),  resp.  (2);  and  lim  x(p)  » 

»-*o 

t 

f  resp.,  Sn,M  • 

Proof  of  B.  We  must  now  show  that  each  continuous  solution  of  equations 
(1)  and  (2)  approaches  a  zero  of  Jnix)  and  Jnix),  respectively,  as  p  approaches  0. 
We  shall  however  consider  more  general  solutions  of  equations  (1)  and  (2)  and 
thereby  establish  somewhat  more  than  the  theorem  requires. 

Let  x(p)  be  any  solution  of  equation  (1)  [or  (2)]  which  is  defined  for  p  values 
arbitrarily  close  to  0.  We  shall  show  that 

1)  x(p)  cannot  have  0  as  a  limiting  value  as  p  approaches  0. 

2)  Any  finite  limiting  value  approached  by  x(p)  must  be  a  zero  of  Jnix) 
[or  of 

3)  Any  solution  x(p)  which  is  unbounded  for  p  near  0  must  be  discontinuous. 
As  in  the  first  part  of  this  proof  we  shall  consider  equation  (1)  and  then  indicate 

the  necessary  modifications  to  handle  equation  (2). 

Proof  of  1).  Suppose  that  x(p),  a  solution  of  equation  (1),  has  0  as  a  lim- 

*  See  Watson,  G.  N.:  A  Treatise  on  the  Theory  of  Bessel  Functions,  Macmillan  Co., 
N.  Y.,  1946,  p.  486. 
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iting  value  as  p  approaches  0.  This  assiunption  will  be  shown  to  lead  to  a 
contradiction.  We  rewrite  equation  (1)  in  the  form 

[JM/Jn{px)\  -  {NM/Nn{px)\  =  0.  (4) 

and  consider  first  the  cases  n  >  0. 

Equation  (4)  can  then  be  written  in  the  form: 


KiJ 


+  Ri{x) 


+  R,(ex) 


nlV2 


C(x)log|  +  Z)(x)  -2-0 


r! 


-(ff 


(6) 


C(px)  log^  +  D(x)  - 


(n  -  r  -  1) 
r! 


(f)- 


*=  0. 


where  Ri(x)  is  a  power  series  beginning  with  a  term  in  x”'*'’  and  C(x)  and  D(x) 
are  power  series  each  beginning  with  a  term  in  x”.  In  the  first  fraction  we  divide 
numerator  and  denominator  by  x",  and  in  the  second  fraction  we  multiply 
numerator  and  denominator  by  (px)".  There  results 

ifp 

nlV2i 


+  Rt(x) 


Ms)' 


+  Rtipx) 


(txrc(x)  log  I  +  (/tt)*D(x)'  -  p*  Sr.' ^ 


1)! 


L— »+*r 


(6) 


rl 


(px)"C(x)  log|+  (px)-Z)(px)  -  2-0^ 


(n  -  r  +  1)! 
rl 


ar 


(px)* 


0, 


where  Rt(x)  and  Rt(px)  result  from  dividing  Ri(x)  and  Jli(px)  by  x",  and  there¬ 
fore  have  x*  as  the  lowest  power  of  x.  If  we  now  consider  the  value  of  the  left- 
hand  side  of  equation  (6)  when  x(p)  is  substituted  for  x  and  p  approaches  0,  we 
find  that  the  first  fraction  becomes  infinite  while  the  second  fraction  approaches 
0,  for  x-values  near  0.  The  whole  expression,  however,  should  be  identically  0 
for  all  x(p)  being  considered.  In  view  of  the  contradiction  x  cannot  have  0 
as  a  limiting  value  as  p  tends  to  0. 

To  treat  the  case  in  which  n  =  0,  equation  (4)  can  be  written  as 


Jo(x) 


(r  -  log  2  -f-  log  x)Jo(x)  -  D(x) 


0, 


(7) 


Jo(px)  (r  -  log  2  -I-  log  flx)J,(fix)  -  D(fix) 

where  r  is  a  constant  and  JD(x)  is  a  power  series  beginning  with  a  term  in  x*. 
We  first  rewrite  equation  (7)  in  the  form 

yo(x) 


UfiX) 


r.  _  »-log2-Hogx  -  [Z)(x)/Jo(x)l 
L  r  -  log  2  -1-  log  px  -  [D(fix)/Jtifix)\_ 


0. 
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For  X  and  px  near  0,  neither  Jtix)  nor  Jt(j)x)  can  be  0,  since  Joix)  approaches  1 
as  X  approaches  0.  Hence,  for  the  values  of  x(p)  that  have  been  assumed  to 
satisfy  equation  (1), 

1  _  y  -  Jog  2  +  log  X  -  \D{x)/Joix)]  . 

_  I-  -  log  2  -f  log  pi  -  [D{px)/Joipx)] 

Simplifying  (8)  gives 

log  p  -  [D(px)/yo(pi)]  +  [D(x)/Jo(x)]  - 

—  log  2  H-  log  px  —  (Z>(px)/yoOi>x)] 

For  equation  (9)  to  hold  identically,  either  the  numerator  must  be  zero  or  the 
denominator  infinite.  However,  for  values  of  p,  x,  and  px  near  0,  the  first  term 
of  the  numerator  will  be  large  while  the  second  and  third  terms  will  be  near  0. 
Hence  the  numerator  cannot  be  zero.  The  denominator  is  dominated  by  the 
term,  log  px,  and  this  term  is  infinite  only  when  x  «  0.  For  p  ^  0  and  x  >■  0 
equation  (1)  is  meaningless,  and  hence  such  values  need  not  be  considered.  We 
can  therefore  exclude  the  possibility  of  the  denominator  being  infinite. 

Since  the  assumption  that  x(p)  tends  to  0  with  p  leads  to  a  contradiction  we 
conclude  that  x(p)  cannot  have  0  as  a  limiting  value. 

Proof  of  2).  We  now  consider  a  finite  limiting  value  of  x(p)  as  p  approaches 
0  and  prove  that  it  must  be  a  zero  of  Jn(x).  In  this  case  px  also  tends  to  0  as 
p  does.  We  consider  equation  (1)  in  the  form 

J.(x)  -  [Ar.(x)/W,(px)]  Jnipx)  -  0.  (10) 

wherein  x  stands  for  x(p).  We  first  note  that,  as  a  consequence  of  part  1), 
x(p)  cannot  have  0  as  a  limiting  value  as  p  approaches  0.  For  any  other  finite 
limiting  value  the  second  term  in  equation  (10)  approaches  0  with  p.  Hence  the 
corresponding  values  of  Jnix)  must  approach  0,  and  since  is  a  continuous 
function  of  x,  the  limiting  value  approached  by  x  must  be  a  zero  of  J»(x). 

Since  x(p)  may  be  a  discontinuous  function  of  p  there  can  be  many  limiting 
values  approached  by  x(p)  as  p  tends  to  0.  But  each  must  be  a  zero  of  Jnix). 
Consider  the  values  of  x(p)  which  approach  one  particular  zero,  »n.m,  of  Jnix). 
For  p  sufficiently  near  0  these  values  all  lie  in  an  arbitrarily  small  interval  of 
x-values  about  «.,«  .  ^ow  the  implicit  function  theorem  asserts  that  any  solu¬ 
tion  x(p)  of  equation  (1)  in  the  neighborhood  of  (0,  $n,m)  is  unique  in  a  sufficiently 
small  neighborhood  of  that  point.  It  therefore  follows  that  the  values  of  x(p) 
which  approach  any  one  «»,*  must  for  p  sufficiently  small  belong  to  the  continuous 
solution  already  shown  in  part  A  to  exist  and  to  approach  . 

Proof  of  3).  We  have  finally  to  consider  the  case  of  an  unbounded  solution, 
x(p),  of  equation  (1)  and  to  prove  that  such  a  solution  must  be  discontinuous  in 
any  neighborhood  of  p  »  0. 

As  X  becomes  infinite,  px  may  or  may  not  become  infinite.  We  consider  each 
possibility  separately,  and  first  suppose  that  px  tends  to  infinity  as  p  tends  to  0. 
For  large  values  of  x  we  may  use  asymptotic  expansions  for  Jnix)  and  Nnix),^ 
and  write 

*  The  statements  about  the  asymptotic  expansions  for  these  functions  that  are  used  here 
are  established  in  Watson,  G.  N.,  loe.  oit.,  p.  199. 
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where  «i(x)  and  •i(x)  are  defined  by  the  left-hand  sides  of  equati(His  (11),  and 
both  are  of  the  order  of  1/x*'*. 

If  we  now  substitute  from  equations  (11)  into  equation  (1),  collect  the  principal 
terms,  and  sq)ply  a  trigonometric  identity,  we  obtain 

(1/xv^)  sin  (px  -  x)  -f  «i(x,  px)  =  0,  (12) 

where  the  lowest  order  term  in  ct(x,  px)  is  that  in  l/x*p*^*. 

The  explicit  solutions  of  equation  (1)  may  be  obtained  from  equation  (12) 
which  is  its  exact  equivalent.  Multiplying  through  by  xy/p,  we  have 

sin  (px  —  x)  -1-  «4(x,  px)  =  0, 

where  the  order  of  uix,  px)  is  that  of  1/px. 

«4(x,  px),  m  =  0,  ±  1,  ±  2,  •  •  • 


Hence  px  —  x  =  m  x  -|-  arc  sin 


and 


mx  .  arc  sin  uix,  px) 


p  —  1 


p  -  1 


(13) 


Now  as  p  approaches  0  and  x  and  px,  in  accordance  with  our  assumption, 
become  infinite,  <4  must  tend  to  0.  The  continuous  solutions  of  equation  (13), 
and  therefore  of  equation  (1),  must  approach  finite  quantities.  Hence  a  dis¬ 
continuous  function,  x(p),  satisfying  equation  (1)  and  tending  to  infinity  as 
p  approaches  0,  can  be  constructed  only  by  var3ring  the  value  of  m  through 
integral  steps  as  p  tends  to  0. 

We  now  consider  the  case  in  which  px  remains  boimded  as  x  becomes  infinite 
for  some  sequence  of  p  values  approaching  0.  The  values  of  px  must  then  have 
a  finite  limiting  value,  which  we  shall  call  L. 

Let  us  write  equation  (1)  in  the  form 


(y.(x)/JNr.(x)]  -  [Jn/(px)/NM]  =  0. 


(14) 


The  fraction  [Jn{px)/Nn(px)]  is  a  continuous  function  of  px  for  px  ^  0,  and  by 
defining  J»(0)/Nn(0)  to  be  0,  this  fraction  is  made  continuous  for  px  =>  0  as 
well.  Now  let  p  take  on  a  sequence  of  values  tending  to  0,  for  which  x  becomes 
infinite  and  px  approaches  L.  Then  for  any  positive  «,  p  can  be  made  sufiiciently 
small  so  that  Jnipx)/Nn(px)  differs  from  /«(L)/Ar.(L)  by  less  than  «.  The 
fracticm  7«(x)/N«(x),  in  view  of  the  asymptotic  expression  given  in  equation  (11), 

behaves  more  and  more  like  cot  ~  ^  **  *  becomes  infinite.  Now  if 

x(p)  were  a  continuous  function  of  p,  as  p  tends  to  0  the  values  of  the  above  frac¬ 
tion  would'  assume  all  values  from  —  <»  to  -H  <» .  Consequently  equation  (14) 
could  not  be  satisfied  identically. 

The  proof  of  part  B)  is  now  complete  for  equation  (1).  The  proof  in  the  case 
of  equation  (2)  is  practically  the  same.  We  note  that  Jt  and  Nt  are  equal  to 
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Ji  and  Ni ,  respectively,  that  and  iV.  have  the  same  general  properties  as 
Jn  and  Nn  and  that  asymptotic  expansions  for  and  AT.  can  be  obtained  by 
using  the  recurrence  relation 

/:(*)  -  -  J.+i(x)]  (15) 

and  a  similar  one  for  N'n(x),  together  with  the  theorem  that  permits  the  addition 
of  the  asymptotic  expansions  of  two  functions  in  order  to  obtain  an  asymptotic 
expansion  of  the  sum. 

Corollary.  For  p  sufficiently  small  the  values  of  any  discontinuous  solutions 
of  equation  (1)  or  (2)  must  belong  to  one  or  more  of  the  continuous  solutions. 

3.  Application  of  the  Principal  Theorem  to  Electromagnetic  Guide  and 
Cavity  Theory.  It  is  the  custom  to  identity  the  electromagnetic  field  con¬ 
figurations  or  modes  in  circular  guides  by  the  indices  n,*m.  The  n  refers  to  the 
order  of  Jn  and  of  Jn  which  are  involved  in  the  field  expressions  for  that  mode; 
the  m  denotes  the  order,  in  terms  of  magnitude,  of  the  positive  zero  of  Jn  or  of 
Jn  which  is  involved  in  the  field  expressions  and  in  other  formulas  belonging  to 
that  mode.  Cavity  resonant  modes  are  denoted  by  three  indices,  n,  m,  and  I, 
the  n  and  m  having  the  same  meaning  as  for  guides  and  I  denoting  the  number  of 
half -sinusoidal  variations  in  the  field  along  the  length  of  the  guide.  '  In  practice 
the  symbols  TEn.m  and  TMn.m  are  used  for  guides  and  TEn,m.i  and  TMn.m.t  are 
used  for  cavities,  the  TE  or  TM  depending  upon  whether  the  zeros  of  J  •  or  of  Jn 
are  involved.  A  similar  system  of  indices  and  symbols  is  used  for  coaxial  struc¬ 
tures.  The  n  refers  to  the  order  of  Jn  ,Nn  ,  Jn  and  Nn,  all  of  which  are  involved  , 
in  the  field  expressions  of  any  one  guide  or  cavity  mode,  and  the  I  has  the  same  * 
meaning  as  above.  For  a  given  ratio,  p  of  the  radii,  the  value  x(p)  satisfying 
equation  (1)  or  (2)  takes  the  place  which  the  zero  of  Jn  or  of  JJ  occupies  in  the 
theory  of  circular  structures.* 

Our  principal  theorem  bears  directly  on  the  theory  of  coaxial  structures'.  For 
a  given  p  as  many  modes  exist  as  do  solutions  of  equations  (1)  or  (2)  and  these 
modes  may  be  ordered,  insofar  as  the  second  index  m  is  concerned,  in  accordance 
with  the  values  of  x(p).  Moreover,  since  the  principal  theorem  establishes  a 
one-to-one  correspondence  between  the  zeros  of  Jn  and  of  Jn  on  the  one  hand 
and  solutions  of  equations  (1)  and  (2)  on  the  other,  the  m"*  zero  corresponding 
to  the  x(p),  it  follows  that  there  are  “as  many”  coaxial*  modes  as  circular 
modes  and  that  the  coaxial  modes  remain  distinct  as  p  varies  near  zero. 

.  The  principal  theorem  can  now  be  used  to  prove  a  more  significant  result. 

Theorem.  The  TEn.m  [TMn.m]  coaxial  guide  mode  approaches  the 
TEn.m  [TMn.m]  circular  guide  mode  as  p  the  ratio  of  the  radii  of  the  coaxial  con¬ 
ductors  approaches  zero.  The  corresponding  statement  applies  also  to  cavities. 
Moreover,  each  circular  guide  and  cavity  mode  is  so  approached.* 

The  proof  of  this  theorem  follows  immediately  by  applying  the  principal 

*  Some  of  the  above  facts  are  presented  in  greater  detail  in  Sarbacher,  R.  I.  and  Edson, 

Wm.  A.:  Hyper-  and  Ultra-high  Frequency  Engineering,  John  Wiley  A  Sons,  N.  Y.,  1943, 
Chap.  7. 

*  The  principal  coaxial  mode,  the  TEM  mode,  does  not  appear  in  this  correspondence. 
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theorem  to  the  field  expressions  for  circular  and  coaxial  guide  and  cavity  modes.'" 
A  t3rpical  expression  for  one  of  the  six  field  components  in  a  TM^.m  coaxial  guide 
mode  is 

-  A  cos  -  aN,  (r  (16) 

where  A  is  merely  an  amplitude  constant;  r,  &  x  are  cylindrical  coor¬ 
dinates;  a  and  b  are  the  radii  of  the  inner  and  outer  coaxial  conductors;  Xn.m  is 
the  value  of  the  m***  solution  of  equation  (1)  for  a  given  p,  the  ratio  of  the  radii; 
*  y/ Ui*€it  —  (x,^/6)* ;  w  is  the  circular  frequency;  and 

'  a  -  7«I(o/6)x,.«]/iSr,[(o/6)x..«]. 

We  now  fix  on  a  particular  position  in  a  coaxial  guide,  that  is,  we  fix  r,  and 
X,  and  allow  a,  the  radius  of  the  inner  conductor,  to  approach  zero.  Since  x.,.. 

approaches  a  definite,  positive  zero  of  Jn(x)  as  ^  approaches  zero,  a  approaches 

0 

0.  Moreover,  since  Nn  in  the  expression  for  E,  will  have  a  non-zero  argument 
in  the  limit,  the  term  oNn  also  approaches  zero.  Terms  involving  Xn.m  will 
approach  the  same  expressions  with  8n,m  instead  of  x«,»  .  The  entire  expression 
for  E,  will  then  approach  precisely  the  E,  of  a  circular  guide  supporting  the 
TMn.m  mode. 

This  argument  applies  to  all  the  field  components,  in  all  the  modes  (except 
the  TEM  or  principal  coaxial  mode)  of  both  guides  and  cavities.  In  view  of 
the  one-to-one  correspondence  between  zeros  of  Jn(x)  and  Jn(x)  and  solutions 
of  equations  (1)  and  (2),  respectively,  it  follows  also  that  each  circular  guide  and 
cavity  mode  is  approached  by  a  coaxial  one." 

The  conclusion  that  each  circular  mode  is  approached  by  a  coaxial  mode  is 
somewhat  surprising  in  the  case  of  a  circular  mode  with  a  longitudinal  component 
of  electric  field  at  the  center,  for  there  can  be  no  longitudinal  electric  field  along 
the  surface  of  the  inner  coaxial  conductor.  Actually  the  introduction  of  an 
inner  conductor  in  a  circular  guide  or  cavity  disturbs  the  field  of  the  guide  only 
in  a  very  small  neighborhood  of  the  inner  conductor  and  this  neighborhood 
becomes  smaller  as  the  radius  of  the  inner  conductor  decreases."  Quantitatively 
the  effect  of  the  inner  conductor  is  contained  in  the  term 

i*  The  explicit  field  expressions  for  circular  guides  are  found  in  Sarbacher  and  Edson, 
loc.  cit.,  pp.  248  and  258.  Field  expressions  for  circular  cavities  are  in  Borgnis,  F. :  Electro¬ 
magnetic  Waves  in  Dielectric  Spaces,  Annalen  der  Physik,  V.  35,  1939,  pp.  359-384.  The 
field  expressions  for  coaxial  guides  and  cavities  can  be  derived  in  the  same  manner  as  in 
Sarbacher  and  Edson  and  Borgnis.  The  only  essential  difference  is  the  use  of  both  kinds 
of  Bessel  Functions  in  the  coaxial  case. 

This  theorem  has  bearing  on  the  matter  of  standardizing  notation  for  the  circularly 
cylindrical  modes.  See  the  article  by  Kirkman,  R.  and  Kline,  M. :  The  Transverse  Electrio 
Modes  in  Coaxial  Cavities,  Proc.  I.  R.  E.,  V.  34,  1946,  pp.  14-17,  and  discussion  on  this 
paper  in  V.  35,  1947,  pp.  931-935. 

^*This  corresponding  phenomenon  in  sound  was  noted  by  Rayleigh,  Lord:  Theory  of 
Sound,  Dover.  Publications,  N.  Y.,  1945,  V.  I,  p.  350  and  is  briefly  discussed  by  Borgnis, 
loc.  oit.,  p.  50. 
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of  expression  (16).  While  for  a  fixed  r  value,  the  term  approaches  zero  as  the 
inner  radius,  a,  approaches  zero,  for  a  fixed  a  and  6  the  factor  Nnirxn,m/b)  becomes 
large  as  r  approaches  0.  In  more  mathematical  form  one  may  state  that  the 
approach  of  E,  in  expression  (16)  to  the  E,  of  the  circular  guide  is  non  uniform  in 
r  as  a  approaches  0. 

Further  application  of  the  principal  theorem  may  be  made  to  the  calculation 
of  cut-off  frequencies  of  a  coaxial  guide,  resonant  frequencies  of  a  coaxial  cavity, 
dimensions  of  a  coaxial  guide  or  cavity  for  a  given  frequency  and  a  given  mode, 
wave  length  in  a  guide  or  cavity,  etc.  All  these  quantities  may  be  approximated 
in  a  coaxial  guide  or  cavity  with  small  inner  conductor  by  the  corresponding 
quantity  in  a  circular  guide  or  cavity,  for  the  formulas  for  these  quantities  are 
formally  the  same  in  coaxial  and  in  circular  structures  with  replacing 
and  Xn,m ,  the  value  of  x(p)  satisf3dng  equation  (2),  replacing  The 
precise  x.,..  values,  on  the  other  hand,  are  quite  lengthy  to  compute.** 

Some  graphs  of  the  variation  of  the  first  few  roots  of  equations  (1)  and  (2) 
with  p,  the  ratio  of  the  radii  are  offered  herewith.  They  not  only  illustrate  the 
principal  theorem  of  the  paper  but  may  be  used  for  approximate  values  of  Xn.« 
and  Xn.m . 

One  incidental  point  connected  with  carrying  out  the  calculation  of  the  graphs 
may  be  worth  noting.  Since  Bessel  function  tables  are  not  very  extensive  the 
following  device  can  be  used.  Equation  (2)  can  be  written  thus: 

J'nix)  =  Ar;(x).Ij;(px)/Ar'.(px)].  (2)  ' 

Let  8n,p  and  Sn.p+i  be  two  successive  zeros  of  J\{x).  When  p  =  Sn.p/Sn.p+i  and 
X  ==  8n.p+i ,  equation  (2)  is  satisfied.  Hence,  for  this  value  of  p,  Sn,p+i  is  a  root  of 
(2)  as  well  as  of  Jn{x).  By  letting  p  take  on  the  values  1,2,  •  •  •  the  calculation 
of  the  second  solution**  of  equation  (2)  for  many  p  values  falls  back  on  a  knowl¬ 
edge  of  the  zeros  of  Jn(x)  itself.  By  using  the  ratio  Sn.p/sn.p+s  and  letting  p 
take  on  the  values  of  1,  2,  3  *  we  obtain  some  values.of  the  third  solution  of 
(2)  in  terms  of  p;  etc. 

A  rather  significant  conclusion,  not  readily  predictable  theoretically,  is  evident 
from  these  graphs  and  the  formula 

fc  “  cx',.«/2t6 

which  gives  the  cut-off  frequency  of  the  TE n.m  modes  in  coaxial  guides  (c  is  the 
velocity  of  light  in  the  dielectric  of  the  guide  and  b,  the  outer  radius).  For  the 
coaxial  TEn,i  modes  only,  the  cut-off  frequencies  decrease  as  a  increases  while 
6  is  held  fixed;  that  is,  longer  wave-lengths  can  be  accommodated.  Likewise 
the  resonant  frequency  of  the  TEn.i,i  coaxial  cavity  modes  will  decrease  as  a 
increases  for  fixed  b. 

Nbw  Yobk  Univbssitt 

(Received  September  18,  1947) 

u  Many  of  these  formulas  are  given  in  Sarbacher  and  Edson,  loo.  cit. 

The  fact  that  it  is  the  second  solution  follows  from  graphical  considerations. 


NOTE  ON  THE  LIFT  OF  A  TRIANGULAR  WING 
AT  SUPERSONIC  SPEEDS* 

Bt  Richard  Calvin  Robsbts 


This  note  is  concerned  with  finding  the  lift  on  a  wing  with  a  triangular  plane 
form  at  supersonic  speeds.  H.  J.  Stewart'  has  found  the  lift  on  a  delta  wing 
lying  entirely  within  the  Mach  cone.  The  delta  wing  considered  by  him  has  an 
isosoceles  triangular  plan  form  with  the  base  of  the  triangle  perpendicular  to  the 
free  stream  flow.  The  generalized  delta  wing  considered  in  this  paper  has  any 
triangular  plan  form  whose  base  is  perpendicular  to  the  free  stream  flow.  After 
the  work  had  been  done,*  the  author  is  subsequently  informed  that  results  similar 
to  these  have  been  obtained  by  P.  A.  Lagerstrom  and  W.  D.  Hayes. 

The  linearized  theory  of  supersonic  flow  is  based  on  the  differential  equation 

(1  -  M*)d'f/dx'  +  d'f/dy'  +  d'f/dz'  =  0  (1) 

where  {x,y^)  are  rectangular  cartesian  coordinates,  M  is  the  Mach  number  of 
the  free  stream,  and  /  is,  say,  one  of  the  velocity  components  iu,v,w).  By  intro¬ 
ducing  the  transformation 

V  »  [xV(M*  -  1)  -  (y*  4-  z*)]*  -  R  cos  -  1, 

{M*-  l)(y*  +  z*)/x*]*  =  [1  -  (M*  -  1)  tan*  wf*,  (2) 
d  =»  tan"‘(y/z), 

where  R  =  (x*  +  y*  +  z*)*,  and  considering  the  case  where  /  is  independent  of  r, 
the  equation  (1)  transforms  into 


(m 

1 _ 1 

+ 

p 

(3). 

Then  if 

«  =  y/(jt  - 

1)/(m  +  1) 

(4) 

equation  (3)  becomes 

v.('D 

-h"-^  =  0 

(5) 

which  is  the  normal  form  of  the  Laplace  equation  in  two  dimensional  polar  co¬ 
ordinates.  The  relation  between  s  and  a  is 

VM*  -  1  tan  0)  -  2s/(l  -f  «*).  (6) 

*  An  abstrAct  of  this  paper  appeared  in  the  November  1946  issue  of  the  Bulletin  of  the 
American  Mathematical  Society,  vol .  52,  p.  1012.  The  material  in  this  paper  is  taken  from  a 
Master’s  thesis  at  Brown  University  prepared  during  the  summer  of  1946  under  the  direction 
of  Prof.  C.  C.  Lin. 

*  Quarterly  of  Applied  Mathematics  4,  Oot.  1946,  p.  246. 
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We  see  also  that  the  points  8=1  are  on  the  Mach  cone  through  the  origin. 

The  quantities  represented  by  /  can  be  written  as  the  real  (or  imaginary)  parts 
of  an  analytic  function  of  the  complex  variable  f ,  where 


f  -  rf*. 

(7) 

Thus,  the  function 

f+o-m 

(8) 

may  represent  any  of  the  functions 

14  +  »a  - 

U{i\  »  +  -  F(f), 

u>  +  1®  •“ 

WiX).  (9) 

Using  the  vorticity  relations 

II 

(12) 

dy.  dx 

the  relation 

dU  2f 

dW 

(13) 

df  VM*  -  1  (1  +  f*)  df 

can  be  derived. 

The  problem  of  finding  the  lift  on  a  delta  wing  for  small  angles  of  attack  is  thus 

reduced  to  a  boundary  value  problem  in  two  dimensions.  The  z  axis  is  taken 
normal  to  the  airfoil.  The  conditions  in  the  f  plane  are  shown  in  Fig.  1. 


Fio.  1.  Boundary  conditions  in  the  f  plane 

To  the  first  approximation,  the  airfoil  lies  in  the  plane  z  =  0,  and  therefore  it 
cuts  the  f  plane  on  the  imaginary  axis  where  cos  d  =  0.  The  boundary  conditions 
on  to  are 

toaBO<xit  =  1,  iD  =  —Ua  on  the  airfoil,  (14) 

where  a  is  the  angle  of  attack.  Since  8=1  corresponds  to  the  Mach  cone 
through  the  origin  (cf .  (2)  and  (4))  and  since  the  flow  is  undisturbed  outside  this 
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cone,  10  must  vanish  on  the  circle  s  »  1.  Also,  on  the  airfoil  the  component  of 
the  stream  velocity  in  the  direction  of  the  negative  z  axis  is  given  approximately 
by  —  Ua  for  small  a. 

Stewart  has  solved  the  problem  when  si  .  It  is  the  purpose  of  this  paper 
to  generalize  this  to  the  case  when  s\. 

This  may  be  done  by  a  series  of  conformal  transformations. 

First,  apply  the  transformation 

(18) 

This  maps  the  interior  of  the  unit  circle  into  the  entire  plane,  with  i21f  >  0 
corresponding  to  7mfi  >  0.  The  transformed  plane  is  shown  in  Fig.  2. 


W=Wo 


A 


-H. 


-1 


Im  ^  1 


w=o 


-w=\«n, 


Rl 


Pio.  2.  Boundary  conditions  in  the  fi  plane 


The  points  at  the  wing  tips  f  =  t«i  and  f  =  — 1«*  transform  into^the  points 
fi  =  l/ki  and  f i  =  —  1/fcj  respectively,  where 

ki  ■“  2*i/ (1  +  sj)  =  v^Af*  —  1  tan  on 

k,  -  2«,/(l  +  A)  ~  y/M*  -  1  tan  • 

Second,  apply  the  transformation 

ft  “  (of*  4*  b)/ (6f j  +  o), 

where 

o  -  fci  -  fc, ,  6  -  1  -  fcifc,  -  V(1  -  *?)(!  -  kl).  (18) 

This  transforms  Im^i  ^  0  into  /m^s  ^  0  while  the  points  ^  ^/ki  and 

f  1  —  —  l/fc»  transform  into  the  points  »  1/k  and  ft  “  —l/k  respectively. 
The  relation  between  k,  ki ,  and  kt  is 

(fci  +k,)k^l  +  kikt  -  V(1  -  k\)il  -  k\)  (19) 

The  ft  plane  is  shown  in  Fig.  3. 

The  problem  has  now  been  reduced  to  the  case  considered  by  Stewart.  The 
transformation 

.  .  /•'* 

j*  V(i  -  ii)(i  -  k*a) 


(16) 

(17) 


(20) 
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may  now  be  applied.  This  defines  as  an  elliptic  function  of  ft  with  the  modulus 
k.  Then  the  region  /mfi  >  0  is  mapped  into  the  rectangle  having  its  comers  at 
ft  »  ±K,  iK’ d:  K,  where  K  and  K'  are  the  complete  elliptic  int^;rals  of  the 
first  kind  having  moduli  of  k  and  V,  where 

W  -  vT:=nr*.  (21) 

The  complete  ft  plane  is  transformed  into  the  ft  plane  in  the  manner  shown  in 
Fig.  4. 

The  function  dlT/dft  must  be  doubly  periodic  in  the  ft  plane  with  periods  4^ 
and  2t7iC';  and,  as  Stewart  has  shown,  is  represented  by  the  Jacobian  elliptic 
function 


where 


w=w„ 


-1/K  -I 


Im 

w=o 


W=Wo 


Vk 


i 

Fio.  3.  Boundary  conditions  in  the  plane 


dWjdXi  *  tZ)cd*(ft), 


Rl  U 


D  -  ~k*tD,/E(V). 

In  (23),  E(jkf)  is  the  complete  elliptic  integral  of  the  second  kind. 
If  ft  is  eliminated  from  equation  (22)  by  using  the  identity 

dW  _  dW  ^  ^  dft  dfi 
and  referring  to  (15),  (17),  and  (20),  one  obtains 


(22) 

(23) 


(24) 
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dr  2E{k'WM 


i(o’  -  &*)*(!  +  r*)* 


\  (a^k^  _  6*)  ^r  -  p  j  =1-  tabil  -  kn  J*  (27) 

_  iab(l  —  k*) 

(a*  -  b»k^)i  '• 

On  the  top  and  bottom  sides  of  the  airfoil  r  =  ivt  where  —  «j  <  n  <  «i .  Only 
the  first  term  in  the  braces  gives  rise  to  a  real  term,  so  that 

_ —  Wq _ 

“  *  EikWW^Ua*  -  6*/ 

i(a*k*  -  6*)  +  a6(l  -  k') 


M 
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The  slope  of  the  lift  curve  dCilda  is  given  by  the  value  4/o(u/l7)  averaged 
over  the  wing  between  the  limits  t  «=  tan  wi ,  and  t  «  —tan  at .  It  should  be 
noted  that  these  limits  are  the  roots  of  the  quadratic  equation  in  the  denominator 
of  (30).  Carrying  out  the  calculation,  one  finds 

V  ^  [7  r 

Vkri  W-®  Vkr® 


dCt'  _j _ _ a*  - 

da  E{k')(M*  —  l)(tan  wi  +  tan  cos)  (6*  A:*  —  o*)* 

(M*  -  l)*(o’  -  b'k*)t  -  06(1  -  (31) 

■  k{a'  -  6»)  J.-u-.,  • 

Making  use  of  the  identities 

o*  -  6*  =  2A:J  +  2*5  -  2  -  2k\{^  +  2(1  -  kikt)y/{l  -  it!)(l  -  k\) 
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one  may  reduce  (30)  to 

VAf*  -  1  dCt 

4  da 

It  is  to  be  noted  that  when  ki  kt 

dCt 

da  Eik*) 

which  is  the  result  obtained  by  Stewart.  _ 

In  the  graph  at  the  end  of  this  paper  (Fig.  5)  —  1  dCt/da  has  been 

plotted  against  k  for  several  ratios  of  ki/kt.  The  general  shapes  of  the  plan  form 
of  the  wing  for  the  different  ratios  are  shown  in  Fig.  6. 

Bbown  Univbbsitt 

(Received  April  1,  1947) 
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HYPERSONIC  FLOW  OVER  A  SLENDER  CONE 

S.  F.  Shbn 


1.  Introduction.  When  the  free  stream  Mach  number  is  very  large  and 
the  thickness  of  the  body  immersed  in  the  stream  is  very  small  such  that  the 
product  of  Mach  number  and  the  thickness  ratio  is  of  the  order  one,  linearization 
of  the  differential  equations  of  motion  is  not  possible  and  the  flow  characteristics 
become  those  of  hypersonic  flows .  The  appropriate  equations  and  the  similiarity 
law  for  both  two-dimensional  and  axially  symmetrical  flows  were  derived  by 
H.  S.  Tsien  [1]  and  their  physical  significance  discussed  by  W.  D.  Hayes  [2]. 
The  present  study  is  an  application  of  these  results  to  the  flow  over  slender  cones, 
a  flow  that  requires  the  simplest  boundary  conditions.  The  numerical  calcu¬ 
lation  is  then  not  difficult  to  carry  out,  and  the  results  can  be  compared  with 
known  related  solutions  to  acquire  a  proper  orientation  in  this  new  field  of  fluid 
mechanics.  The  specific  quantitative  data  might  be  of  interest  in  some  practical 
problems  such  as  the  designing  of  very  high  velocity  projectiles  for  piercing 
thick  armours. 

2.  Statement  of  tiie  Problem  and  Method  of  Solution.  According  to  Tsien 
[1],  if  is  the  free  stream  Mach  number  and  /9  is  the  half  angle  of  the  cone 
(Fig.  1),  the  hypersonic  flow  is  characterized  by  a  single  parameter  K  =“ 

The  differential  equation  is  then  considerably  simpler  than  the  general  case. 
Hayes  interpreted  this  equation  by  the  transformation  x  »  U-t  where  U  is 
the  free  stream  velocity  and  has  shown  that  the  resultant  equation  for  axially 
symmetrical  flow  is  that  of  the  propagation  of  cylindrical  waves  with  t  as  the 
time  variable.  Here  the  stagnation  conditions  of  wave  propagation  corresponds 
to  the  free  stream  conditions  of  the  hypersonic  flow.  The  same  transformation 
also  gives  the  appropriate  boundary  conditions  for  solving  the  wave  propagation 
equations.  For  instance,  if  yo  Six)  represents  the  value  of  the  radius  of  the 
body  at  X  in  the  h3rpersonic  flow,  then  yo  =  SiUt)  represents  the  radius  of  the 
expanding  or  contracting  solid  surface  in  the  cylindrical  wave  field.  The  radial 
velocity  in  the  hypersonic  ffow  must  be  such  that  the  flow  is  tangent  to  the  body 
at  its  surface,  i.e.,  v(y«)  =  U  dy^ldx.  For  the  corresponding  cylindrical  wave 
field,  r(yo)  =  dyo/dt.  Therefore,  in  the  case  of  flow  over  cones,  Hayes’  interpre¬ 
tation  becomes  the  propagation  of  cylindrical  waves  from  a  uniformly  expanding 
circular  cylinder,  a  problem  analogous  to  the  one  concerning  uniformly  expanding 
spherical  waves  treated  by  G.  I.  Taylor  [3].  This  is  the  concept  adopted  for  the 
present  study. 

To  solve  the  associated  wave  problem  around  a  imiformly  expanding  cylinder, 
one  observes  that  the  radial  velocity  v,  the  pressure  p,  and  the  density  p  are 
fimctions  of  «  «  y/t  only.  That  is. 
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In  the  flow  over  a  cone,  it  means  that  on  every  conical  surface  defined  by 

0  =  tan"*  y/x  =  tan~*  «/C7  «»  a/U,  (2.2) 

V,  p  and  p  are  constant.  The  existence  of  such  a  flow  field  has  been  found  by 
both  G.  I.  Taylor  [4]  and  A.  Busemann  [5]. 

- 1\  ll/r - 1 - - 1 - 

\  X\  .OOiLAzJS:  ..  ^ - 

\  \\r  .  CMcr./l’lO’  — -  — 


- 1 — X] 

SMOrrctl  X  % 

_ 1 _ 1 

VK 

— 

asyrwortc 

mvc. 

— ^  ■ 

.atma/m 

Fio.  1.  Shock  Wave  Angle  Ve.  K. 

Because  of  eq.  (2.1),  the  equations  of  equilibrium  and  continuity  become 

(r  —  «)  du/da  *  —(T^  dp /da.  (2.3) 

The  flow  considered  being  isentropic, 

pp~^  =  const.  (2.6) 

where  7  is  the  ratio  of  specific  heats.  Now  introduce  the  following  change  of 
variable  as  was  done  by  Taylor  [3] 

M  “  v/a,  f  «  cV«*,  v  =  log  a,  (2.6) 

with  M  as  the  new  independent  variable  and  c  deqoting  the  local  velocity  of 
sound.  After  substitution  and  simplification,  eqs.  (2.3)  and  (2.4)  are  trans¬ 
formed  into 

rff  _  2r  f  +  IKt  +  Dm  -  1)(1  -  m) 

dp  p  2f-(l-M)*  ' 

-  1  f  —  (1  —  m)*  o\ 

dp  ^2f-(l-M)*- 
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These  equations  are  to  be  solved  with  the  proper  boundary  conditions  in  the  new 
variables.  A  marked  resemblance  exists  between  the  set  of  equations  (2.7) 
and  (2.8)  and  the  corresponding  set  in  Taylor’s  solution  for  wave  surrounding 
an  expanding  sphere  [3].  This  is  of  course  to  be  expected  since  the  only  difference 
of  the  two  is  the  constant  factor  in  the  term  involving  no  derivatives  in  the 
equation  of  continuity. 

If  subscript  s  denotes  condition  at  the  cone  surface,  the  conditions  there  are: 
At  v,l\J  =  P,  i.e.  Ml  =  1,  one  has 

f.  =  c]/v\  »  =  log  Up.  (2.9) 

Away  from  the  cone  the  flow  must  be  joined  to  that  of  the  free  stream  through 
a  shock  wave.  If  conditions  behind  the  shock  wave  are  denoted  by  the  subscript 
1  and  the  free  stream  conditions  are  denoted  by  the  superscript.  0,  the  Rankine- 
Hugoniot  shock  relations  require 

P>  „  7  —  1  +  (7  +  l)(pi/p**) 

po  .y  +  1+ 

Transformed  into  vs.  mi  relation,  the  following  parametric  form  has  been  given 
in  (4), 

p,  s  - 2{(pi/p)  —  1) _  ^2  11) 

7  -  1  +  (7  +  l)(pi/^) 

„  _  2y(pi/p){y  +  1  +  (7  -  l)(pi/p®)  j  /o  to\ 

It  -  1  +  (T +!)(?>./»>•>  f  ■  '  ' 

Solving  the  system  of  eqs.  (2.7)  and  (2.8)  is  a  relatively  simple  matter.  Any 
of  the  well-known  numerical  methods  may  be  applied.  The  result  will  be  two 
sets  of  curves,  f  vs.  m  and  {<r  —  er.)  =  log  d/P  vs.  n,  with  the  quantity  as 
parameter.  With  any  assumed  value  of  M,P,  the  solution  can  be  started  with 
conditions  (2.9)  till  the  shock  relations  (2.11)  and  (2.12)  are  satisfied. 

Useful  physical  results  of  flow  problems  are  always  presented  as  the  velocity 
field,  the  pressure  coefficient  at  the  body  and  also  the  location  of  the  shock. 
These  can  be  computed  from  the  sets  of  curves  obtained  above.  The  shock 
location  is  directly  given  on  the  (a  —  a,)  vs.  m  curve, 

$i/P  »  e'*""  .  (2.13) 

The  velocity  variation  with  0  is  as  follows: 

u/p  =  v/v,  -  ne/p  (2.14) 

where  u  inclination  of  the  local  velocity  vector.  The  pressure  at  cone  surface: 
P*  P*  P>  _ 


But 


ci/c] » (ri/f*)(®i/^)* 


(2.16) 
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so 

1 

1 

(2.16)' 

Then, 

^  p,  -  p®  ^  2  1  /p,  _  \ 
7Af®*\p®  /’ 

(2.17) 

»  2  1  /p.  _  A 
/3»  7  K*  \P®  /  ’ 

(2.17)' 

in  which 


K  =  APP,  (2.18) 

i.e.,  the  similarity  parameter  as  defined  in  [1],  There  is  a  definite  correspondence 
between  the  parameters  K  and  ,  the  latter  having  been  used  in  the  previous 
solution  for  convenience.  Since 


=  M^/M]  -  cj/c** 

using  (2.10)  and  (2.16)  one  obtains  easily 

-  fl  7  +  1  +  (7  -  l)(pi/p'*)'[* 

Lfi  \^i/  \W  7  ~  1  +  (7  +  i)(pi/p^)j  * 


(2.19) 

(2.20) 


where  f » ,  ,  Px/p®  are  all  determined  solely  by  f, .  Thus  keeping  the  similiarity 
parameter  K  constant  will  give  the  same  flow  pattern.  For  example,  a  single 
curve  of  Oi/P  vs.  K  suffices  for- the  prediction  of  shock  wave  locations  of  various 
slender  cones  in  hypersonic  flows. 


3.  Numerical  Results.  The  method  used  in  the  present  study  in  solving  the 
basic  equations  (2.7)  and  (2.8)  is  by  expanding  the  solution  into  a  series  near  the 
initial  point  (r« ,  ,  <r>)  &nd  using  a  standard  numerical  integration  thereafter. 

Assume  that  near  =  1.0  the  solution  for  (2J)  is 


f  —  ««(m  —  1)*  *  Onp'*. 

(3.1) 

1,  then 

df/dM  -  df/d/i'  -  W""‘. 

(3.2) 

Substituting  into  eq.  (2.7)  and  equating  coefficients  for  the  powers  of  n'  on 
both  sides, 


Ul  “  oo , 


<h 


7+1 

12 


a* 


7+1 

24 


7-1 
1600  ’ 


a» 


7+1 

40 


7-37 

SOoo 


,etc. 


(3.3) 


It  is  interesting  to  see  that  both  oi  and  o,  are  independent  of  the  initial  value 
0,  (oe  «  r«). '  Hy  taking  terms  up  to  at(ji  —  1)*  and  taking  y  ■■  1.406,  thisseries 
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il 


is  used  to  compute  values  of  f  for  1  <  n  <  0.6.  With  the  parameter  ranging 
from  0.3  to  25,  the  last  term  of  the  series  taken  is  no  greater  than  0.002.  The 
solution  is  then  continued,  when  necessary,  by  Adams’  method  of  numerical 
integration.  End  point  of  such  curve  is  determined  by  graphically  finding  the 
intersection  with  the  mi  vs.  curve. 

A  similar  procedure  has  been  adopted  to  solve  next  eq.  (2.8).  The  solution 
near  m«  1.0  is  again  assumed  to  be  a  power  series  of  the  form : 

=  JXo  bn(ji  -  1)"  -  (3.4) 

dc/dii  -  dc/dn’  =  Z  w  (3.5) 

Putting  into  eq.  (2.8),  with  the  help  of  eq.  (3.1),  one  obtains 

1  —  Oo 


64 


bt 

—2  +  Oo 


-h 


b. 


•  6a,  ’ 

So,  —  aj  +  (7  +  l)/4 


(3.6) 


,  etc. 


80,  ’  lOoJ 

As  in  solving  eq.  (2.7),  the  series  solution  is  continued  for  n  <  0.6  by  Adams* 
method  until  the  shock  wave  condition  is  reached. 

TABLE  1 

f  and  9  —  V9.  a  for  variotu  f,'*. 

f,  «  value  of  f  at  ^  1.0. 
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eqs.  (2.13),  (2.15)',  (2.20)  and  (2.17)'  the  wanted  shock  wave  angle  0i ,  the 
pressure  at  the  cone  surface  p,/p^,  the  corresponding  value  of  K  and  the  pressure 
coefficient  at  the  cone  surface  C,, .  The  results  are  summarized  in  Table  2. 
Fig.  1  and  Fig.  2  show  respectively  the  variation  of  $i/P  and  as  only  a  func- 
1 

I  TABLE  2 


Summary  of  retulU 


Ml 

fi 

V|  -  V, 

e,/0 

>./A* 

K 

Cp,/P*> 

.244 

.794 

.690 

1.804 

1.910 

.66 

2.96 

.894 

.664 

.408 

1.604 

2.649 

.92 

2.65 

.622 

.629 

.290 

1.337 

3.668 

1.22 

2.45 

.618 

.430 

.217 

1.242 

6.093 

1.69 

2.31 

.691 

.362 

.169 

1.184 

7.684 

2.10 

2.20 

.747 

.291 

.134 

1.143 

12.320 

2.74 

2.14 

.790 

.244 

.111 

1.117 

24.434 

4.00 

2.10 

*  Tbeao  are  smoothed  out  values. 


tion  of  the  parameter  K.  The  0i/P  curve  is  fairly  smooth,  but  for  C,,!^  there 
appears  some  scattering  of  the  points,  which  could  be  attributed  to  the  cumula¬ 
tive  errors  in  the  numerical  and  graphical  solutions.  The  velocity  distribution 
as  represented  by  eq.  (2.14)  has  been  evaluated  for  three  values  of  K.  The 
variations  of  u/P  vs.  0/p  are  given  in  Table  3  and  Fig.  3. 

As  K  goes  to  very  large  values,  the  asymptotic  values  of  0i/P  and  C,,//9*  can 
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and  (2.12)  reduce  to 

m  -  -4-7  -  0.8316,  f,  -  “  0-1908-  (3.7) 

7  +  1  (7  +  1)* 

Because  mi  is  very  close  to  1.0,  it  is  possible  to  calculate  directly  the  value  of  the 
parameter  f,  for  /iC  —>  « .  Taking  terms  up  to  (m  —  1)*  in  the  series  (3.1),  one 
gets 

oo  =  f.  •=  0.239  (3.8) 

ft  having  been  determined,  taking  terms  up  to  (m  —  1)'  in  the  series  (3.4)  yields 


<ri  —  <r,  =  0.089 
or  ' 

(0i//3)*^-  -  e®  ""  »  1.093.  (3.9) 

To  calculate  C,. ,  it  can  be  derived  from  (2.17)',  (2.15)'  and  (2.20)  that,  as 
Pi/p“  -»  *  . 

These  asymptotic  values  are  shown  also  in  Figs.  1  and  2  respectively. 


4.  Discussion.  Nmnerical  solutions  of  the  exact  equation  for  supersonic 
flow  over  cones  of  various  angles  have  long  since  been  obtained  by  G.  I.  Taylor 
[4].  Recently  Z.  Kopal  [6]  carried  out  the  whole  computation  again  with  results 
given  to  five  decimal  places.  It  is  of  great  interest  to  compare  them  with  the 
^  present  solution.  Data  from  [4]  and  [6]  for  half  cone  angles  of  5°,  10**  and  20° 
are  reduced  to  the  form  of  C,./j3*  and  8i/p  vs.  K  as  listed  in  Table  4.  The  shock 
wave  angles  from  the  two  references  are  practically  coincident. 

As  regards  the  values  of  the  pressure  coefficients  Kopal’s  results  are  undoubt¬ 
edly  more  accurate  than  those  of  Taylor  and  MacoU  and  those  obtained  here. 
However,  the  trend  of  all  three  sets  of  results  is  the  same.  The  “exact”  curves 
in  Figs.  1  and  2  are  plotted  according  to  the  data  in  [6].  There  appears  a  con¬ 
sistent  discrepancy  between  the  hypersonic  solution  and  the  exact  one.  The  ex¬ 
planation  lies  in  the  definition  of  hypersonic  flow  over  slender  body,  namely, 
A/*  —*  »  and  P  —*0.  That  the  present  solution  ought  to  be  a  limiting  case  of 
very  slender  cones  is  then  truly  indicated  by  the  comparison. 

Generally,  it  may  be  concluded  that,  for  the  same  K,  as  the  cone  angle  gets 
larger  the  predicted  pressure  coefficient  Cp,  will  be  higher  and  the  shock  wave 
angle  di  smaller  than  the  exact  solution.  When  the  half  cone  angle  is  10°,  at 
■»  1 .0  the  errors  in  Cp,  and  di  are  roughly  10%  and  2%  respectively.  With 
increasing  Mach  number  the  errors  go  down. 

A  comparison  with  the  linearised  supersonic  flow  solution  bears  out  the  marked 
difference  in  behavior  of  a  hypersonic  flow.  Obtained  by  Th.  v.  KArmin  [7],  the 
linearised  solution  for  slender  cones  gives 


P* 


L 


2 


(4.1) 
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TABLE  4 

Cp,/ffl  and  Bi/fi  vt.  K  from  exact  eoiluiione 

P  -  .0873 


Kopal'f  valuM  (nl.  6) 


X 

'  Cf.lP* 

»i/P 

.617 

2.87 

2.18 

.647 

2.66 

1.84 

.741 

2.56 

1*.69 

.910 

2.47 

1.54 

1.151 

2.33 

1.38 

» 

1.965 

2.18 

1.20 

0» 

2.085 

1.094 

p  -  .1763t 

Kopal’t  valuw  (iif.  6) 

Ttylor’t  values  (ref.  4) 

K 

C„/P* 

9i/P\ 

K 

c,./P* 

9i/Pt  . 

.421 

3.08 

2.81 

.319 

3.48 

3.88 

.490 

2.99 

2.41 

.421 

3.09 

2.80 

.683 

2.71 

2.02 

.687 

2.90 

2.08 

.720 

2.53 

1.79 

.963 

2.45 

1.56 

.956 

2.37 

1.60 

1 

1.605 

2.16 

1.26 

i 

2.67 

2.08 

1.16 

40 

2.02 

1.10 

p  -  .364t 


Kopel's  values  (ref.  6) 

Teylor's  values  (ref.  4) 

K 

c„/p* 

X 

C„/P> 

9i/Pt 

.681 

2.54 

2.29 

.601 

2.69 

2.69 

.776 

2.39 

2.00 

.776 

2.40 

2.00 

.890 

2.28 

1.82 

1.041 

2.23 

1.61 

1.034 

2.18 

1.61 

1.518 

2.02 

1.36 

1.228 

2.09  , 

1.47 

3.645 

1.98 

1.16 

1.512 

2.02 

1.35 

2.02 

1.95 

1.25 

3.49 

1.89 

1.16 

CD 

1.85 

1.11 

t  The  tansente  of  4i  and  P  are  taken  when  angles  are  no  longer  very  small. 


which  in  hypersonic  region,  if  applicable,  reduces  to 

C,.//?*  -  log  2/K.  (4.1)' 

One  obvious  absurdity  is  that  when  iC  >  2  the  pressure  at  the  cone  surface 
becomes  negative.  The  curve  for  smaller  values  of  K  has  been  plotted  in  Fig. 
2.  The  error  grows  extremely  fast  when  K  goes  beyond  0.5.  But  it  is  also  of 
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interest  to  see  that  in  the  neighborhood  of  iC  «  0.5,  the  linearized  theory  actually 
gives  better  agreement  with  the  exact  solution  than  the  hypersonic  one  for 
moderate  cone  angles. 

According  to  v.  K5rmdn  [7],  the  limiting  case  of  h}rper8onic  flow  with  7=1 
and  /C  — »  00  is  particularly  simple  in  that  the  shock  wave  angle  is  equal  to  the 
cone  angle.  The  same  conclusion  can  be  obtained  by  referring  to  eq.  (3.7) 
and  the  series  (3.1),  which  give  m  ^  1  and  =  f..  The  eq.  (2.16)  then  shows 
that  0i/P  =  1,  since  cj/cj  is  unity  when  7=1.  Physically,  the  density  of  fluid 
over  the  surface  of  the  cone  is  now  infinite  and  the  fluid  is  not  influenced  by  the 
presence  of  the  body  till  it  “hits”  the  surface.  After  it  strikes  the  surface  it 
flows  along  the  surface.  Consider  any  element  of  surface  indicated  in  Fig.  4. 


The  mass  rate  of  flow  into  this  element  is  2irye  dyopU.  After  striking  the  surface, 
the  normal  velocity  component  17/3  is  lost.  Therefore  if  Ap  is  the  pressure  incre¬ 
ment  at  the  surface, 

2iry*  dyo-p'U •  Ufi  *  2wyt  dy^^^Lp^  (4.2) 


or, 

(C,./A—  -  2.  («)' 

Thus  in  the  case  of  cone,  the  difference  for  7  =  1  and  7  =  1.405  of  the  limiting 
values  of  C,,  a&K-*  »  only  5%. 

Another  comparison  can  be  made  with  the  hjrpersonic  flow  over  wedges.  The 
latter  results  are  obtainable  by  simply  considering  an  oblique  shock  wave  when 
the  Mach  number  is  large  and  the  wedge  angle  small,  therefore  the  shock  wa(ve 
angle  itself  is  small.  In  previous  notations,  the  shock  wave  angle  and  the 
pressure  coefficient  at  the  wedge  are  given  by 


«!  _  T  +  1  .  .  //7  +  IV  .  1 
(j  4  4  j+K- 

(4.3) 

(4.4) 

Both  $i/fi  and  are  much  higher  than  those  for  the  cones,  as  shown  in 

Figs.  1  and  2.  This  indicates  the  difference  in  behavior  of  two  dimensional  and 
three  dimensional  bodies. 
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With  regard  to  the  practical  application  of  the  preeent  solution,  one  must  be 
aware  of  the  fact  that  the  boundary  layer  effect  has  been  entirely  neglected. 
Although  Maccoll  claimed  excellent  agreement  of  measured  data  from  projectile 
experiment  with  Taylor’s  solution  [8],  it  is  highly  improbable  that  as  the  Mach 
number  further  increases  the  same  could  be  true  for  very  slender  cones.  The 
thickness  of  the  shock  wave  layer,  being  of  the  order  of  10%  of  the  cone  thickness, 
becomes  then  so  thin  that  the  presence  of  a  viscous  boundary  layer  would  be 
felt.  The  effect  on  cones  of  moderate  apex  angle  probably  would  not  be  too 
great.  However,  investigations  have  to  be  made  before  any  conclusion  on  this 
point  could  be  drawn. 
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ON  SUPERSONIC  FLOW  PAST  A  SLIGHTLY  YAWING  CONE* 

Bt  a.  H.  Stone 


Introduction.  This  paper  is  concerned  with  the  motion  of  a  circular  cone,  of 
not  too  blunt  an  angle,  through  air  at  high  speed.  If  the  direction  of  motion  of 
the  cone  coincides  with  its  axis  of  symmetry,  the  resulting  air  flow  is  well  known.* 
Here  we  consider  the  perturbation  produced  by  a  small  “yaw” — i.e.,  the  case  in 
which  the  cone  is  moving  not  quite  in  the  direction  of  its  axis.  The  results  are 
confirmed  experimentally,  and  have  applications  to  ballistics,  though  we  are  not 
concerned  with  the  latter  here;  they  may  also  be  useful  as  providing  a  check  on 
various  approximate  methods  of  wider  applicability.  The  square  of  the  yaw  is 
neglected — an  approximation  of  which  the  validity  is  discussed.  (Similar  meth¬ 
ods  can  be  applied  to  the  second-order  effects  of  the  yaw,  which  are  also  of  ballistic 
significance;  but  the  computations  have  not  yet  been  completed.)  It  should  be 
observed  that,  because  of  the  lack  of  symmetry,  the  flow  will  be  neither  irrota- 
tional  nor  isen tropic. 

1.  Formulation  of  tiie  Problem.  We  consider,  in  the  first  instance,  a  projectile 
having  as  head  a  right  circular  cone  of  semi-angle  0, ,  and  moving  with  velocity 
U  in  a  direction  making  a  small  angle  c  with  its  axis.  If  0,  <  56*  and  the  Mach 
number  U/o  (where  a  denotes  the  velocity  of  sound)  is  large  enough,  it  is  known* 
that  the  projectile  will  be  preceded  by  a  conical  shock-wave,  attached  to  the  solid 
cone  at  their  common  vertex.  (The  shock-wave  cone  is  not  assumed  to  be  cir¬ 
cular,  though  it  turns  out  to  be  so.)  An  expansion  wave  originates  at  the  shoul¬ 
der  of  the  projectile  (see  Fig.  1);  and  we  shall  be  concerned  with  the  flow  in  the 
region  between  the  shock- wave  and  the  expansion  wave,  with  the  object  of  de¬ 
termining  the  aerod3mamic  forces  on  the  head  of  the  projectile,  and  the  config¬ 
uration  of  the  shock- wave.  It  will  be  assumed  that  the  Mach  number  is  large 
enough  for  the  flow  in  this  region  to  be  locally  supersonic;*  it  is  then  indepen¬ 
dent  of  the  conditions  outside  the  region,  so  that  we  may  for  convenience 
suppose  that  the  conical  portion  of  the  projectile  extends  to  infinity. 

We  consider  the  motion  relative  to  the  (solid)  cone,  and  use  spherical  co¬ 
ordinates  (r,  9,  ^)  in  which  the  origin  (r  —  0)  is  the  cone  vertex,  the  axis  0  0  is 

in  the  direction  of  the  velocity  IJ  of  the  free  air-stream,  and  the  planed  =  0  is  the 
plane  through  this  axis  and  the  axis  of  s}rmmetry  of  the  cone  (the  “plane  o/ yaw"). 

*  This  paper  ia  baaed  on  work  done  at  the  Geophysical  Laboratory,  Washington,  D.  C., 
for  the  Office  of  Scientific  Research  and  Development  (a  U.  S.  Government  agency),  under 
contract  OEMsr-fil.  The  cooperation  of  the  U.  8.  Armed  Forces,  who  performed  computa¬ 
tions  and  supplied  ballistic  data,  is  gratefully  acknowledged.  Grateful  acknowledgements 
are  also  due  to  Drs.  C.  Critchfield,  W.  Karuah,  Z.  Kopal  and  I.  E.  Segal. 

>  G.  I.  Taylor  and  J.  W.  Maccoll,  Proc.  Roy.  Soc.  A  139  (1933)  pp.  278-311 ;  J.  W.  Maccoll, 
Proc.  Roy.  Soc.  A  189  (1937)  pp.  459-472;  A.  Busemann,  Luftfahrtforschung  19  (1942)  pp. 
187-144. 

*  See  Taylor  and  Maccoll,  loc.  cit.  in  footnote  (1). 

*  The  lower  bound  for  U/a  depends  on  $,  ;  for  $,  »  Ifi”  it  ia  1 .2.  See  Taylor  and  Maccoll, 
loo.  cit.,  for  further  values. 
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We  use  u,  V,  w  to  denote  the  components,  in  the  directions  of  increasing  r,  B,  ^ 
respectively,  of  the  air  velocity  at  the  point  (r,  B,  4>)  between  the  shock-wave  and 
the  cone;  and  the  pressure  and  density  are  denoted  by  p  and  p.  The  pressure 
and  density  of  the  free  air-stream  are  denoted  by  pi  and  p/ ;  thus  a*  =  ypifpi . 

As  usual,  it  is  assumed  that  U  is  constant  in  magnitude  and  direction,  that  the 
direction  of  the  axis  of  symmetry  of  the  projectile  is  constant,  and  that  the  effects 
of  viscosity,  heat  transfer,  the  boundary  layer  and  skin  friction  are  n^;ligible. 
These  idealizations  are  known  to  give  good  results  if  the  yaw  is  zero,  and  may  be 
expected  to  apply  to  the  general  case  likewise.  Besides  assuming  the  “y^w”  c 
to  be  small,  we  make  the  assumption  (plausible,  but  difficult  to  justify  mathe¬ 
matically  with  complete  rigor)  that  the  flow  depends  continuously  on  e. 


2.  Non-Taw  Case.  Let  H,  B,  W,  p,  p,  denote  the  velocity-components,  pressure 
and  density  for  the  case  in  which  the  yaw  e  is  zero;  and  let  the  shock- wave  surface 
have  equation  B  —  B^  then.  For  convenience  we  summarize  the  equations  relat¬ 
ing  these  quantities.*  It  is  found  that  d,  D,  •  •  •  ,  ^  are  (for  a  given  B,  and  Mach 
number)  functions  of  B  alone,  and  G)  >=  0.  The  equations  of  motion  and  of 
continuity  give  t 

i  -  -  -tz'(a  +  tz')  (1) 

-f  {cot  e  -I-  (Znp)'}tz'  -f  2x1  =  0  (2) 

where  a  dash  (0  is  used  to  denote  differentiation  with  respect  to  B.  The  flow  is 
adiabatic,  and  hence  “isentropic”,  i.e., 

p/p'  is  constant  (3) 

where  7  is  the  ratio  of  specific  heats  («  1.405).  The  Bernoulli  equation  gives 
i(tZ*  -f  5*)  +  yp/iy  —  1)?  *  constant  Jc*  (4) 

where  c*  =  U*  +  2a*/(y  —  1).  '  .  . 
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From  these  equations  one  obtains 


ilnpy 


2a'(<i  +  fl") 

(7  - 


The  boimdary  conditions  are: 
When  0^0,, 


tl'  -  0 


When  0  ^  Om, 

H  wm  u  cos  0 

Upi  sin  ®  «■  0 

p  —  p,  mm  Up,  sin  0{v  +  U  Bin  0) 

U'sm*  0  -  {(7  -  l)pi  +  (7  +  l)}/2p/ 
The  additional  relations: 


(6) 

(6) 

(7) 


When  0  ••  0m  $ 

t*'  “  —  {(7  —  i)U  sin  +  2a*/U  sin  0]/(y  +  1) 
and  (8) 

Inp'  —  —2  cot  0/('Y  +  1) 

follow  easily,  and  will  be  useful.  (We  shall,  for  short,  write  p'/p  (Inpy  as 
Inp'.) 

*  These  equations  determine  the  non-yaw  quantities  d,  •  •  •  ,  p,  and  0m  (for  given 
'  0,  and  Mach  number),  and  we  shall  regard  them  as  known.*  It  should  however 
be  observed  that  there  are  two  regimes  (with  different  values  of  0m)  which  satisfy 
these  equations.  Only  one  of  these  is  observed  in  ballistic  practice,  and  the 
symbols  1I,  •  •  •  ,  d*  will  refer  to  this  one.  Why  the  other  regime  does  not  so 
occur  is  not  known  (it  has  been  observed  in  wind-tunnel  experiments);  but  we 
shall  see  that  the  present  theory  throws  some  light  on  this  question. 


3.  Differential  Equations.  In  the  general  case,  the  equation  of  the  shock-wave 
surface  will  involve  as  well  as  0;  but  its  observed  rectilinearity  shows  that  it  is 
independent  of  r.  It  follows  that  the  whole  flow  is  independent  of  r;  thus  we 
may  expand 


u  —  tJ  -H  J3(xnC08n^  -h  X.sinn^) 
V  “  5  +  X)(y»cosn^ -h  K.sinn^) 
w  <■  Uz  »  sin  —  Zn  cos  np) 

P  ^  P  +  JliVn  coarup  +  Hn  sin  n^) 
P  *  ?  +  -f-  E«sinn^) 


(Xo  -  0) 

(F.  =  0) 

{Zo  =  0) 
(Ho  -  0) 
(E#  «  0)^ 


(9) 


r*  Extensive  tabulations  are  given  in  vol.  1,  Technical  Reports,  Center  of  Analysis,  Mas¬ 
sachusetts  Institute  of  Technology. 
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where  the  summation  is  over  n  »  0, 1, 2,  •  •  •  ,  and  the  quantities  x«  ,  X,  etc.  are 
small  and  are  (for  fixed  0, ,  c  and  Mach  number)  functions  of  0  only.  Similarly 
the  equation  of  the  shock-wave  will  be 

0  =  0»  +  cos  rult  +  An  sin  n^)  (i4o  *  0)  (10) 


where  an,  An  are  small  constants.  We  shall  see  that  only  a  finite  number  of 
these  quantities  are  non-sero,  so  that  questions  of  convergence  and  tenn-by-term 
differentiability  do  not  arise.*  It  will  be  assumed  that  c  is  small  enough  for  the 
products  of  the  quantities  Xn  ,  etc.,  to  be  negligible;  as  will  be  shown,  this  amounts 
to  assuming  that  e*  is  negligible  (in  practice,  say  c  ^  5°). 

The  equations  of  motion  ( -^  (u,  v,  w)  *  —  —  Vp  j  give,  for  spherical  coordin- 
,  \dt  P  / 

,  ates  and  a  steady  flow  independent  of  r. 


I  *  »  ft 

V  —  +  w  cosec  0  —  -  —  V  —  w  =  0 
d0  d(t> 

2x/,ft 

y  —  +  to  cosec  0  —  +  -  —  +  uv  —  w  cot  0=0 
60  dit»  p  60 

dw  .  ,  cosec  0  dp  .  ,  *  a  ft 

0  —  -f  to  cosec  0- — - -  -f-  «to  -H  no  cot  (?  =  0 

60  d</>  p  d0 


(11) 


Similarly,  the  equation  of  continuity  (V{p(ti,  o,  to)j  =  0)  gives 

2pu  sin  0  ^  (po  sin  0)  +  4-  (pw)  =  0.  (12)  * 

60  6<f>  0 

The  “equation  of  state”  needs  more  consideration.  The  entropy  will  now  be 
altered  at  the  shock-wave  by  amounts  which  vary  with  the  angle  of  incidence,  and 
hence  with  But  since  the  flow  is  adiabatic  and  steady,  we  have  along  each 
streamline 


yp 

P  dp 


dp  ,  „6p 

0  to  cosec  0  — 
(M _ 6<l> 

dp  ,  -dp 

0  ^  +  to  cosec  0  ^ 


and,  neglecting  the  products  of  the  small  terms  to,  dp/ and  dp/ 6^  we  obtain 
p-^dp/d0  =  (y/p)(dp/d0) 

so  that  In  p  —ylnp  is  independent  of  5  as  well  as  of  r.  Thus,  on  using  (3),  we 
may  write 

ln(p/p)  —  yln(p/p)  =  2Z(d,  cos  -|-  sin  n4^)  (13) 

*  In  fnct,  all  the  quantities  z.  ,  A'«  ,  etc.,  vanish  except  for  Xi  ,  yi  ,  z,  ,  (i  ,  si  snd  oi  • 
The  extra  terms  are  retained  because  they  give  no  more  trouble,  and  enable  the  validity  of 
the  present  approximation  to  be  investigated;  cf.  f7. 
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where  ,  D.  are  constants  (i.e.,  are  independent  of  r,  6  and  4i),  and  «=  0,  for 
convenience. 

Although  it  is  not  independent  of  the  above  equations,  it  is  convenient  to  use 
also  the  Bernoulli  equation.  Even  though  the  flow  is  not  irrotational,  we  have 
that  along  each  streamline  the  expression  i(u*  +  i>*  +  w*)  +  yp/iy  —  l)p  is 
constant;  and  since  this  streamline  constant  is  unchanged  on  crossing  a  shock- 
wave*,  we  obtain  the  energy  equation 

i(M*  -I- 1>*  -I-  w*)  -H  yp/(y  -  l)p  =  it/*  +  ypi/iy  -  l)p/.  (14) 

We  now  substitute  from  (9)  in  equations  (1 1)  -  (14).  To  illustrate  the  process, 
we  deal  with  the  first  of  equations  (11)  in  detail;  the  others  are  treated  similarly, 
though  less  simply.  Since  the  terms  wSu/c<l>  and  w*  are  negligible,  the  first  of 
equations  (11)  reduces  to  v{du/dO  —  r)  =  0,  and  so,  from  (9), 

a'  +  2(*«cosn0  +  Xnsmn4>)  =  5-1-  X(y«cosr»^  -f-  F,sinn^). 

The  terms  which  do  not  vanish  with  e  must,  of  course,  cancel  (compare  equation 
(1)) ;  and  we  are  left  with  an  identity  in  0  in  which  the  corresponding  coefficients 
of  cos  and,  if  n  0,  of  sin  n^,  may  be  equated.  Thus,  since  Xo  =  0  =  Yo, 


we  obtain  for  every  n  (=  0,  1,  2,  •  •  •  ) 

Xn  =  yn,X'n=Yn  (15) 

In  a  similar  way,  the  other  equations  (11)  -  (14)  give 

a'Vn  +  (u"  +  ti)j/«  -1-  H'Xn  -1-  Ij»/p  -  i»p7p*  =  0  (16) 

H'z'n  -1-  (iZ  -H  u'  cot  d)Zn  —  n»j,/p  sin  5  =  0  (17) 

y'n  -I-  (cot  d  -f  lnp')yn  -i-  2i,  -I-  nz,  cosec  6  -H  5({,/p)'  =  0  (18) 

Vn/P  —  7f»/p  *=  dn  (19) 

iZ'x»  HXn  -f-  rin/p  -|-  dnp/(y  —  l)p  =  0  (20) 


together  with  just  the  same  equations  connecting  the  capital  letters  (i.e.,  with 
*»  » y*  »  •  •  •  »  dn  replaced  throughout  by  X,  ,  y»  ,  •  •  •  ,  £>,  respectively). 

Before  reducing  these  equation  to  a  form  suitable  for  computation,  it  is  con¬ 
venient  to  consider  the  boundary  conditions. 

4.  Boimdaiy  Conditions  at  tiie  Shock- Wave.  Let  n  be  the  unit-vector  normal 
to  the  shock-wave  surface  at  a  general  point  of  it,  and  let  fi ,  /> ,  be  perpendicular 
tangent  vectors  there.  We  use  r  to  denote  the  normal  velocity  (  =  (u,»,to)*n), 
and  suffixes  I,  II  to  refer  to  the  two  sides  of  the  shock-wave  (side  I  being  in  the 
undisturbed  uniform  air  stream,  as  before).  The  Rankine-Hugoniot  conditions 
give*  that,  at  the  shock- wave, 

*  This  is  a  consequence  of  the  Rankine-Hugoniot  shock-wave  equations;  cf.  {4* 

^  See,  for  example,  "Aerodynamic  Theory",  ed.  W.  F.  Durand,  vol.  3,  pp.  237-338  (Berlin 
1935). 
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(U  cos  0,  — 

17  sin  0, 0)'fi 

«  (u,v,w)*/i 

(21) 

{U  cos  0,  — 

17  sin  0, 0)’fi 

»  (u,t),tc)-<j 

(22) 

PtJ'i  PnPn 

(23) 

Pit  -  Pi  + 

P/i'/(r//  —  F/) 

-  0 

(24) 

vtt  *=  {(7  - 

1)f/  4  2o*/Ff}/(7  4  1) 

"(25) 

(respectively  expressing  the  continuity  of  the  tangential  velocity  and  the  equa¬ 
tions  of  continuity,  impulse  and  energy). 

From  (10),  a  normal  vector  to  the  shock-wave  surface  is 

V{0  —  —  2Z(a»  cos  7»0  -t-  A,  sin  n^)} ; 

hence  we  may  take 

n  =  {0, 1,  cosec  d  2^n(a,  sin  n0  —  Am  cos  n^)}  (28) 

(which  is  a  unit- vector  to  the  present  approximation),  and  hence  may  take 

ti  =  (1,0,0)  (27) 

=  <1  X  n  =  {0,  —  cosec  sin  —  A,  cos  mfl),  1}.  (28) 

On  substituting  from  (9)  in  (21)  we  obtain  that,  when 

e  —  dw+  cos  T»0  -h  A,  sin  n0),  H  -1-  53(rm  cos  +  Xn  sin  n^)  —  17  cos  5, 

and  thus  that,  when  d  =  d»  (on  expanding  by  Taylor’s  theorem  and  neglecting 
products  of  small  quantities), 

C  +  cos  -f-  A,  sin  n^)  +  ]C(*»  cos  rup  Xn  sin  n^) 

=  f7{cos  —  sin  ®^(a*  cos  -|-  A.  sin  n^)}. 

The  terms  which  do  not  vanish  with  e  must  cancel  (cf.  (7));  and,  on  equating  the 
coefficients  of  cos  Tut>  and  sin  n4>  (and  remembering  that  Xo  =  0  ->  Ao),  we  have: 
When  d  —  dy,, 

X,  »  -  a,(ili  -I-  C7  sin  tf),  X,  »  -  A,(a'  -f  17  sin  tf)  (29) 

In  a  similar  way  it  can  be  shown,  from  equations  (22)  -  (25),  that  when  0  » 
we  have 

Zn  sin  0  *=  nam(0  4  17  sin  0), 

a,(—  0  cot  0  4  0’  4  0  Inp')  +  y*  4  0/?  “  0, 

4  0^  +  0  cot  0  -4  2U  cos  0)  4  y«  4  “  0, 

o,|0'  -  2a*  cot  0/(7  4  l)t7  sin  0  4  (7  -  ^)U  cos  0/(7  4  1))  4  -  0, 

together  with  the  same  equations  with  capital  letters  (Am ,  Xm ,  etc.)  replacing 
the  small  letters  (am  ,  Xm ,  etc.)  throughout.  These  equations  may  now  be  simpli- 
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fled  by  using  properties  of  the  non-yaw  solution  ((1),  (2),  (7));  further,  (29)  may 


be  used  to  solve  them  in  terms  of  a.  ,  and  we  obtain: 

When  6  «■  , 

nxn  -h  *•  sin  ®  *■  0  (30) 

Vn  -  2a,(2a  -  il'  cot  $)/iy  -|-  1)  '(31) 

€./?  -  2a,{(7  -  l)tl  +  (y  +  2)u'  cot  e]/{y  -f  l)tl^  (32) 

-  -a«{(7  +  5)ii+(y-  !)«'  cot  e\/(y  +  1)  (33) 

tc^ther  with  the  same  equations  connecting  the  capital  letters. 


6.  Boundary  Conditions  at  die  Solid  Cone.  At  the  surface  of  the  solid  cone, 
the  normal  velocity  w  =  (u^,w)-n  =  0.  Now,  the  equation  to  the  cone  surface 
is  readily  found  to  be 

cos  0  cos  c  sin  9  sin  e  cos  ^  >=>  cos  0, , 

which  on  neglecting  c*  reduces  to 

d  *  -f  €  cos  ^  (34) 

to  which  equation  (10)  would  reduce  if  cn  were  e  and  all  other  a’s  and  A 's  were 
0.  Thus,  making  these  replacements  in  (26),  we  obtain  n  =  (0, 1 ,  <  sin  cosec  0) ; 
and  so  the  condition  is  that,  when  0  <=  0,+  t  cos  4>,v+  ew  sin  <t>  cosec  0  =  0 — i.e., 

*  »  »  0,  since  etc  is  negligible.  Hence,  when  0  =  0,we  have  v  -f  v'e  cos  ^  0, 

*  which  gives: 

When  ,y«*=0  =  y,ifn3^1; 

yi  -  -e^'  -  2eC  (35) 

(on  using  (1),  (2)  and  (6)). 

6.  Reduction  of  the  Equations.  Since  the  equations  for  the  capital  letters  are 
the  same  as  those  for  the  small  letters  (except  for  (35)),  we  can  restrict  our  atten¬ 
tion  to  the  latter.  We  define 

-  nx,  -f  *«  sin  «  (36) 

Then  the  result  of  eliminating  between  (17)  and  (20)  can  be  written 

n't',  +  nd^/iy  -  l)p  (37) 

The  usual  integrating  factor  is  (on  using  (2)) 

I 

(It  should  be  observed  that  iZ'  is  negative.)  Thus  (37)  can  be  written 
{<»(-«'?  sin  0)~*y  -I-  ndffii-n'p  sin  0)~*/iy  —  l)pil'  »  0 
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whence,  since  *  0  when  ®  (from  (30)),  we  obtain 
nx,  +  z,  sin  «  —  {n<i«/(7  —  1)}7’(«) 

where  Tid)  =  (— ti'p  sin  tf)*  f  pd$/fu'{—il'p  sin  $)*  (38) 

When  0  approaches  0,  the  integral  here  becomes  infinite,  since  ti'  vanishes; 
nevertheless  T{9)  has  a  finite  limit.  This  might  not  be  easy  to  compute  numeri¬ 
cally  from  (38)  directly;  but  it  is  easy  to  see  from  (38)  that  as  0  — »  0«  we  have 
T'ifi)  —  0(0  —  0,)”*,  and  so  (37)  gives: 

When  0  =  9,,tn—  —ndnT(6t)/iy  —  1),  where  T'(0,)  =  p/pH  (39) 

In  equation  (18)  we  can  now  express  all  the  unknown  variables  in  terms  of  z. 
and  its  derivatives.  In  fact,  y.  =  z«  (15),  z»  is  given  by  (38),  and  from  (19) 
and  (20)  we  obtain 

{,/p  =  -p(m'x',  +  ilXn)/rp  -  dn/{y  -  1) 
and  so  (after  simplifying  by  using  (3)  and  (1)) 

(€»/p)'  =  Inp'[{ti'x"  +  (u"  4-  u)x',  -h  U’xn]  -  (y  -  l)(tt'x',  +  tix,)lnp')/iJ'(tl-|-tt''). 
Thus  (18)  gives 

x*ju'^  +  i'lnp'  +  «)  +  x»{(*  +  fi')(cot  0  4-  2inp')  —  (7  —  l)tl'(ln?0*}  ‘ 

4-  x,{  (2  —  n*  cosec*  0)(il  4-  ti*)  4-  u'lnp'  —  (7  —  l)tl(l»p0*} 

—  n*  co8ec*0  d,(ii  4-  il")T{0)/{y  —  1)  =  0 

To  simplify  this  we  first  eliminate  u",  using  (2),  and  then  divide  through  by 
ti  4-  ti'  cot  0  (which  will  be  proved  in  §7  never  to  vanish).  From  (2)  and  (5)  we 
derive 

Inp*  =  X(tl  4-  ti'  cot  0),  where  X  =  2u'/ { (7  —  l)(c*  —  ti*)  —  (7  4-  l)fi'*|  (40) 

and  the  differential  equation  for  x,  becomes 

Xn  4-  Bxn  +  Cxn  -  n*Z)(x,  4-  d.7’(0)/(7  -  D)  =  0 
where  B  ■«  cot  0  4-  X|2u  4-  3ti'  cot  0  4-  (7  +  l)ti'fnp'} 

C  -  2  4-  X{ti'  4-  (7  -  l)tZ/n?'} 
and  O  ■*  (1  4-  Xti')  cosec*  0 

Now  if  we  substitute  in  (20)  the  values  of  x,  ,  x^  (  »  y,)  and  given  by  (29), 
(31)  and  (33),  we  obtain 

,  “  dnp  cot  0/(7  —  l)j»(ti  4-  ti'cbt  0)*  evaluated  with  0  *=  0*  (42) 


a, 
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and  thus  (29)  and  (31)  can  be  written: 

When  $  —  9w  , 

Xn  =  —dnP/(y  —  l)?(fl  +  fi'cot  6) 
and  x^  =  2d.j}(2u  —  H'  cot  (?)  cot  fl/(7*  —  l)p(ti  +  v!  cot  0) 


(43) 


Equations  (41)  and  (43)  evidently  suffice  to  determine  the  function  Xn/dn  » 
fn(0),  say,  uniquely.  “In  general”  this  fimction  will  not  satisfy 


/:«?.) » 0 


(44) 


(We  postpone  till  §7  the  consideration  of  the  “exceptional  case”  in  which  (44)  is 
satisfied.)  Consequently  the  requirement 

dnjmifi)  —  2«u  if  n  =  l] 

[  when  0  —  0t  (45) 

*=  0  otherwise  J 

(from  (35))  determines  di  as  a  known  multiple  of  c;  and  this  determines  xi  = 
difi{0),  and  then  %  and  ai .  Similarly  if  n  1  we  obtain  dn  =  0,  so 

that  Xn  (and  thus  also  y*  ,  z»  ,  (h  ,  Vn  and  a«)  will  be  identically  0.  Finally,  since 
the  capital  letters  Xn,Yn,  etc.  satisfy  the  same  equations — except  that  F»  =  0 
when  0  —  0t  even  when  n  =  1 — we  see  that  the  capital  letters  are  all  identically 
0  in  the  “general”  case. 

Write  Xi/t  =  x,  yi/t  =  y,  etc.;  and  finally  ai/t  —  a,  di/t  =  d.  Thus  the 
new  quantities,  x,  y,  •  •  •  ,  d  will  be  independent  of  e,  and  x/d  =  Xi/di  =  fi{0), 
determining  them.  Equations  (9)  reduce,  of  course,  to:  u  =  ti  4-  tr  cos  <t>,  v  = 
»  -f  <y  cos  0,  etc.  Finally  the  shock-wave  equation  (10)  reduces  to  5  + 

ca  cos  Comparison  with  (34)  shows  that  this  represents  a  right  circular  cone, 
of  semi-angle  ,  but  having  a  “yaw”  5  given  by  ' 


S/t  ^  a  (46) 

(The  “yaw”  of  this  conical  surface  means  the  angle  between  its  axis  of  symmetry 
and  the  direction  of  motion  of  the  undisturbed  flow.)  As  is  to  be  expected  from 
symmetry,  the  axis  of  symmetry  of  the  shock-wave  cone  lies  in  the  plane  ^  =  0. 


7.  Validity  and  Uniqueness.  The  experimental  confirmation  (§8)  is  sufficient 
justification  of  the  theory  for  practical  purposes;  but  it  would  still  be  of  mathe¬ 
matical  interest  to  prove  that  the  solution  of  the  problem  is  unique,  and  that  the 
present  method  does  give  a  valid  approximation  to  it.  A  completely  rigorous 
proof  of  this  seems  to  be  very  difficult,  because  of  (a)  the  non-linearity  of  the 
fundamental  differential  equations,  and  (b)  the  peculiar  nature  of  the  boundary 
conditions.'  If  however  we  make  the  plausible  assumption  that  the  variables 
u,  r,  •  •  ■  ,  and  their  spacial  derivatives  depend  cxmtinuously  on  the  parameter  c*, 

*  In  fact,  the  ‘‘uniqueneas”  theorem  is,  strictly  speaking,  false,  as  the  a’ork  of  Taylor  and 
Maecoll  shows  in  the  non-yaw  case. 

*  A  study  of  the  second  approximation  shows  that  this  <lependence  is  not  everywhere 
analytic. 
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the  proof  becomes  easy.  Write  w(c)  to  denote  any  quantity  which  — » 0  imiformly 
with  c,  and  9.  «  maxi  I  x.  | ,  |  y,  |,  •  •  •  ,  |  n*  !)•  Then  the  equations  derived 
above  become  exact  if  we  add  9i,w(c)  to  their  right-hand  sides  (note  that  the  only 
operations  performed  on  them  were  integrations  and  algebraic  manipulations). 
Thus,  since  one  easily  shows  that  q^/Xn  is  bounded  (as  c  varies),  we  have  that  the 
“exact”  value  of  xjdn  ,  say  gn  ,  is  determined  by  the  same  equations  as/.  ((41) 
and  (43)),  except  that  the  coefficient  C  in  (41)  must  be  replaced  by  C  -f  <i>i(c), 
and  the  values  of  y.  and  p.  at  are  respectively  /.  +  Ci>s(c)  and  /•  +  wi(c). 
Hence  Qn  ^  fn  +  «(«)•  If,  as  assumed  hitherto,  /i(fl,)  ^  0,  then  the  “exact” 
form  of  (45) — viz.  dng»{0,)  =  2«u(l  -f  <i»(€))  if  n  =*  1,  and  =  «(*)  otherwise — 
shows  that  the  “exact”  values  of  x. ,  etc.,  differ  from  the  values  found  above  by 
quantities  of  the  form  tu(t) — i.e.,  by  ©(t)  at  most. 

These  differences  are  probably  of  order  0(c*),  though  this  s^ms  harder  to 
■prove ;  and  in  practice  the  errors  in  the  theory  would  be  best  determined  by  carry¬ 
ing  the  approximation  a  step  further,  and  evaluating  the  terms  in  c*. 

It  remains  to  discuss  whether  the  “exceptional  case”  in  which  (44)  holds,  can 
occur.  (If  it  could,  the  preceding  justification  would  break  down;  and  in  fact 
the  present  approximation  would  no  longer  determine  the  flow,  since  if  (44)  holds 
with  n  =  1  the  present  theory  would  be  inconsistent,  and  if  (44)  holds  with  n  ^  1, 
dn  and  so  x.  and,  similarly,  Xn  ,  would  be  indeterminate  to  the  present  approx¬ 
imation.)  We  first  show  that  the  “exceptional  case”  can  occur  for  at  most  a 
few  values  of  n.  In  fact,  suppose  (44)  holds;  we  assert  that 

n*  g  {  sup  C/Z))/{1  -f  sup  ^/(t  -  l)/«(0}  (47) 

(It  will  be  shown  below  that  Z)  >  0  and  that  —  (7  —  l)/»(®«.)  >  sup  T{9)  >0.) 

For  suppose  not.  Let  flo  be  the  largest  value  of  0  for  which /,(fl)  =  0;  thus, 
from  (43),  0,  ^  dn  <  0^,  and  fU^)  >  0  in  (flo ,  Oj),  and  so  —/.(ft))  >  —fn{9w)  > 
TiOo)/(y  —  1).  Hence  (41)  shows  that  /«(^o)  <  0,  and  sofn(6)  <  0  for  all  >  ft) 
sufficiently  close  to  9o — a  contradiction. 

From  (47)  we  can  deduce  a  numerical  bound  for  “exceptional”  values  of  n,  as 
follows. 

From  the  non-yaw  soli/tion  we  have  that  ti'  <  0  if  >  ft, .  Now  (2)  can  be 
written 

{ (u  -b  il'cot  ft)  sin*  ft}'  =  — il'fnp'  sin  ft  cos  ft  (48) 

If  Inp'  =  0  for  some  ft  >  ft, ,  we  may  suppose  fti  to  be  the  largest  such  ft;  from  (8), 
we  have  fti  <  ft»  and  Inp'  <  0  in  (fti ,  ft,).  Thus  (48)  shows  that,  when  ft  ■*  fti , 
(fi  -1-  u'cot  ft)  sin*  ft  >  (u,  -t-  til  cot  ft,)  sin*  ft,  >  0  (on  using  (7)  and  (8));  here  the 
suffixes  w  denote  that  the  corresponding  quantities  are  to  be  evaluated  with 
ft  »=  ft,  .  But  (2)  and  (5)  show  that,  when  ft  =  fti ,  tl  -H 1I''  0  =  tZ"  -f-  tl'  cot  ft  -f- 

2u,  and  so  ii  -|-  u'cot  ft  «=  0 — a  contradiction.  This  shows  that  Inp'  <  0  for  all 
ft  in  (ft, ,  ft,),  and  thus  also  that  u  -|-  u'  cot  ft  >  0. 

•  It  readily  follows  that  Xu'  ^  0,  and  thus  that  Z>  >  0  (in  fact,  D  >  1). 
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Direct  differentiation  now  shows  that  {—inp*)‘taxi  9  is  an  increasing  function 
of  9  in  (9. ,  9»);  hence,  from  (8), 

0  ^  -Inp'  ^  2  cot  9/(7  +  1)  (49) 

Suppose  now  that  sup  7’(9)  occurs  when  9  »  9*;  thus  either  9*  9«  or 

T*{9*)  «  0,“  and  in  either  case  (37)  and  (39)  give 

sup  T{$)  —  p/fi  for  9  —  9* 


< 

<  where  /9  —  sin*  9«  cosec*  9*, 

on  using  (3)  and  (49). 

Hence,  from  (43),  (7)  and  (8), 

(Kip  mwf  - 1) !/.(«.)  I  < 

•{*  -  ^  7T1 

Again,  one  can  verify  by  direct  differentiation,  on  using  (49),  that 
{ln(p/fi(fi  +  H'  cot  9))}'  >  4  cot  9/(7  +  1)  • 


(50) 


and  so,  if  9,  9  ^  9« , 

Pw/pwiHw  4-  til  cot  9»)  >  (sin  9,  cosec  +  ti'  cot  9). 

Hence  sup  r(9)  —  p/pU  for  9  9* 

^  P/piji  +  H'  cot  9)  <  ^“*'‘''‘^”#./p.(t2.  +  til  cot  9.), 


and  so 

(Kip  Tmni  -1)1  /.(».)  I  <  (51) 


On  combining  (50)  and  (51)  we  readily  obtain  (since  5  >  1) 

(sup  r(«))/(T  -  1)  !/.(»,)  1  <  {2/(y  +  I))*'’*"  <  0.86  (52) 

And  it  is  easy  to  see  that 

C/D  <  (4  sin*  9.  +  2(7  -  l))/(7  +  1)<  2  (53) 

On  inserting  these  estimates  in  (47),  we  see  that  the  “exceptional”  case  can 
occur  at  most  for  0  ^  n  ^  3. 

On  using  the  results  of  the  actual  computations,  we  obtain  from  (47)  a  bound 
which  is  actually  less  than  1  in  the  range  arising  in  practice.  Thus  the  “excep¬ 
tional  case”  can  occur  in  practice  at  most  for  n  »  0.  The  case  n  >■  0  could 
presumably  be  eliminated  also;  but  there  seems  to  be  no  way  of  confirming  thia 
without  more  trouble  than  the  point  is  worth. 
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8.  Numerical  Resulta  and  Applications,  (i)  The  flaw  in  a  typical  case.  The 
values  of  all  the  quantities  z,  y,  etc.,  in  a  typical  case,  are  given  in  Table  l‘\ 
together  with  the  values  of  the  coefficients  in  (41)  (for  n  »  1),  and  of  the  funda¬ 
mental  non-yaw  quantities. 

(Added  in  proof.  When  n  »  1  one  can  “solve”  (41),  expressing  x/d  in  terms 
of  the  non-yaw  quantities  by  means  of  quadratures.  But  this  does  not  ma¬ 
terially  simplify  the  computations,  which  were  actually  carried  out  from  (41)  di¬ 
rectly.) 

(ii)  The  normal  head-force  coefficient  As  was  pointed  out  in  §1,  the  preceding 
theory  should  apply  with  reasonable  exactness  to  an  actual  conical-headed  pro¬ 
jectile  in  flight,  in  the  neighbourhood  of  the  conical  head  The  pressure  at  the 
point  (r,  9.  -f  c  cos  ^)  of  the  head  will  he  p  =  p, «ri,  cos  since  p',  0  (from 

TABLE  1 

Non-yaw  Quantities,  Coefficients,  and  Complete  Solution  for  the  ease  $,  **  16”,  U/a  ^  1.901 


$m  ■■  3S.43*.  c/a  -  2.924,  4  -  0.00730,  «  -  0.377 


* 

nfc 

-•7t 

nn 

Plot 

K 

D-C 

D.T10) 

tly-i) 

-*/* 

2-1' 

-\00t/e 

i/t 

t/pi 

»/> 

.6394 

.3217 

1.250 

1.171 

-7.88 

6.82 

0.0 

.021 

.47fc 

.00 

.a3t 

1.52 

1.84 

36” 

.6318 

.3148 

1.283 

1.180 

-4.23 

6.21 

0.1 

.024 

.457 

.01 

.042 

1.46 

1.76 

33“ 

.6423 

.2863 

1.310 

1.211 

0.18 

4.74 

0.4 

.040 

.440 

.03 

.07c 

1.39 

1.62 

31“ 

.6518 

.2.569 

1.347 

1.235 

1.07 

4.26 

0.6 

.066 

.467 

.06 

.107 

1.41 

1.61 

29“ 

.6603 

.2287 

1.3^ 

1.2^ 

1.42 

4.19 

0.9 

.072 

.48( 

.09 

.147 

1.46 

1.64 

27“ 

.6677 

.2001 

1.409 

1.275 

1.63 

4.38 

1.2 

.090 

.62£ 

.12 

.194 

1.62 

1.68 

26“ 

.6742 

.1709 

1.436 

1.292 

1.82 

4.80 

1.6 

.109 

.57£ 

.16 

.254 

1.68 

1.73 

23“ 

.6800 

.14(» 

1.469 

1.307 

2.01 

6.46 

2.1 

.130 

.634 

.20 

.327 

1.63 

1.76 

21“ 

.6840 

.1093 

1.481 

1.321 

2.26 

6.41 

2.9 

.163 

.71S 

.26 

.420 

1.66 

1.77 

19“ 

.6873 

.0769 

1.600 

1.334 

2.67 

7.79 

4.2 

.180 

.819 

.31 

.642 

1.67 

1.76 

17“ 

.6893 

.04^ 

1.614 

1.342 

3.02 

9.82 

6.4 

.211 

.982 

.39 

.707 

1.62 

1.71 

16“ 

.6900 

.0^ 

1.621 

1.347 

3.73 

12.9 

6:9 

.248 

1.18 

.29 

.91S 

1.47 

1.54 

(1)  and  (6));  the  suffixes  s  denote  that  the  quantities  are  to  be  evaluated  with 
0  s  From  this  it  is  easy  to  evaluate  the  resultant  aerodynamic  forces  on  the 
projectile  head.  Let  D  ^>e  the  diameter  of  the  base  of  this  cone  (D  =  the  “cali¬ 
bre”),  and  let  1  be  its  perpendicular  height  (•^  \D  cot  0,).  Then  it  is  found  that 
the  head  forces  reduce  to: 

(a)  a  component  rpJ)'/\  along  the  axis  of  symmetry  (the  “axial  drag”)”,  and 

(b)  a  perpendicular  force  of  magnitude  KifBPtD'U*s,  where 

Kkh  *  cot  0,/SpiU*,  (54) 

“  Based  on  computations  carried  out  by  the  Ballistic  Research  Laboratory,  Aberdeen 
Proving  Ground,  under  I.  £.  Segal.  More  accurate  resulta  have  since  been  obtained  by 
the  Computing  Section,  Center  of  Analysis,  Massachusetts  Institute  of  Technology,  Tech¬ 
nical  Report  No.  3,  (1947). 

**  As  is  clear  from  symmetry,  the  axial  drag  is,  to  the  present  approximation,  unchanged 
by  3raw.  The  effect  of  the  yaw  is  considerable  in  practice,  but  is  of  order  «*. 
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acting  through  a  point  on  the  axis  of  symmetry  at  a  distance  hm  from  the  vertex, 
where 

hm  -  (2i  sec*  e,)/Z  (55) 

From  (20)  and  (4)  we  have 

i».  »  +  die'  -  ii!)/2y}  (56) 

enabling  Kmm  (the  “normal  head  force  coefficient”)  to  be  determined.  The 
behaviour  of  Khb  ,  computed  for  various  values  of  0,  and  Mach  number,  is  illus¬ 
trated  by  Fig.  2*'.  It  is  found  that  the  limiting  values  of  Khb  ,  as  1/  — »  « ,  are 
0.7759, 0.7051,  and  0.5972  for  0,  =  10®,  20®  and  30®  respectively. 

One  can  derive  rough  estimates  for  the  forces  on  the  complete  projectile,  and 
thence  for  the  conditions  for  the  yaw  to  remain  small  in  ffight,  which  are  in 
rough  agreement  with  the  known  facts;  however,  an  accurate  theoretical  deter- 


U/Q 


Fio.  2.  Normal  Head  Force  Coefiicient(iifjra) 

mination  of  these  forces  would  involve  the  difficult,  though  not  hopeless,  problem 
of  determining  the  flow  in  the  neighbourhood  of  the  cylindrical  portion  of  the 
projectile. 

(iii)  The  yaw  of  the  shock-wave.  A  more  accurate  test  of  the  present  theory  is 
the  fact  that  it  determines  the  ratio  of  the  yaw  of  the  shock-wave  to  the  yaw  of 
the  projectile  (equations  46  and  42).  Spark  photographs  may  be  obtained  which 
give  in  effect  the  projections  of  the  conical  head  and  shock-wave  on  the  plane  of 
the  photographic  plate.  Let  0*  denote  the  “apparent”  value  of  0« — i.e.,  half  the 
angle  between  the  two  lines  which  form  the  image  of  the  shock-wave,  and  let  0* 
denote  the  “apparent”  value  of  0 — i.e.,  the  angle  between  the  axis  of  symmetry, 
of  the  shock-wave  image  and  the  direction  of  motion.  Similarly  let  0^  and  «* 
denote  the  “apparent”  values  of  0.  and  c.  If  the  photographic  plate  is  parallel 
to  the  direction  of  motion,  one  readily  obtains  (on  neglecting  <*)  that  0*  0i , 
0*  0«  ,  and  0*/c*  a  0/c  a,  giving  an  observational  check  on  the  theory. 

In  Fig.  3,  observed  values  of  0*  and  c*  are  plotted,  and  may  be  compared  with 
the  theoretical  line.  (The  values  are  for  0,  =  15®  and  Ufa  =  2  approximately.) 

**  Figures  2  and  4  are  based  on  computations  of  the  Center  ot  Analysis,  M.I.T. ;  their  oom- 
plete  tabulations  have  now  been  published.  (See  footnote  11). 


▲.  H  .  8TONS 


The  departures  are  all  withiu  observational  error.**  Figure  4**  gives  the  be^ 
haviour  of  the  ratio  i/t  computed  for  various  Mach  numbers  and  cone  semi¬ 
angles.  The  limiting  values  for  (/  — »  oo  are  respectively  1.0570,  1.0642  and 
1.0798  for  =  10®,  20®  and  30®. 

Another  test  for  the  theory  is  that  0.  should  be  independent  of  «.  This  also 
has  been  verified  to  hold  within  experimental  error,  but  various  difficulties  make 
this  a  less  accurate  test  than  the  foregoing. 

(iv)  The  second  non-yaw  regime.  One  interesting  feature  of  the  computations 
(not  shown  in  Figs.  2  and  4)  is  that,  when  carried  out  for  the  second  of  the  two 


Fio.  8.  Observed  and  computed  values  of  apparent  yaws  of  shook  wave  and  projectile 

(S.  -  15%  V/a  h  2) 


Fio.  4.  Ratio  of  shock-wave  yaw  to  yaw  of  projectile 


theoretically  possible  non-yaw  regimes,  they  lead  to  much  larger  values  for  Khb 
and  h/e.  This  provides  a  partial  explanation  of  the  puszling  fact  that  this  second 
regime  is  not  observed  in  ballistic  practice;  for  in  practice  c  would  be  large  enough 
to  lead  to  an  impoosibly  large  value  of  1.  It  would  seem  that  the  second  regime, 
though  perhaps  stable  for  small  enough  yaws  c,  is  unstable  for  the  yaws  usually 
present  in  practice. 

**  Ths  data  for  Fig.  3  are  provided  by  the  courtesy  of  the  Ballistic  Research  Laboratory, 
Aberdeen  Proving  Ground.  Each  dot  in  the  figure  is  the  mean  between  two  readings  of  the 
same  plate  by  different  observers.  These  two  readings  differ  by  more  than  their  distance 
from  the  theoretical  line. 
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(v)  Comparison  toith  approximate  theories.  Various  approximate  treatments 
have  been  devised**,  which  are  applicable  to  head  shapes  more  general  than 
the  conical;  hence  it  is  desirable  to  check  them  in  the  conical  case.  Such  meth¬ 
ods  usually  involve  disregarding  the  non-uniformity  of  the  entropy  and  the  non- 
irrotationality  of  the  flow.  The  former  of  these  approximations  amounts  to 
taking  p/p*  »  constant,  which  leads  to  d  »  0  in  (19);  thus  the  relative  error  is 
of  the  order  of  magnitude  of  dp/ri.  As  is  known,  this  error  is  small  if  the  shock 
is  not  very  strong,  as  will  usually  be  the  case  in  practice  (for  example,  in  the  case 
considered  in  Table  1,  dp/ri  <  0.005),  but  which  will  fail  for  large  Mach  numbers. 
As  for  the  assumption  of  irrotationality,  we  find  curl  v  =  («/r)  sin  4>  cosec 
0),  in  which  the  first  component  becomes  infinite  at  0, .  However,  the 
assumption  really  involves  the  neglect  of  only  vX  curl  v,  which  is  of  the  order  of 
tdp/p.  Thus  both  these  approximations  should  be  valid  in  the  usual  ballistic 
range,  but  not  for  large  Mach  numbers. 

The  simplest  approximate  method  is  due  to  Tsien'^;  it  assumes  that  0,  is 
small,  and  neglects  the  shock-wave  entirely.  Tsien  obtains  hg  =  21/3  (com¬ 
pare  (55)),  and  values  for  Khh  which  decrease  steadily  (for  a  given  0,)  from 
t/4  («=  0.79)  when  U/a  —  1,  becoming  t/8  (=  0.39)  when  \J /a  =  cosec  0,, 
and  having  limit  0  when  U/a—*  «> .  Agreement  with  the  “exact”  values  found 
above  is  to  be  expected  only  for  small  0,  and  for  Mach  numbers  not  much  greater 
than  1;  and  this  is  borne  out  by  Fig.  2.‘*  (For  0,  =  10®  there  is  agreement  to 
within  10%  for  1  ^  U/a  ^  2.3.) 

The  most  refined  of  these  approximate  treatments  is  that  of  Sauer**.  The 
numerical  illustration  which  he  gives  is  that,  for  0,  =  23.5®  and  U /a  ^  2.378, 
the  value  of  i/«  would  be  0.68;  on  the  pre.sent  theory,  the  accurate  value  would 
be  0.71,  about  5%  higher. 

Tbinitt  Colleqe, 

Cambbidoe  Univebsitt 

(Received  September  3,  1947) 


**  See  C.  Ferrari,  “Determinatioa  of  the  Pressure  on  a  Solid  of  Revolution  with  a  Pointed 
Nose  in  Supersonic  Yawing  Motion”,  Atti  della  R.  Academia  delle  Scienze  di  Torino 
1936-7;  H.  S.  Tsien,  “Supersonic  Flow  over  an  Inclined  Body  of  Revolution”,  Journal  of 
Aeronautical  Sciences  1938,  pp.  480-483;  and  R.  Sauer,  “UeberschallstrOmung  um  beliebig 
geformte  Geschosespitsen  unter  kleinem  Anstellwinkel”,  Luftfahrtforschung  19,  pp.  148- 
162.  See  also  T.  v.  Karman  and  Moore,  “Resistance  of  Slender  Bodies  Moving  with  Super¬ 
sonic  Velocities”,  Transactions  of  the  American  Society  of  Mechanical  Engineers,  vol.  64 
(1932). 

>*  For  a  more  detailed  comparison  of  Tsien’s  theory  with  the  present  one,  see  Z.  Kopal, 
“Remarks  on  Limitations  of  Linearised  Theory  in  Supersonic  Flow”,  Center  of  Analysis, 
M.I.T.,  Technical  Report  No.  2  (1947).  .  ,/ 


ON  THE  DETERMINATION  OF  THE  EIGENFUNCTIONS  OF 
FREDHOLM  EQUATIONS 

Bt  G.  F.  Cabricb 

It  is  well-known  that  certain  iteration  procedures  wiU  lead  to  the  determination 
of  the  eigenvalues  and  eigenfunctions  of  the  homogeneous  Fredholm  equation 
with  symmetric  kernel.*  A  simple  extension  is  presented  here  which  improves 
the  convergence  of  such  iterations  so  that  the  number  of  integrations  to  be 
performed  for  a  certain  degree  of  accuracy  is  markedly  reduced.  The  method  is 
analogous  to  one  in  matrix  algebra.* 

We  consider  the  equation 

f  K{x,  tMt)  dt  -  K-^  =  (1) 

The  first  equality  above  defines  the  meaning  of  (iC-  )•  It  is  known  that 
lim  -  lA,. 

where  Xi  is  the  smallest  eigenvalue  of  ( 1 )  and  /  is  an  arbitrary  integrable  function. 
Furthermore, 

1/Xi  ^  jT*  (A-+‘./)(A:-/)  dx/ jT  (A--/)*  dx  (2) 

is  a  good  approximation  even  for  moderate  values  of  n.  One  may  also  normalize 
•/  as  an  approximation  to  tpi ,  the  eigenfunction  associated  with  Xi .  Simi¬ 
larly,  for  the  higher  eigenvalues  one  may  write  analogous  equations  for  XiXj ,  etc. 

In  order  to  improve  the  approximation  to  Xi  and  ^  without  increasing  n, 
one  needs  only  to  use  the  rough  values  already  obtained  for  Xi ,  X» ,  •  •  •  (or 
approximations  to  these  eigenvalues  known  in  advance).  Let  us  call  these 
approximations  X*,  X» ,  •  •  •  ;  then,  e.g.,  the  poljmomial  operator  P(A*)  = 
K’{K‘  —  1/Xj  )(A •  —  1/X* )  will,  in  general,  provide  a  much  better  approxima¬ 
tion  to  ifii  when  one  uses  P{K • )  /  instead  of  K*-f.  This  is  seen  when  one  Avrites 

P  =  P(A.)/=i:«;P(^yVy  (3) 

where  the  a >  are  the  generalized  Fourier  coefficients  of  /.  Similarly 

iK-P)Pdx  /  j' P*dx  (4) 

will,  in  general,  be  better  than  the  results  given  by  Eq.  (2)  when  the  highest 
power  of  (A  • )  in  Eqs.  (2)  and  (4)  are  the  same. 

'  See  e.g.,  K.  Hohenemser,  Prakiuche  Wege  zur  angenaeherlen  Schvnngungtbereehnung 
daatitcher  Sytlem,  Ingenieur  Archiv  I,  271  (1930). 

*  W.  M.  Kincaid,  Numerical  methoda  for  finding  ckaraelerietic  rooU  and  veclore  of  malricett 
To  appear  in  Quart,  of  Applied.  Math. 


82 


DETERMINATION  OT  EIOENFUNCTIONB  OT  FREDHOLM  EQUATIONS 


83 


A  simple  example:  One  may  readily  demonstrate  the  advantages  of  this 
method  by  a  trivial  example.  We  consider  the  kernel 


tA:(x,o 


(t  —  x)t,  0  <  <  <  X 

[(t  —  t)x,  X  <  t  <  r 

The  solutions  of  (1)  are,  as  is  well  known, 

ifin  =  sin  nx;  X,  =  1/n*. 

If  we  choose  /(x)  to  be  the  constant  unity,  we  find 
Sx  =  K-S  »  x(t  -  x)/2, 

/,  -  X*./  =  (x*x  -  2tx*  4-  x*)/24. 
The  eigenvalue  obtained  from 

Xi  j*  /i/i  dx  ^  j 


(5) 


(6) 


is  .9988  whereas,  [for  P  =  P[K')  f  =  K'(K'  —  .1)/] 

•  X,P(Xi)  ^|p*dx/|/,Pdx,  or  Xi  1.0001.  (7) 

Note  that  the  “guess”  for  X*  is  1/10.  This  value  is  chosen  because  the  second 
eigenvalue  (.25)  cannot  influence  the  result  on  account  of  the  symmetry  of  /. 
Also  note  that  the  number  of  applications  of  (K-)  is  the  same  in  both  of  the 
foregoing  computations. 

If  we  also  compute  ^(t/4)/^i(t/2)  using  />  as  an  approximation  to  the  non- 
normalised  v>i ,  we  obtain  /*(ir/4)//j(ir/2)  *=  .7125.  With  P(/C  • )/  as  an  approxi- 
mation  to  ,  we  find  P(t/4)/P(t/2)  =  .7085.  •  The  precise  value  is,  of  course, 
.7071.  Thus  we  see  that  the  use  of  polynomials  in  (/C-)  can  reduce  the  number 
of  iterations  required  to  obtain  a  given  accuracy  either  in  the  eigenvalue  deter¬ 
mination  or  in  finding  the  eigenfunctions. 

It  is  evident  (compare  Eqs.  (4)  and  (7))  that  there  is  considerable  freedom  of 
choice  in  choosing  the  polynomial  and  the  products  thereof  from  which  Xi  is 
deduced.  .\ny  known  facts  as  to  symmetry,  etc.,  may  obviously  be  used  to 
advantage. 


Brown  Univbrsitt 


(Received  September  9,  1947) 


TABLE  OF  ROOTS  FOR  NATURAL  FREQUENCIES  IN  COAXIAL 
TYPE  CAVITIES 

H.  B.  Dwight 

In  the  calculation  of  natural  frequencies  for  the  various  inodes  of  oscillation 
in  a  resonant  cavity  of  the  coaxial  type,  numerical  values  of  roots  are  required 
for  the  following  equations: 

Jn{x)Nnikx)  -  Jn(kx)Nn(x)  =  0  (1) 

and 

.Jn\x)Nn\kx)  -  J:ikx)Nn'ix)  -  0.  (2) 

where  Jnix)  and  Nn(x)  are  Bessel  functions  of  the  first  and  second  kinds. 

Asymptotic  expressions  for  most  of  the  roots  were  given  by  J.  McMahon*  for 
both  Eqs.  (1)  and  (2). 

It  was  found  by  D.  O.  North*  that  there  is  a  set  of  roots  of  Eq.(2),  smaller  than 
the  others,  which  is  not  given  by  the  asymptotic  expressions.  Curves  sho>^'ing 
values  of  these  roots  were  published  by  R.  Truell.*  These  roots  are  the  first 
roots,  that  is,  the  smallest.  These  smaller  roots  do  not  occur  for  Eq.(l),  and 
when  n  =  0  they  do  not  occur  for  Eq.(2). 

A  table  of  roots  of  Eq.(l)  was  published  by  A.  Kal&hne*  and  in  the  various 
editions  of  “Tables  of  Functions”  by  Jahnke  and  Emde*  since  1909.  A  short 
table  w’as  given  by  A.  N.  Lowan  and  A.  Hillman.'  Numerical  values  of  the  roots 
of  Eq.(2\  which  in  communication  work  is  often  of  equal  importance  with  Eq.(l), 
do  not  seem  to  have  been  published  up  to  this  time. 

It  may  be  noted  that  values  of  Xo'  are  not  tabulated,  since  x»  =  T|. 

Nwie  of  the  tabulated  values  in  this  paper  correspond  to  the  dominant  mode 
of  oscillation  of  a  coaxial  line,  for  which  x  «  0. 

The  computation  of  the  values  in  the  following  table  was  done  mainly  by 
students  in  1942  at  Massachusetts  Institute  of  Technology  under  a  grant  from 
the  A.  E.  Kennelly  Fund.  The  values  of  the  smaller  roots,  not  given  by  the 
asymptotic  expressions,  wefo  calculated  by  the  Computation  Section  of  the  Re¬ 
search  Laboratory  of  Electronics  at  M.I.T.  The  work  was  originally  suggested 
by  W.  L.  Barrow. 
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Ibt  boot 
(*  -  /)  *,'» 

f  VJ  V 

2irD  BOOT 
(fc  - 1)  *«<*> 

3bd  boot 
(fc  -  /)  x,'« 

•  4th  boot 
(fc  -  1)  !,<« 

3.1416 

6.2832 

9.4248 

12.5664 

3.1412 

6.2830 

9.4247 

12.5663 

3.1403 

6.2825 

9.4243 

12.5660 

3.1389 

6.2818 

9.4239 

12.5657 

3.1371 

6.2809 

9.4233 

12.5652 

3.1351 

6.2799 

9.4226 

12.5647 

3.1329 

6.2787 

9.4218 

12.5641 

3.128 

6.276 

9.420 

12.563  ’ 

3.123 

6.273 

9.418 

12.561 

3.110 

6.266 

9.413  • 

12.558 

3.097, 

6.258 

9.408 

12.553 

3.085 

6.250 

9.402 

12.549 

3.073 

6.243 

9.396 

12.545 

3.053 

6.228 

9.39 

3.035 

6.215 

9.38 

3.006 

6.191 

9.36 

2.983 

6.172 

9.34 

2.963 

6.155‘ 

9.32 

2.947 

6.140 

9.31 

2.934 

6.126 

2.922 

6.114 

2.911 

6.104 

2.89 

6.08 

2.87 

6.06 

2.86 

6.05 

2.85 

6.03 

2.84 

6.02 

i 

2.83 

6.02 

j 

5th  boot 
(ib  -  1) 


15.7080 

15.7079 

15.7077 

15.7074 

15.7071 

15.7066 

15.7062 
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iBT  ROOT 
(fc  -  /)  X,<‘> 

2nd  ROOT 
(ifc  -  /)  I,<« 

3rd  ROOT 
(k  -  1)  X,«> 

4th  boot 

(*  -  1)  i,<«  . 

5th  root 
(fc  -  /)  i,«> 

3.1416 

6.2832 

9.4248 

12.5664 

15.7080 

3.1470 

6.2859 

9.4266 

12.5677 

15.7090 

3.1613 

6.2931 

9.4314 

12.5713 

15.7119 

3.1822 

6.3038 

9.4385 

12.5767 

15,7162 

3.208 

6.3170 

9.4474 

12.5834 

15.7216 

3.237 

6.3324 

9.4578 

12.5912 

15.7278 

3.27 

6.349 

9.4693 

12.5998 

15.7348 

3.36 

6.387 

9.495 

12.619 

15.750 

3.4 

6.43 

9.523 

12.640 

15.767 

IST  ROOT 

2nd  boot 
(jk  -  1)  x,«> 

3.1416 

6.2832 

3.1542 

6.2895 

3.1874 

6.3063 

3.236 

6.3311 

3.294 

6.3619 

3.36 

6.397 

3.43 

6.437 

3.6 

6.523 

3.7 

6.62 

6.9 

6th  boot 
(*  -  I) 


9.4248 

9.4290 

9.4402 

9.4568 

9.4776 

9.5016 

9.5283 


9.652 

9.83 

10.0 

10.2 


12.5664 

12.5695 

12.5780 

12.5904 

12.6061 

12.6242 

12.6443 

12.689 

12.738 

12.874 

13.02 

13.2 

13.3 


3bd  boot 
-  1)  !,'«> 


6th  BOOT 
(*  -  1)  X.'«> 


4th  boot 
(*  -  1)  X,'M> 


5th  BOOT 
(*  -  /)  X,'®’ 


6.2832 

6.2845 

6.2878 

6.2928 

6.2991 

6.3064 

6.3146 

6.333 

6.353 

6.410 

6.472 

6.538 

6.606 

6.746 

6.887 

7.152 

7.379 

7.562 

7.707 

7.820 

7.910 

7.982 


O. 

8.19 

8.25 

8.29 

8.32 

8.34 


15.7080 

15.7085 

15.7098 

15.7118 

15.7143 

15.7172 

15.7205 

15.728 

15.736 

15.758 

15.783 

15.808 

15.83 

15.89 


9.4248 

9.4256 

9.4279 

9.4312 

9.4354 

9.4403 

9.4457 

9.458 

9.471 

9.509 

9.550 

9.593 

9.638 

9.732 

9.829 

10.028 

10.223 

10.403 

10.561 

10.697 

10.811 

10.908 

11.09 

11.20 

11.29 

11.35 


12.5664 

12.5670 

12.5687 

12.5712 

12.5743 

12.5780 

12.5820 

12.591 

12.601 

12.629 

12.660 

12.692 

12.725 

12.79 


3.0 


.723 


.677 

.585 

.514 

.457 

.411 


.341 


.290 

.223 

.180 

.151 

.130 

.114 

.102 

.092 


.073 

.061 

.053 


3.241 


3.282 

3.396 

3.516 

3.636 

3.753 


3.969 


4.153 

4.433 

4.623 

4.754 

4.848 

4.917 

4.970 

5.011 


5.08 

5.13 

5.16 

5.18 

5.20 

5.22 


.872 

.837 

.805 

.776 


.1416 

.1441 

.1509 

3.1609 

3.174 

3.188 

3.205 
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3bd  boot 
(jfc  -  1)  *»'«> 

4th  BOOT 
(t  -  1)  *,'<« 

6.2832 

9.4248 

6.2866 

9.4271 

6.2958 

9.4332 

6.3094 

9.4422 

6.3265 

9.4536 

6.3464 

9.4668 

6.369 

9.4816 

6.419 

9.515 

6.47 

9.552 

6.6 

9.665 

6.8 

9.77 

7.0 

9.89 

10.0 

6th  BOOT 
fe  -  />  *.'«) 


12.5664 

12.5681 

12.5727 

12.5795 

12.5880 

12.5979 

12.6089 


12.6612 

12.739 


6TBBOOT 

(t  -  1)  *.'»> 


15.7080 

15.7093 

15.7130 

15.7184 

15.7252 

15.7332 

15.7420 


12.6337  15.7618 


15.7837 


1st  BOOT 

2nd  boot 
{k  -  /)x,'<»> 

Sbdboot 
(*  -  /)  *,'«> 

4TBBOOT 
(*  -  1) 

6th  BOOT 
(*  -  1)  *,'»> 

3. 

3.1416 

’  6.2832 

9.4248 

12.5664 

2.858 

3.1557 

6.2902 

9.4295 

12.5699 

2.731 

3.1933 

6.3090 

9.4420 

12.5793 

2.614 

3.2489 

6.3370 

9.4606 

12.5932 

2.507 

3.319 

6.3718 

9.4839 

12.6107 

2.407 

3.40 

6.4125 

9.5110 

12.6310 

2.312 

3.49 

6.458 

9.5412 

12.6537 

2.138 

3.7 

6.56 

9.609 

12.7044 

1.979 

6.67 

9.684 

12.761 

1.643 

7.0 

9.90 

12.92 

1.388 

10.1 

13.09 

1.196 

13.3 

1.048 

13.5 

15.7080 

15.7108 

15.7183 

15.7294 

15.7434 

15.7597 

15.7778 

15.8184 
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SECOND  APPROXIMATION  TO  THE  LAMINAR  BOUNDARY 
LAYER  FLOW  OVER  A  FLAT  PLATE* 

Henry  Leonard  Alden 

Introduction.  The  problem  of  flow  of  an  incompressible  fluid  of  small  vis¬ 
cosity  was  first  formulated  by  L.  Prandtl  with  the  resultant  well  known  boundary 
layer  theory.  In  essence,  the  theory  of  the  boundary  layer  is  the  first  approxi¬ 
mation  of  the  as3rmptotic  solution  of  the  Navier-Stokes  differential  equations 
for  large  Reynolds  numbers  [1].  This  observation  naturally  leads  to  the  ques¬ 
tion  of  second  and  higher  approximations  in  the  asymptotic  expansion  of  the 
exact  solution.  It  is  the  purpose  of  the  present  paper  to  consider  these  questions 
for  the  simplest  case:  the  boundary  layer  over  a  flat  plate.  The  first  approxi¬ 
mation  to  this  problem  was  given  by  H.  Blasius  [2],  Topfer  [3],  S.  Goldstein 
[4],  and  H.  L.  Dryden  [5].  The  results  of  the  present  calculations  show  appre¬ 
ciable  deviations  from  the  known  solution  for  points  near  the  leading  edge  of  the 
plate  when  higher  order  terms  are  considered. 

1.  Basic  Equations.  The  orientation  of  the  plate  and  coordinate  axes  mth 
respect  to  the  flow  is  sho^vn  in  figure  (1).  The  plate  lies  along  the  x-axis  at  zero 
angle  of  attack  with  its  leading  edge  at  the  origin,  and  extends  to  infinity  in  the 
positive  direction,  (r,  B)  are  the  corresponding  polar  coordinates,  and  (u,  v) 
are  the  horizontal  and  vertical  velocity  components. 

As  r  — >  00  everywhere  outside  the  boundary  layer,  u  —*  U  and  v  — »  0.  The 
f  fluid  flow  is  subjected  to  no  external  forces  and  is  assumed  to  be  continuous, 
incompressible,  and  two-dimensional.  With  these  conditions  in  mind  one  may 
eliminate  the  pressure  terms  in  the  Navier-Stokes  equations  of  motion  by  cross- 
differentiation  and  subtraction,  and  thus  obtain  the  following  equation  for  the 
stream  function: 

dy  dx  dx  dy 

(1) 

d4>/dy  =  u  d^/Bx  =  -t>  V*  =  +  b'I^' 

where  ^  is  the  stream  function.  The  method  of  solution  of  (1)  will  be  the  ex¬ 
pansion  of  ^  in  a  power  series  of  the  parameter  v.  Previous  investigation  has 
shown*  that  the  power  series  in  cartesian  coordinates  reduces  to 

(2)  ^  =  {yVxf'\m)  +  {yimm)  +  (v/f/x)Vs(f)  •  •  •  ) 

where  f  =  h{Ulpx)^'*y. 

The  functions /„({)  would  be  determined  by  substituting  ^  into  (1),  identifying 
the  powers  of  v  and  solving  the  resulting  equations.  However,  the  powers  of 

*  The  material  in  this  paper  ia  taken  from  a  thesis  done  in  the  spring  term,  1947,  at  the 
Massachusetts  Institute  of  Technology  under  the  direction  of  Dr.  H.  S.  Tsien. 
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vjlJx  introduce  a  line  singularity  of  infinite  length  along  the  y-suda,  and  this  in 
turn  causes  difficulty  when  the  boundary  conditions  are  applied  for  r  — »  « . 

In  order  to  avoid  this  difficulty  the  coordinate  S3rstem  will  be  transformed  from 
cartesian  to  parabolic,  and  the  calculations  carried  out  in  terms  of  the  new  vari¬ 
ables. 

2.  Transformation  of  Coordinates.  Ek^uation  (1)  is  to  be  transformed  into 
parabolic  coordinates  defined  as  follows  (see  figure  2) : 

(3)  z  =  re'*  =  X  +  iy  =  (<r  -|-  tV)*  * 


u  ^ 

.  LIMIT  OF 
^BOONOART  lAyCR 

_ ^ 

FLAT  PLATE  X 

Fig.  1. 


Fig.  2. 


This  furnishes  the  relationships 

fff  =  cos  §0,  T  =  sin  ^6,  r  =  a*  -f  t* 

(4)  \ 

ll  1  =  ir-*/*  =  Af  =  Kff  +  T*)-*'* 

Since  the  transformation  is  conformal,  (1)  can  be  written  immediately  as 

".v-CiiCvV) 

or  Off  Off  Or 

where  V*  =  d'/dff*  +  d'/dr. 

Carrying  out  the  indicated  differentiations  and  multipl3ring  by  4(ff*  +  t*)*  one 
obtains  equation  (1)  in  parabolic  coordinates: 
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(6) 


^ 

dr  ^  do] 

+  (.’  +  r’)V’} 


vV 


3.  ExpanMon  of  the  Stream  Function.  In  order  to  apply  the  method  of 
series  expansion  it  is  necessary  that  the  differential  equation  (5)  be  expressed  in 
terms  ci  two  independent  coordinates  which,  in  the  regions  where  the  parameter 
V  is  important,  are  of  equal  order  of  magnitude.  It  will  be  observed  that  for 
points  within  a  thin  boundary  layer  the  value  of  d  is  very  small,  and  hence  that 
(4)  reduces  to  a  =  x*  and  t  ■=  §y/x*.  It  is  known  that  under  these  conditions 
X  and  y/v*  are  of  the  same  order  of  magnitude,  and  hence  o  and  r/v^  are  of  the 
same  order.  For  the  purposes  of  calculation,  then,  the  coordinates  o  and  rt  = 
r/v^  will  be  employed.  The  stream  function  is  now  written  in  the  form  of  an 
infinite  power  series  in  r: 

(6)  “  v^i(o,  17)  +  n)  +  ’»)••• 

With  this  form  all  the  derivatives  appearing  in  (5)  can  be  expressed  as  series: 
d^ffdo  “  v^*d^i/do  +  p*^*d4^Jdo  •  •  • 


d^f/ldr  =  d^i/dii  +  yd^/dfi  •••  etc. 

Remembering  that  r  =  and  making  the  proper  substitutions  in  (5),  one  is 
then  able  to  identify  each  coefficient  of  v  and  set  up  equations  for  ^  *  tpn. 

The  lowest  power  of  v  is  (— §),  and  its  coefficient  gives 


(7) 


td^i  6V1  _  =  *?J!b 

dij  difdo  ^  da  dri*  drj*  dri  ^  dt\* 


The  next  power  of  v  is  (^)  and  its  coefficient  gives 


(8) 


t  ^  3V1  _  __  d'jfi  _ 

\dij  dodif^  dri  da*  dri  dr^da  do  dri*  do  drido*  do  dr^  ) 


+ 


j^drh  dVi 

\dij  dn*do 

do  dij*  / 

dri*  J 

dri* 

+ 


^dri*do* 


^*'h\  4.  I  dVi 


The  equation  governing  the  third  term  may  be  obtained  in  a  similar  manner,  but 
here  the  discussion  will  be  restricted  to  the  first  two  terms  as  given  by  (7)  and 
(8). 
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4.  Reduction  to  Ordinary  Eqtutions.  By  using  the  proper  arrangement  of 
parabolic  variables,  (7)  and  (8)  can  be  reduced  to  ordinary  equations.  For  this 
purpose  the  stream  function  terms  are  written  in  the  form 

=  WafiiVUri)  =  VT7o/i({) 

where  f  =  y/Uv  =  y/Ulvr. 

..  :» r* . 

With  these  expressions  the  stream  function  can  be  recast  into  a  power  series  in 
vfUo*:  ( 

(9)  ^  =  ay/lJv{fi  -{-  (y/U<T*)fi  +  (v/U<T*)'fi  •••  } 

It  will  be  noticed  that  Ua/v  '\a  very  nearly  equal  the  position  Reynolds  number 
Ux/v  for  points  close  to  the  plate,  so  that  for  this  region  (9)  is  virtually  an  ex¬ 
pansion  in  reciprocal  powers  of  the  Reynolds  number. 

The  derivatives  of  \^i  and  are  now  obtained  and  substituted  in  (7)  and  (8) 
giving  respectively 

(10)  =  0, 

r  +  /Ji"  +  +  fr'fr  - 

=  -fr  -  iU"  +  4-  ‘  ; 

where  (')  indicates  differentiation  with  respect  to  The  determination  of  the 
first  two  stream  function  terms  is  reduced  to  solving  (10)  and  (11). 

5.  Boundary  Conditions.  The  first  derivatives  of  ^  with  respect  to  the 
parabolic  variables  are 

d^'fda  =  (d4'/dy)(dy/d<r)  +  (d^/dx)(3x/d<r) 

d^fdfr  / dy){d^ / dr)  +  (d^/dx){dx/dT) 

These  reduce  to 

d^'/dir  =  2tu  —  2ffv 

b^jbr  =  2au  2tv 

On  the  plate  u  =  v  =  0,  so  that 

(d^l//da)rmo  =  0  (a^/dr),^  =  0 

Ast— »  co,u  —*  U,v  —*0,  and  so  for  any  fixed  value  of  a 

(a\^/a<r),^,  —*  0(2tU). 
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Similarly  as  v  — »  «  for  a  fixed  value  of  t  outside  the  boundary  layer,  i 

—*■  0{2aU). 

From  (9)  one  obtains 

d^/a<r  =  y/lJv\f\  -  {v/Ua)fi  •••  }, 
d^/dr  =  cU\f,  +  {.v/UaYt  •  •  •  }. 

Applying  the  conditions  for  r  =  {  =  0  one  finds  immediately  that 
<  /.(O)  =  /,(0)  »  A(0)  =0, 

/,(0)  = /,(0)  =  A(0)  =  0. 

Examination  of  d^/dv  for  r  — *  »  shows  that  the  conditions  are  satisfied  by 
/i  — » —  /3  03  =  constant),  and/i  =  /«  — >  0.  In  like  manner,  for  points  outside 
the  boundary  layer,  the  conditions  on  d^/dr  as  ff  — »  «  are  satisfied  by /I  — *  2 
which  checks  with  /i . 

6.  Solution  of  the  First  and  Second  Approximations.  Referring  to  (10)  it  is 
seen  that  one  direct  integration  is  possible  with  respect  to  ( : 

(12)  =  o  ..V 

.  The  constant  of  integration  is  zero  since  fi"  — ♦  0  and  ft/i'  — » 0  as  f  »  <x.  This 
,  is  equivalent  to  the  original  equation  given  by  Prandtl,  and  has  been  solved 
by  numerical  integration  for  the  boundary  conditions  prescribed  here.^ 

In  view  of  (12)  the  right  side  of  (11)  may  be  simplified  to: 

/r  +  fir,  -  ry,  =  2^/ri'  - 

In  this  form  the  equation  can  be  integrated  once  to  give 

ft"  +  ftf*'  +  ~  fy,  =  ~  2^i/i  +  Cl 

(13) 

-  F(f)  +  Ci. 

Multiplying  by  the  integrating  factor  /i  and  using  (12),  one  may  perform  the 
second  integration  and  obtain: 

(14)  Sxf,'  +  (^  -  M  +  fxU  -  j^Sx{F  +  Cl)  df  +  C, . 

Next  it  is  noted  that  /t  /i  is  a  solution  of  the  homc^neous  part  of  this  equa¬ 
tion,  thus  indicating  that  one  may  assume  a  solution  in  the  form  /i  »  fxgii)- 
Making  the  substitution  and  dividing  by  fxfx  one  obtains 
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Sdving  for  if  by  using  the  integrating  factor  gives 


U  fin 


i(^l'fi(F  +  Ci)di  +  C,^d^  +  c)j. 


Since  ft  =  f{g,  one  obtains  finally 

(15)  /.  =  +  ^‘)  ‘'J  +  (^•}  ‘'f  +  ■ 


In  order  to  check  (15)  for  improper  integrals  in  the  neighborhood  of  (  »  0  one 
may  employ  the  series  expansion  of  /i  which  is  of  the  form*  /i  «  kif  + 
Upon  substitution  of  this  into  (15)  it  becomes  evident  that  the  integrands  remain 
finite  as  (  — »  0,  providing  Ct  =  0.  Recalling  the  boundary  conditions  for 
{  *  0,  one  observes  that  equation  (14)  determines  the  value  of  C» ,  which  is 
lero. 

Direct  differentiation  of  (15)  will  now  yield  the  following  constants  for  ft 
and  its  derivatives  at  (  =  0. 

/t(o)-o,  fi'm  =cj’,'(o), 

f,(0)  ~  cji'io), 


It  follows  that  Ci  =  0.  The  formula  for/i  may  be  further  simplified  by  perform¬ 
ing  the  indicated  integration  involving  the  constant  C$ : 

/:  c.  <«  =  c,fi  [f  -  -  «■•(£/;  -  /■)• 

Thus  ft  becomes 

/.  -  c.((A  -/.)+/;  (1‘mf  +  c.)  df)  dc}  df. 

For  purposes  apparent  later  this  will  be  abbreviated  as 

(16)  /,  -  -  /,)  +  Af«  • 


Formula  (16)  is  the  exact  expression  for  ft  with  two  of  the  integration  constants 
eliminated  by  application  of  the  boundary  conditions  at  the  surface  of  the  plate. 
For  the  determination  of  the  two  remaining  constants  it  will  be  necessary  to 
find  the  behavior  of  /i  as  €  — »  <» . 

For  large  values  of  (,  fi  and  its  derivatives  approach  the  following  values*: 

/.  -  26  -  A  -^2, 


where  fi  ^  constants  and  fi  1.7207. 

These  are  to  be  substituted  into  (16)  in  order  to  study  ft  at  large  values  of  6- 
For  this  purpose  one  makes  use  of  the  first  term  of  the  asymptotic  integration 


(2{-/J)\  "^(26  -  fiY'" 
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Carrying  out  the  subetitution  one  finds  that  as  {  — »  <», 

+  CSC,  +  o)  +  H.O.T. 

where  “a”  is  a  constant  involving  C, .  To  satisfy  the  requirement  that  /,  — »  0 
as  {  — ►  «,  Cl  must  equal  — /3*  and  C,  must  be  picked  so  that  )8C,  +  a  is  sero. 
However,  the  values  of  all  the  constants  grouped  together  in  “a”  are  not  known, 
thus  preventing  a  predetermination  of  C, . 


7.  Evaluation  of  the  Second  Stream  Function  Approximation.  Although 

(16)  is  an  explicit  formula  for  /, ,  the  labor  involved  in  a  triple  step  by  step  in¬ 
tegration  is  greater  than  that  in  an  integration  by  standard  methods^  of  the  linear 
third  order  equation  (13).  Referring  to  (16)  one  observes  that  either  /,  or  A/, 
will  satisfy  (13),  and  that,  by  virtue  of  linearity,  there  is  a  complete  set  of 
initial  conditions  available  for  Aft  : 

€  =  0;  A/,(0)  =  0,  Aft'iO)  =  0, 

AftiO)  =  0,  A/i"(0)  =  Cl  «  -d*. 

With  these  values  the  numerical  integration  of  (13)  to  obtain  Aft  can  be  started 
at  the  origin.  This  procedure  was  carried  out  as  far  as  {  =  4.10  in  steps  of 
approximately  .09  units.  At  this  stage  it  was  found  that  Aft  tended  toward  its 
limiting  value  quite  slowly  but  that  certain  terms  effectively  dropped  out  of  the 
equation,  thus  allowing  a  simple  solution. 

Using  the  as3rmptotic  values  of  fi  in  equation  (13)  and  neglecting  negative 
exponentials  for  large  values  of  {,  one  may  write 

Afi"  +  (2^-  0)Af't  -H  4Afi  =  0 

For  values  of  {  =  3.9  and  larger  this  equation  was  found  correct  to  four  sig¬ 
nificant  figures.  Integrating  gives 

(17)  Aft  -j-  (2f  -  0)Aft  +  2Aft  =  2a 
where  “a”  is  a  constant.  Integrating  again, 

(18)  Aft+  (2i-  0)Aft  =  a(2e  -  /3)  +  6 


where  “b”  is  the  second  constant  of  integration.  Integration  a  third  time  using 
the  standard  integrating  factor  for  first  order  equations  gives: 


a;.  -  a  + 


Since  negative  exponentials  have  been  neglected  it  will  be  assumed  that  the 
third  term  on  the  right  is  small  enough  to  drop  out.  The  limit  of  the  second 
term  as  {  oo  is  sero,  so  that  Aft  approaches  the  limit  “a”.  Therefore, 

ft  —*  CtP  -f-  o  =  0;  C,  *  “/?/a 
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TABLE  I 


X 

/■ 

ft' 

/i' 

/. 

St' 

St" 

0 

0 

0 

0 

1.3282 

0 

0 

2.6479 

.1 

0.0910 

0.0055 

0.1208 

1.3280 

0.0106 

0.2285 

2.3767 

.2 

0.1819 

0.0220 

0.2416 

1.3265 

0.0409 

0.4321 

2.0965 

.3 

0.2729 

0.0494 

0.3621 

1.3223 

0.0885 

0.6096 

1.7998 

.4 

0.3639 

0.0879 

0.4821 

1.3142 

0.1507 

0.7589 

1.4820 

.5 

0.4549 

0.1371 

0.6010 

1.3009 

0.2256 

0.8784 

1.1416 

.6 

0.5458 

0.1972 

0.7185 

1.2814 

0.3097 

0.9660 

0.7804 

.7 

0.6368 

0.2678 

0.8340 

1.2546 

0.4004 

1.0201 

0.4032 

.8 

0.7278 

0.3488 

0.9466 

1.2200 

0.4943 

1.0392 

0.0195 

.9 

0.8188 

0.4399 

1.0557 

1.1771 

0.5884 

1.0237 

-0.3597 

1.0 

0.9097 

0.5408 

1.1605 

1.1259 

0.6794 

0.9743 

-0.7198 

1.1 

1.0007 

0.6509 

1.2603 

1.0665 

0.7647 

0.8938 

-1.0465 

1.2 

1.0917 

0.7699 

1.3543 

0.9998 

0.8414 

0.7854 

-1.3238 

1.3 

1.1826 

0.8971 

1.4420 

0.9269 

0.9071 

0.6547 

-1.5383 

1.4 

1.2736 

1.0320 

1.5228 

0.8491 

0.9601 

0.5157 

-1.6802 

1.5 

1.3646 

1.1740 

1.5964 

0.7681 

0.9990 

0.3514 

-1.7437 

1.6 

1.4556 

1.3223 

1.6625 

0.6856 

1.0238 

0.1928 

-1.7284 

1.7 

1.5465 

1.4762 

1.7212 

0.6037 

1.0343 

0.0390 

-1.6391 

1.8 

1.6375 

1.6352 

1.7724 

0.5241 

1.0311 

-0.1036 

-1.4862 

1.9 

1.7285 

1.7985 

1.8166 

0.4483 

1.0159 

-0.2299 

-1.2837 

2.0 

1.8194 

1.9655 

1.8542 

0.3778 

0.9899 

-0.3362 

-1.0485 

2.1 

1.9104 

2.1357 

1.8855 

0.3135 

0.9551 

-0.4202 

-0.7966 

2.2 

2.0014 

2.3084 

1.9114 

0.2561 

0.9141 

-0.4813 

-0.5482 

2.3 

2.0924 

2.4833 

1.9324 

0.2060 

0.8684 

-0.5204 

-0.3143 

2.4 

2.1833 

2.6599 

1.9491 

0.1630 

0.8200 

-0.5393 

-0.1071 

2.5 

2.2743 

2.8378 

1.9622 

0.1269 

0.7708 

-0.5408 

0.0669 

2.6 

2.3653 

3.0168 

1.9724 

0.0973 

0.7221 

-0.5282 

0.2037 

2.7 

2.4562 

3.1966 

1.9801 

0.0733 

0.6750 

-0.5050 

0.3031 

2.8 

2.5472 

3.3770 

1.9859 

0.0544 

0.6303 

-0.4742 

0.3683 

2.9 

2.6382 

3.5579 

1.9901 

0.0397 

0.5888 

-0.4389 

0.4033 

3.0 

2.7292 

3.7391 

1.9932 

0.0285 

0.5504 

-0.4018 

0.4138 

3.1 

2.8201 

3.9205 

1.9954 

0.0201 

0.5157 

-0.3641 

0.4053 

3.2 

2.9111 

4.1021 

1.9969 

0.0140 

0.4842 

-0.3281 

0.3838 

3.3 

3.0021 

4.2838 

1.9980 

0.0095 

0.4559 

-0.2945 

0.3539 

3.4 

3.0931 

4.4656 

1.9987 

0.0064 

0.4306 

-0.2638 

0.3198 

3.5 

3.1840 

4.6474 

1.9992 

0.0042 

0.4079 

-0.2364 

0.2845 

3.6 

3.2750 

4.8^3 

1.9995 

0.0028 

0.3875 

-0.2118 

0.2503 

3.7 

3.3660 

5.0112 

1.9997 

0.0018 

0.3693 

-0.1906 

0.2185 

3.8 

3.4569 

5.1931 

1.9998 

0.0011 

0.3529 

-0.1720 

0.1895 

3.9 

3.5479 

5.3751 

1.9999 

0.0007 

0.3378 

-0.1561 

0.1642 

4.0 

3.6389 

5.5570 

1.9999 

0.0004 

0.3243 

-0.1422 

0.1422 

4.1 

3.7299 

5.7389 

2.0000 

0.0003 

0.3121 

-0.1301 

0.1235 

4.2 

3.8208 

5.9209 

2.0000 

0.0002 

0.3006 

-0.1197 

0.1077 

4.3 

3.9118 

6.1028 

2.0000 

0.0001 

0.2901 

-0.1106 

0.0944 

4.4 

4.0028 

6.2848 

2.0000 

0.0001 

0.2804 

-0.1025 

0.0834 

4.5 

4.0937 

6.4667 

2.0000 

0.0000 

0.2715 

-0.0954 

0.0738 

00 

f 

00 

00 

2 

0 

0 

0 

0 

The  value  of  f\  and  its  derivative  are  taken  from  the  calculations  in  Reference  5.  The 
variable  X  is  a  convenient  index  for  purposes  of  numerical  integration  and  varies  linearly 
with  (. 


APPROXIMATION  TO  LAMINAR  BOUNDARY  OVER  A  FLAT  PLATE 


Having  obtained  its  derivatives  up  to  {  —  3.9  and  three  steps  beyond,  it 

is  possible  to  obtain  “o”  and  “6”  from  (17)  and  (18).  These  values  are  a  = 
—3.341  and  b  =  1.660,  and  hence  C|  =  1.994.  Using  this  value  the  Ci-term  is 
added  to  Aft  to  complete  the  solution  (Table  I).  For  large  values  of 


Introducing  the  asymptotic  form  of  the  integral  this  becomes 


This  formula  gives  an  approximation  of  ft  for  values  of  f  above  the  range  covered 
by  the  numerical  integration. 


8.  Calculation  of  the  Pressure  Coefficient.  The  two-dimensional  Navier- 
Stokes  equations  may  be  transformed  directly  into  parabolic  coordinates,  giving 

ft,  lx  diA  _  dV  ,  // ,  / ^Yl 

(<r  +  T  )  a<r/  \\aT )  J 


The  pressure  will  be  given  by  a  series  of  the  form 

p  =  Pi(<riv)  +  vptiffiTi)  -t-  v*pt(<Tiri)  •  •  • 

A  substitution  of  p  and  ^  in  (19)  and  (20)  will  give  the  derivatives  of  p,  from 
which  the  pressure  terms  may  be  determined  at  once.  It  is  foimd  that  pi  = 
p®  =  free  stream  pressure.  Evaluation  of  p*  gives  a  pressure  coefficient  of 


9.  Results  of  the  Analysis.  The  quantities  of  interest  are  plotted  in  terms  of 
the  nondimensional  coordinates  Ux/v  and  Uy/v,  which  are  proportional  to  the 
physical  coordinates  x  and  y.  The  conversion  from  parabolic  coordinates  is 
given  by 
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In  the  velocity  profile  graphs  the  parameter  X  is  introduced  which  varies  linearly 
with  Vyjv.  The  outer  limit  of  the  boundary  layer  is  a  function  of  and  its 


-20CX)  0  ^  2000  ^000 
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f 


Chart  II 

position  will  be  taken  nominally  at  {  =  3.  X  is  so  scaled  that  it  equals  3  when 
{  =  3,  and  for  large  values  of  Ux/v,  X  =  {.  It  is  given  by 


APPROXIMATION  TO  LAMINAR  BOUNDARY  OVER  A  FLAT  PLATE 


HENRY  LEONARD  ALDEN 


Chart  V 


Chart  VI 


APPROXIMATION  TO  LAMINAR  BOUNDARY  OVER  A  FLAT  PLATE 
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Chart  VII 
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The  components  of  velocity  are 

u  “  2((«r*t/A)  +  e)  {(  ' '  ■}’ 

U  “  2i{l*U/i)  +  {*) 

These  and  other  results  are  plotted  in  the  accompanying  graphs. 

10.  Discussion.  Examination  of  the  pressure  contours  (graph  I)  shows  that 
the  deviation  of  pressure  from  the  free  stream  value  is  very  small  except  in  the 
region  near  the  leading  edge.  For  values  of  R,  =  100  and  larger,  this  deviation 
is  less  than  1  %  of  the  free  stream  dynamic  pressure.  On  the  surface  of  the  plate, 
the  formula  for  Cp  becomes  Cp  =  (.74)/i?,.  Thus  the  pressure  coefficient  falls 
off  inversely  as  the  Reynolds  number  and  forms  a  small  but  favorable  (decreas¬ 
ing  in  the  flow  direction)  pressure  gradient.  The  pressure  also  varies  in  a  direc¬ 
tion  normal  to  the  flow,  alwa3rs  increasing  from  the  plate  surface  to  the  outer 
limit  of  the  boundary  layer. 

The  skin  friction  drag  is  actually  greater  at  low  Reynolds  numbers  than  that 
predicted  by  the  first  approximation  by  Prandtl.  However,  the  calculations 
given  here  do  not  permit  a  determination  of  the  total  drag  because  of  the  pro¬ 
nounced  effect  of  the  third  and  higher  terms  of  the  solution  at  the  leading  edge 
of  the  plate.  If  one  attempts  to  integrate  the  skin  friction  curve  (graph  II)  to 
obtain  total  drag,  one  finds  that  the  integral  is  improper  and  has  no  limit.  The 
complete  series  solution  in  reciprocal  powers  of  R,  would  enable  one  to  get  valid 
results  closer  to  x  =  0;  but  the  exact  situation  at  the  leading  edge  seems  to  re¬ 
quire  a  separate  treatment. 

The  velocity  profiles  show  that  in  the  neighborhood  of  the  leading  edge  the 
zone  of  large  velocity  shear  (du/dy)  is  shifted  closer  to  the  surface  of  the  plate. 
At  the  outer  limit  of  the  boundary  layer  the  velocity  vector  has  a  horizontal 
component  smaller  than  U,  and  an  appreciable  vertical  component.  Beyond 
the  boundary  layer  the  air  stream  is  deflected  from  its  initial  parallel  flow,  and 
behaves  as  a  potential  flow  in  the  presence  of  a  source  distribution  varying  as 
1/x^'  along  the  positive  x  axis. 
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ON  THE  FLOW  BEHIND  CURVED  SHOCKS' 


C.  C.  Lin  and  S.  I.  Rubinov 


1.  Introduction.  Although  flows  involving  curved  and  detached  shocks  occur 
very  frequently  in  practice,  and  such  phenomena  are  very  important  in  drag 
studies,  our  knowledge  is  very  limited.  Experimentally,  they  have  been  ob¬ 
served  for  a  long  time,  but  the  quantitative  determination  of  the  pressure  dis¬ 
tribution  behind  a  curved  shock  has  been  carried  out  only  recently  by  Professor 
R.  Ladenburg  [1]  and  his  group  at  Princeton  University  by  means  of  inter¬ 
ferometric  methods.  Some  limited  theoretical  work  has  been  carried  out  by 
Crocco  [2],  Hentsche  [3],  and  Thomas  [4],  some  extensive  numerical  calcfulations* 
have  been  made  by  Maccoll  [5],  and  finally  there  is  the  semi-empirical  work  of 
Laitone  and  Pardee  [6].  However,  a  systematic  analytical  approach,  with  a 
view  of  getting  some  understanding  of  the  general  aspects  of  the  problem,  seems 
to  be  still  lacking.  In  the  present  paper,  we  try  to  investigate  the  problem  of  the 
flow  behind  curved  shocks  from  the  general  point  of  view.  Yet  concrete  results 
are  obtained  which  may  be  directly  compared  with  experiments,  and  which  are 
also  useful  for  further  theoretical  investigations. 

The  investigation  contained  in  this  paper  may  be  roughly  divided  into  three 
parts.  Part  I  (§§2-3)  deals  with  general  relations  for  flow  behind  curved 
shocks.  These  include  a  variational  principle  for  iso-energetic  flows  (with  vor- 
ticity  and  variable  entropy),  and  a  discussion  of  the  differential  relations  of  the 
first  order  across  a  shock.  Part  II  (§§4-5)  deals  with  shocks  attached  to  the 
solid  boundary,  applying  relations  developed  in  Part  I.  In  particular,  relations 
developed  by  Crocco  and  others  are  reproduced  as  a  specific  case.  The  most 
interesting  case,  however,  concerns  the  formation  of  a  normal  shock  over  the 
solid  boundary.*  It  is  shown  here  that  a  normal  shock  can  be  formed  over  a 
convex  surface  with  continuous  curvature  only  when  the  Mach  number  exceeds  a 
certain  supersonic  value.  For  a  concave  surface,  the  Mach  number  must  be 
below  that  value.  The  physical  interpretation  of  this  peculiar  behaviour  is  also 
given.  Part  III  deals  with  the  flow  behind  a  detached  shock.  A  scheme  is  de¬ 
veloped  by  which  the  calculation  of  the  subsonic  flow  between  the  shock  and  the 
body  may  be  carried  out.  Some  preliminary  results  thus  obtained  agree  very 
well  with  available  experimental  data.  This  work  will  be  reported  elsewhere 
by  Mr.  John  Dugimdji.  In  conclusion,  it  is  pdnted  out  that  much  further 
extension  of  this  work  should  be  carried  out.  These  are  now  being  investigated 
by  some  with  one  of  the  authors. 

*  Part  of  this  work  was  carried  out  ae  a  thesis  of  Rubinov  for  the  master’s  degree  (1947) 
when  both  authors  were  at  Brown  University.  Further  work  done  by  Lin  was  partly  spon¬ 
sored  by  the  Mechanics  Division  of  the  Naval  Ordnance  Laboratory. 

*  Prof.  Emmons  and  Mr.  Drebinger  of  Harvard  University  informed  us  that  they  have 
further  extended  Maccoil’s  work.  The  results  are  as  yet  unpublished. 

*  Cf.  Ref.  7,  8. 
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2.  Fundamental  equations  for  steady  iso-energetic  flows.  For  convenience 
of  reference,  we  collect  below  the  fundamental  equations  for  steady  iso-energetic 
flows.  For  flow  in  two-dimensions  or  with  axial  symmetry,  a  stream  function 
may  be  defined,  and  a  variational  principle  will  be  developed  in  terms  of  this 
stream  function.. 

For  steady  three-dimensional  motions,  we  have  six  hydrodynamical  variables; 
the  pressure  p,  the  density  p,  the  entropy  S  and  the  three  components  of  velocity 
u,  (i  =  1,  2,  3).  All  these  are  to  be  determined  as  functions  of  the  three  spacial 
coordinates  x,  (t  =  1,  2,  3)  by  the  following  six  equations: 

(i)  the  equations  of  motion  (3), 

(2.1)  «,(dtt./3Xy)  =  -  p-\dp/dxi), 

(ii)  the  equation  of  continuity  (1), 

(2.2)  Ujidp/dXj)  =  —  p(3tty/ax,) 

(iii)  the  equation  of  state  (1), 

(2.3)  p  =  e*'**p\ 

where  c,  is  the  specific  heat  at  constant  volume  and  y  is  the  ratio  of  specific  heats; 
and  finally 

(iv)  the  equation  of  energy  (1),  which  may  be  expressed  in  the  form 

(2.4)  Ui{dS/dXi)  =  0. 

In  addition,  we  often  have  the  condition  of  iso-energetic  flow 

(2.6)  yp/iy  -  Dp  +  q'/2  =  C, 

where  q  is  the  magnitude  of  the  velocity.  The  fact  that  this  is  a  constant  along 
each  stream  line  may  be  derived  from  Eqs.  (2.1)  —  (2.4).  For  flows  derived 
from  isentropic  irrotational  flows  by  a  curved  shock,  C  is  actually  a  constant 
throughout  the  whole  field.  This  is  the  case  of  isoenergetic  flow  under  considera¬ 
tion.  In  general,  (2.5)  implies  (2.4)  when  (2.1)  and  (2.2)  hold.  We  note  that 
(2.1)  (2.2)  and  (2.5)  form  a  system  of  five  equations  for  p,  p  and  m,  without  refer¬ 
ence  to  the  entropy.  One  may  therefore  disregard  the  entropy  at  first  and  then 
supplement  the  results  with  the  statement  that  the  entropy,  as  given  by  (2.3), 
is  a  constant  along  each  stream  line,  in  accordance  with  (2.4). 

For  two-dimensional  and  axially  symmetric  flows,  we  have  only  five  variables. 
We  take  the  usual  «-convention  and  let  (x,  y)  denote  the  distances  along  and  per¬ 
pendicular  to  the  axis  and  u,  v  the  velocity  components  in  these  directions.  The 
four  of  the  fundamental  equations  not  involving  entropy  are: 

(2.6)  u(du/dx)  +  v(du/dy)  -  (-  l/p)(dp/dx) 

(2.7)  u{dv/dx)  -f  v(dv/dy)  =  (-  \/p)(dp/dy) 

(2.8)  d(pu)/dx  -1-  d(pv)/dy  =  -  *pv/y, 
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where 

e  =  0  for  two-dimensional  motion,  and 
e  =  1  for  axial  symmetry. 

(2.9)  7p/(7  -  l)p  +  9*72  =  C. 

The  two  equations  involving  entropy  are  the  equation  of  state 

(2.10)  p  =  e*' V 
and  an  integrated  form  of  the  equation  of  energy, 

(2.11)  S  = 
where  ^  is  the  stream  function  defined  by  using  (2.8) : 

(2.12)  puy*  =  dyffidy,  pvy*  =  —  d^^/dx 
It  is  known  (See,  e.g.,  Vazsonyi  [9],  pp.  36,  37)  that  the  vorticity  is 

(2.13)  «  =  (p/R)y\dSm). 

In  intrinsic  form  with  d  denoting  the  direction  of  the  stream  line,  and  «,  n  denot¬ 
ing  the  arc  lengths  along  and  perpendicular  to  the  stream  line,  the  equations  are 


(2.14) 

qdq/ds  =  (-  l/p)(3p/as). 

(2.15) 

pq^{d0/dn)  =  —  dp/dn, 

(2.16) 

1  —  "M*  dq  ^d$  _  ^  sin  3 

q  da  dn  y 

(2.17) 

__  dq  dd  _  p  .dS 

^  dn  ^  da  pqR  dn ' 

(2.18) 

d^/dn  =  pqy. 

In  addition,  equations  (2.10)  and  (2.11)  hold. 

For  irrotational  flows, 

(2.19)  w  =  0, 

and  hence  S  is  constant  everywhere.  Ek^uation  (2.10)  may  be  written  as 

(2.20)  p  -  Kp' 
where  K  is  &  constant. 

Variational  principle.  While  variational  principles  [10]  for  irrotational  isen- 
tropic  flows  have  been  well-known,  it  does  not  seem  to  have  been  pointed  out 
that  iso-energetic  flows  are  also  subject  to  a  similar  variational  relation.  It 
can  be  easily  verified  that 

(2.21)  (^i  +  ^;)}dxdy  =  0, 
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with  a  preassigned  function  /  and  a  fixed  constant,  C  leads  to  the  desired  relations, 
provided  p(x,  y)  and  ^(x,  y)  are  allowed  to  vary  independently,  and  proper 
boundary  conditions  are  satisfied.  As  usual,  the  condition  SI  ^  0  leads  to 


Sp  dx  dy 


1  i  ^  dS  =  0 

y  p  dn 


Hence,  if  the  boundary  is  a  stream  line  with  ^  preassigned,  j/  =  0  leads  to 


A  (^*  +  +  - 


.T-t 


!/*•  2p» 


7  -  1 


C, 


and 


i.  ( J.  !*')  +  i.  f  i. 

to  Vw  to/  ^  to  V«C  «s/  7-1 


With  p,  u,  V  defined  by  (2.10)  and  (2.12),  the  first  is  the  Bernoulli’s  equation 
(2.9),  while  the  second  equation  is  the  vorticity  equation  (2.17).  Thus,  the  fun¬ 
damental  equations  are  satisfied. 

It  may  be  noticed  that  the  integrand  in  (2.21)  (with  c  =  0)  is  again  equal 
to  the  quantity  p  +  pq*  exactly  as  in  the  isentropic  case.*  Moreover,  as  for¬ 
mulated  above,  the  integral  can  only  be  extended  over  a  finite  region.  For  an 
infinite  region,  a  constant  or  a  function  independent  of  p(x,  y)  and  ^(x,  y)  has 
to  be  subtracted  from  the  integrand  to  make  the  integral  convergent. 


3.  Conditions  across  a  shock.  It  is  known  that  the  pressure,  density,  and 
velocity  behind  a  shock  are  obtainable  from  the  corresponding  quantities  before 
the  shock  as  long  as  the  inclination  of  the  shock  to  the  incoming  stream  line  is 
known.  It  will  now  be  shoA^m  that  if  the  curvature  of  the  shock  is  known,  the 
first  spacial  derivatives  o^  the  hydrodynamical  quantities  are  also  known.  In 
general,  if  the  flow  in  front  of  the  shock  is  completely  known,  the  spacial  deriva¬ 
tives  behind  the  shock  are  known  to  an  order  equal  to  that  known  for  the  deriva¬ 
tives  of  the  angle  of  the  shock. 

One  may  regard  this  process  as  setting  up  the  initial  value  problem  after  the 
shock.  If  the  shock  is  given,  the  hydrodynamic  quantities  u,  v,  p,  p,  s  are  known 
behind  it.  The  fundamental  system  of  equations  (2.6)  —  (2.11)  can  then  be 
sdved  in  terms  of  these  initial  conditions. 

The  calculations  below  will  largely  be  carried  out  for  the  two-dimensional  case; 
the  results  will  be  applied  to  discuss  several  problems  in  §4.  The  extension  to 
the  case  with  axial  sjrmmetry  is  almost  immediate.  Along  the  axis  of  symmetry, 

*  See  Bateman,  loc.  cit.,  Eqs.  (1)  and  (16). 
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however,  the  situation  is  more  complicated.  Thus,  the  extension  of  (4.1)  and 

(4.2)  to  the  conditions  near  a  conical  tip  requires  further  investigation. 

The  pressure  p,  the  density  p,  and  the  magnitude  q  and  direction  6  of  the 
velocity  in  front  and  behind  the  shock  satisfy  the  following  relations  (Fig.  1) 

(3.1)  Pigi  sin  a  =  pj^j  sin  (a  —  B) 

(3.2)  Pi  +  Pi9i  sin*  a  »  p*  +  pi^j  sin*  (a  —  B) 

(3.3)  q\  cos  a  =  qt  cos  (o  —  B) 


where 


Fio.  1.  Conditions  at  a  Curved  Shock 


In  general,  a  quantity  in  front  of  the  shock  will  carry  the  subscript  1;  behind  a 
shock,  the  subscript  2.  This  convention  will  be  used  throughout  the  paper. 
From  (3.1)  —  (3.5)  it  can  be  shown  that  the  jump  in  entropy  is 


There  are  ten  spacial  derivatives,  two  for  each  of  the  five  quantities  p,  p,  q,  B, 
and  S.  By  (2.10),  the  calculation  of  the  derivatives  of  S  may  be  expressed  in 
terms  of  those  for  p  and  p.  More  explicitly,  the  derivatives  of  S  are  dS/d$  »  0, 
dS/dn  »  pqdS/d^f  with  dS/d^  calculated  from  (3.6).  Thus,  we  need  to  con¬ 
sider  only  the  eight  derivatives  of  p,  p,  q,  B.  Equations(3.1)-(3.4)  will  furnish 
the  four  derivatives  along  the  shock.  These  furnish  four  relations  for  the  tan¬ 
gential  and  normal  derivatives  defined  with  respect  to  a  stream  line.  The  other 
four  are  supplied  by  (2.9),  and  (2.14)-(2.16). 
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Furthermore,  if  we  eliminate  dq/ds  between  (2.14)  and  (2.16)  we  have  the 
relations 


|pg*(dO/an)  =  (1  -  J»f*)(ap/d«), 
lpg*(a«/9s)  =  -  ap/dn, 


which  are  two  relations  among  the  four  spatial  partial  derivatives  of  p  and  6. 
If  we  now  eliminate  pj  and  qt  from  Eqs.  (3.1)  to  (3.4),  we  have  only  to  deal  with 
the  two  quantities  p  and  6.  After  the  derivatives  of  p  and  6  are  found,  one  can 
easily  calculate  thoee  for  q  from  (1.14)  and  (1.17)  with  dS/dtff  from  (3.6)  and  those 
for  p  from  (2.9).  Let  us  now  carry  out  these  calculations. 

Elimination  of  pi  and  qt  from  (3.1)  and  (3.4)  gives 

p*  =  Pi  +  Pis9i(l - cos*  o )  —  c*  > . 

(3.8)  p  ^  I  \  y^.  I  /  j 

[Pi  —  Pi  pi^ifsin*  o  —  sin  o  cos  a  tan  (a  —  a)}. 


Differentiation  along  the  shock  will  yield  two  relations  for  dpt/da  and 
in  terms  of  dai/da  and  the  derivatives  along  the  shock  of  the  quantities  in  front 
of  it.  One  can  easily  express  dpi! da  and  d6i/da  in  terms  of  dpt/ds,  dpijdn, 

aa,/a<s,  aai/an; 

fap*/aa  =  idptldn^  sin  (a  —  a)  -f  (dpt/dat)  cos  (a  —  a), 

(3.9)  \ 

[dOt/da  —  (ddi/dnt)  sin  (o  —  a)  +  (ddt/dst)  cos  (a  —  8). 


Thus,  together  with  (3.7)  we  have  four  equations  for  ap/a«i  •  •  •  ,  d8/dn.  Ac¬ 
tually  we  shall  eliminate  dpidn  and  dd/dn  and  write  the  hnal  relations  in  terms  of 
two  for  dp/da  and  d6/da.  These  are  expressed  in  terms  of  spacial  derivatives  of 
the  quantities  on  the  left-hand  side  of  the  shock.  Again,  in  front  of  the  shock 
we  may  eliminate  all  other  derivatives  in  favor  of  dp/ da  and  aa/a«.  The  cal¬ 
culation  is  even  simpler  here  because  the  motion  is  irrotational.  It  can  be  easily 
verified,  that 


(3.10) 


dpx/da  =  {f>i(^/ri)  sin  a  (dpi/dai)  cos  a, 
dfn/da  =  (piMl/ri)  sin  a  -h  iM\/q\)(dpi/dai)  cos  «, 
dqi/da  =  —  (91/71)  sin  a  —  (l/pi9i)(api/a«i)  cos  a, 
ddx/da  —  —  {M\  —  l)(pi9*)~*(api/a«i)  sin  a  —  (l/n)  cos  o. 


The  final  equations  obtained  are 

Ai(pi9i)  *(—  api/asi)  -|-  Bi(d8i/dai) 

(3.11) 

**  Aj(pi9i)  (—  dpi/dat)  +  BtidBt/dai)  C{dai/da), 

'4i(pi9i)  *(~  8pi/dai)  -f-  Bi(aai/a«i) 

(3- 12)  ,  , 

=*  A|(pi9i)  (—  dpt/d^a)  +  Bt(dOt/dat)  +  C'{dai/da), 

where  the  coefficients  are  functions  of  Mi ,  a,  and  8  given  in  Table  I. 
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TABLE  1 


a,  $  general 

a  V  w/2,  0^0 

Ai 

— ^  cos  a  1  (3AfJ  —  4)  sin*  a  ■+■  1 

7  +  1  L  2  J 

0 

Bi 

2  r  5  —  7I 

— —  sin  a  I  (AfJ  —  4)  sin*  a  +  — - — 
7+1  L  2  J 

Thh-H-’] 

At 

cos  Cot  —  S) 

0 

B, 

sin  2  a/2  cos  ( a  —  9) 

9*/9i 

C 

2 

— —  sm  2a 

7  +  1 

0 

a; 

M}  cos*a  cos  9  —  (A£i  —  1)  cos  (2a  +  9) 

AfJ  -  1 

Bl 

AfJ  sin’  a  sin  9  -|-  sin  (2  a  +  9) 

0 

Ai 

1  -h  (AfJ  -  2)  sin  2  ( a  -  9) 

Af*  -  1 

Bi 

sin  2  a 

0 

C 

sin  29/2  cos  ( a  —  9) 

(9*/9«)  -  1 

The  predominance  of  p  and  6  may  be  regarded  physically  as  follows.  The 
isentropic  flow  in  front  can  be  described  by  one  scalar  (p)  and  one  direction  (0). 

The  shock  relations  allow  all  the  quantities  to  be  expressed  in  terms  of  them, 
and  the  shock  angle  ai .  Thus, 

Pj  =  P»(Pi  i’<?i  >  «i)»  ^2  “  Oiipi ,  9i ,  ai) 

The  pressure  gradient  along  the  shock  thus  introduces  the  spatial  derivatives 
which  may  be  handled  by  (3.7)  and  (3.9).  Notice  that  (3.7)  follows  directly 
from  the  intrinsic  forms  (2.14)-(2.16)  of  the  equations  of  moticm  and  con¬ 
tinuity  and  holds  either  behind  or  in  front  of  the  shock. 

4.  Shocks  attached  to  the  solid  boundary.  In  this  section,  we  shall  apply 
our  results  to  a  few  special  cases  of  interest.  The  first  is  the  case  of  a  uniform 
supersonic  flow  past  a  body  with  a  high  enough  Mach  number.  The  shock  is 
then  attached  to  the  nose  of  the  body.  This  case  has  been  considered  by  Crocco  [2J 
and  Thomas  [4].  Next  we  shall  consider  the  shock  attached  to  a  body  with  con¬ 
tinuous  directions  but  possibly  with  discontinuities  in  curvature.  In  this  case  0 
approaches  sero.  The  weak  family  of  the  shock  is  thus  expected  to  become  a 
Mach  line  (characteristic),  while  the  strong  family  is  expected  to  become  a 
normal  shock.  The  latter  case  has  been  considered  by  Hantsche  [3],  Emmons 
[7]  and  Tsien  [8].  The  results  obtained  here  are  somewhat  different  from  theirs. 
Here  it  is  concluded  that  a  shock  can  exist  in  the  case  of  continuous  convex 
curvature  only  for  Mach  number  above  a  certain  critical  value.  This  might  be 
understood  to  mean  that  the  interaction  between  shock  and  boundary  layer 
would  be  different  for  Mach  numbers  above  or  below  this  critical  value.  De¬ 
tailed  discussions,  including  physical  interpretations,  will  be  given  below. 
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(a)  Shock  attached  to  the  sharp  noee  of  a  body  in  uniform  supersonic  stream. 
The  simplest  problem  to  which  the  above  considerations  may  be  applied  is 
the  shock  formed  by  a  uniform  supersonic  flow  past  a  symmetrical  body  at  a 
sufficiently  high  Mach  number.  In  this  case,  all  the  quantities  bearing  the  sub¬ 
script  1  are  constants,  and  the  equations  (3.11)  and  (3.12)  become 


(4.1) 


(4.2) 


-  sin  2a 
r* 


7  +  1 


sin  2a 


sin  20 


4  cos*  (a  —  0) 


-  sin  2a  ^  cos  (a  —  0)  — 


1  -j-jM*,  -  2)  8in*(a  -  0) 
2  cos  (a  —  0) 


-  -  2)  *■"’<«  -  *)l  - 


These  equations  were  obtained  by  Crocco  and  Thomas.  It  is  interesting  to 
note  that  the  curvature  of  the  shock  and  the  pressure  gradient  behind  it  are  both 
proportional  to  the  curvature  of  the  body,  with  coefficients  of  proportionality 
depending  on  the  free  stream  Mach  number  and  the  angle  of  the  body. 

(b)  Shocks  attached  to  boundary  with  continuous  slope — weak  family. 

In  the  limit  0—^0,  the  discontinuity  becomes  one  of  higher  order.  The  first 
three  shock  conditions  (3.1)-(3.4)  are  satisfied  by 


(4.3) 


Pi“Pi»  Pi“Pi, 
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w 


while  the  last  one  leads  to  the  conclusion  that  a  becomes  equal  to  the  Mach  angle 
8in~‘(l /Afi).  The  first  order  relations  (3.11)  and  (3.12)  lead  to 


(4.4) 

(4.5) 


dp,  dpi  ,  / 1  1  \ 

XT - ^  =  Pi  9i  ( - 1  tan  a 

ds,  dsi  \ri  T,} 


dai 

da 


4  -}-  (7  — 


2VM 


—  d)M\  ( sin  a  ,  1  dpi  \ 

===—  I -  H - i  -i-  cos  a  I , 

?  -  1  \  Ti  piq\  dsi  .  / 


The  curvature  of  the  Mach  line  is  conditioned  by  two  factors,  the  value  of  the 
pressure  gradient  along  the  Mach  line  and  the  multiplicative  coefficient.  Note 
that  the  latter  quantity  changes  sign  when  M\  =  4/(3  —  7)  (for  air,  7  =  1.4  and 
Ml  =  \/^),  and  that  the  curvature  may  be  positive  or  negative.  Note  also 
that  the  curvature  of  the  Mach  line  is  independent  of  the  curvature  l/r*  of  the 
stream  line.  If  ri  =  r,,  there  w'ould  not  be  any  discontinuity  in  the  first  deriva¬ 
tives  of  physical  quantities. 

The  relation  (4.4)  can  be  obtained  more  directly  from  the  condition  for 
characteristics.  It  is  known  that  the  discontinuity  in  derivatives  of  velocity 
must  propagate  along  the  characteristic,  which  is  at  an  angle  a  =  sin~‘(l/Af) 
with  the  direction  of  the  stream  line  (Fig.  2).  The  pressure  is  continuous  across 
it.  Hence,  if  the  jump  is  denoted  by  [  ],  [dp/da]  =  0.  On  the  other  hand, 

0  dp /da  =  {dp/ 9s)  cos  a  (dp/dn)  sin  o, 

'  and  hence 

0  =  [dp/ 98]  cos  a  -f  [9p/ 9n]  sin  a 


which  then  yields  (4.4),  if 


is  evaluated  by  (2.15). 


(c)  Shocks  attached  to  boundary  with  continuous  direction — strong  family. 
The  limit  of  the  strong  family  is  given  by  9  — »  0,  a  — » ir/2.  In  this  case,  the 
coefficients  Ai ,  Bi ,  Aj ,  Bj ,  C  and  A(,  BI,  AJ,  B^,  C'  tend  to  the  values  shown  in 
the  last  column  of  Table  I.  If  all  the  other  quantities  in  equations  (3.11)  and 
(3.12)  remain  finite,  those  equations  become 


(4.6) 


2 

7  +  1 


7+3 

2 


—  I- 

+  i\m\ 


This  is  the  relation  discussed  by  previous  authors.*  However,  if  the  curvature 
of  the  shock  is  allowed  to  become  infinite,  then  it  turns  out  that 


(4.7) 


2 

7  +  1 


7+3 

2 


1 

7  +  1 


{if!  + 


<  0. 


See,  e.g.  Tsien,  loc.  cit.,  p.  72,  Eq.  (16). 
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The  detailed  calculations  leading  to  this  relation  are  given  below.  The  implica¬ 
tions  of  this  relation  are  very  interesting.  They  will  be  discussed  in  detail  in 
the  next  section.  Physical  interpretations  of  the  results  will  also  be  indicated 
there. 

Calculation  of  the  limit  form  of  (3.11)  and  (3.12). 


In  carrying  out  the  limiting  process,  we  shall  take  the  quantities  in  front  of 
the  shock  to  be  finite,  as  the  shock  can  only  influence  flow  conditions  down¬ 
stream.  Thus,  the  only  quantities  which  may  become  infinite  are 

(i)  the  curvature  of  the  shock,  dai/d<r 
and 

(ii)  the  pressure  gradient  behind  the  shock,  —  (pi?i)~‘(3pj/9s»). 

The  limit  of  (3.11)  becomes  * 


.  7  +  1 


M\- 


7+3 


}(-0 


lim  Ai 


( _ L 

\  Pi9i  9«,/ 

\  rt/  \do/ 


(4.8) 


7  + 


'•(-s8) 


=  lim  ill 


+  lim  C 


(S)- 


The  limit  of  (3.12)  does  not  lead  to  a  finite  result.  However,  if  we  multiply  the 
equation  by  At  before  taking  the  limit,  there  is  obtained 


(4.9)  0  =  a;  lim  A,  (-  +  C  lim  A,  . 


If  we  eliminate  the  term  in  pressure  gradient  in  (4.8)  by  means  of  (4.9),  we  obtain 


Hence, 


=  —lim 


1  ^ 
7  +  1  d(r 


cos  2a. 


(4.11) 


lim  C(dai/d<r)  <  0, 
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since  cos  2a  is  least  for  a  =  t/2.  By  using  the  explicit  expressions  for  At , 
C  and  Ai,  C'  and  the  relation 

sin  2a  02 

lim  - -r  =  -  , 

a->wli  2  cos  (a  —  0)  qi 


(See  the  values  of  Bt  in  Table  I),  it  can  be  easily  verified  that 

(4.12)  1  -  — /  hm  —  =  1  +  -  1  j  j  ^  ^  1  >  0. 

By  putting  (4.11)  and  (4.12)  into  (4.10),  the  relation  (4.7)  is  verified.  It  should 
further  be  noted  that  a  finite  value  for  (4.10)  may  be  obtained  only  when 

(4.13)  lim  9(co8  2a) /da  —  finite 
This  point  will  be  discussed  further  in  the  next  section. 


P' 


Fio.  3.  Pressure  Reuitions  at  a  Straight  Normal  Shock 


6.  Further  studies  of  normal  shocks  over  solid  boimdaries.  In  this  section, 
we  shall  discuss  further  the  results  obtained  in  §3(c).  The  implications  and 
physical  interpretations  will  be  given.  First,  we  shall  consider  the  case  of  the 
finite  curvature;  next,  the  modification  of  the  situation  due  to  infinite  curvature 
will  be  discussed.  The  shape  of  a  shock  with  infinite  curvature  will  then  be 
discussed. 

(i)  Shocks  with  finite  curvature. 

In  the  case  of  finite  curvature,  the  equality  sign  holds  in  (4.7).  We  then 
have 

(5.1)  r,  =  r.  (i,  +  )/("■-  ^4^)  • 

This  is  the  result  obtained  by  previous  authors.  It  shows  that  for  a  given  Mach 
number,  the  ratio  of  the  curvatures'  must  have  a  certain  value,  in  order  that  a 

*  Note  that  in  the  case  of  a  straight  boundary,  regarded  as  a  limiting  case  of  curved 
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normal  shock  may  be  formed.  We  propose  to  give  here  the  physical  interpreta¬ 
tion  of  this  result,  which  does  not  seem  to  have  been  fully  discussed. 

For  dehniteness,  let  us  first  consider  a  straight  shock  intersecting  the  solid 
boundary  at  P,  and  let  us  compare  the  conditions  at  P  with  that  at  a  neighboring 
point  P'  (Fig.  3).  If  the  conditions  at  Pi  are  known,  the  normal  pressure  grad¬ 
ient  is  also  known.  Thus,  we  have  a  knowledge  of  the  flow  conditions  at  Pi. 
Then,  from  the  shock  conditions,  the  flow  conditions  at  Pt  and  Pt  are  also  known. 
In  particular,  the  pressure  gradient  along  PtPj  is  known.  As  this  must  balance 
the  centrifugal  force,  the  curvature  of  the  solid  boundary  cannot  be  arbitrary. 
This  explains  why  ri  is  completely  determined  by  n  in  the  case  of  a  straight  shock. 

If  the  shock  has  a  finite  curvature,  then  the  shock  angle  at  P'  differs  from  t/2 
by  a  quantity  of  the  order  of  PP',  a  small  quantity  of  the  first  order.  However, 
the  change  of  pressure  jump  across  the  shock  at  P'  is  second  order  in  the  change 
of  the  angle,  as  we  are  in  the  neighborhood  of  the  normal  shock.  A  reference 
to  the  shock  polar  shows  this  clearly.  Thus  a  finite  curvature  of  the  shock  does 
not  modify  the  situation,  as  it  is  also  clear  from  the  way  eq.  (3.11)  simplifies  to 
(4.6). 

Eq.  (5.1)  shows  that  with  ri  =  r* ,  Mi  must  take  on  a  critical  value  Af*  defined 
by 

(5.2)  M\  =  +  D*  +  4  +  (y+  1)}. 


If  Ml  <  Me,  then  r*  >  n  .  Physically,  this  means  that  the  pressure  gradient 
developed  after  the  shock  in  accordance  with  the  shock  conditions  is  able  to 
balance  a  centrifugal  force  corresponding  to  the  smaller  curvature  l/ri  (n ,  r* 
both  positive^).  The  pressure  at  P't  is  too  low  for  the  shock  to  be  formed  over 
a  boundary  with  continuous  curvature.  If  Mi  >  Me,  the  opposite  is  true;  i.e., 
the  pressure  at  Pi  is  too  high  for  continuous  curvature  of  boundary.  The 
pressure  is  just  suitable  only  when  Mi  ^  Me. 

(ii)  Shocks  with  infinite  curvature. 

If  the  shock  has  an  infinite  curvature,  the  difference  of  shock  angle  between 
P  and  P'  is  no  longer  of  the  same  order  as  PP'.  'Rierefore,  the  normal  pressing 
gradient  after  the  shock  may  be  changed  by  finite  values.  This  is  borne  out  by 
the  fact  that  the  limiting  yalues  of  C(dai/d<r)  in  (4.8)  may  not  vanish,  if  infinite 
curvature  is  allowed.  However,  the  adjustment  appears  to  be  one-sided  as  the 
inequality  sign  in  (4.7)  indicates.  Indeed,  in  the  case  of  continuous  curvature 
(ri  =  fj),  it  can  be  easily  deduced  from  (4.7)  that  (cf.  Fig.  4) 


(5.3) 


if  n  =  r,  >  0, 

if  n  =  r*  <  0 


boundary  with  1/ri  ,  1/rt  approaching  Mro,  the  limit  may  take  on  any  value.  Hence,  the 
shock  may  occur  with  any  Mach  number. 

*  This  is  taken  to  fix  our  ideas.  The  statement  can  be  easily  modified  to  suit  other  cases. 
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For  the  equality  sign  to  hold,  M\  =  M,.  Thus,  to  satisfy  these  requirements, 
we  must  have 

[Ml  >  Me  if  fi  =  rj  >  0 

(5.4) 

[Ml  <  Afej  if  ri  =  fi  <  0. 

That  is,  over  a  convex  (concave)  turface,  a  normal  shock  can  be  formed  only  when 
the  Mach  nttmber  of  the  flow  is  above  (below)  a  certain  critical  Mach  number. 
This  ccmclusion  is  interesting  enough  to  require  a  further  clarification  of  the 
physical  situation. 


Fio.  4.  Diagbah  Showing  Function  Dktehminino  thx  Cutical  Mach  Nuhbxr 


To  fix  our  ideas,  let  us  restrict  ourselves  to  the  case  of  convex  surface  (ri  « 
ri  >  0).  It  has  been  pointed  out  above  that  the  pressure  at  Pt  i^  too  high  for 
continuous  curvature  of  the  boundary  if  Mi  >  M, .  Thus,  if  the  shock  at  P' 
is  oblique,  the  pressure  rise  across  the  shock  would  be  reduced,  and  the  pressure 
gradient  after  the  shock  would  balance  the  centrifugal  acceleration  at  Pj  after 
the  shock.  If  Mi  <  M,,  the  pressure  at  P|  is  too  low  even  with  a  normal  shock. 
Thus,  a  finite  shock  angle  at  P'  would  cause  the  pressure  after  it  even  more  un¬ 
balanced. 

However,  this  is  not  the  whole  story.  We  are  considering  the  pressure  gradient 
along  the  shock,  and  not  the  normal  pressure  gradient.  Because  of  the  infinite 
curvatiue  of  the  shock,  these  two  could  be  different.  The  gemnetry  and  the 
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pressure  distribution  after  the  shock  must  be  examined  more  carefully.  This 
is  also  borne  out  by  the  fact  that  there  are  two  types  of  terms  in  the  limiting 
process  of  (4.8):  one  is  related  to  the  infinite  shock  curvature,  the  other  is  related 
to  the  infinite  pressure  gradient.  The  former  has  been  discussed  above,  the 
latter  has  just  been  brought  up. 

Let  us  fix  our  attention  on  Fig.  6(a)  first.  We  notice  that  the  normal  pressure 
gradient  must  be  calculated  on  the  basis  of  the  pressure  difference  p(Pj)'—  p(P") 
and  not  for  p(Pt)  —  p(P*).  The  difference  between  these  two  might  be  sig¬ 
nificant  if  the  pressure  gradient  along  the  solid  boundary  is  infinite;  and  this  is 
indeed  the  case.  It  is  interesting  to  note  that  this  infinite  pressure  gradient 
influences  the  normal  pressure  gradient  in  the  same  way  as  the  obliqueness  of  the 
shock.  It  is  always  to  reduce  the  force  acting  toward  the  solid  boundary.  This 
may  be  seen  as  follows. 


Fio.  5.  Pressure  relations  at  a  curved  normal  shock  with  infinite  curvature. 


The  stream  line  through  P'  will  be  deflected  upwards,  causing  a  divergence  of 
the  flow.  Since  the  flow  is  subsonic  here,  the  pressure  along  the  stream  line 
will  then  increase  downstream.  Thus, 

p(P")  >  p(P,) 

Hence, 

-{p(P")  -  p(Pi)}  -  {p(Pi)  -  P(P.)}  =  P(ft)  -  P{P")  <  0 

In  the  limiting  process  of  taking  the  pressure  gradient,  although  the  distance 
PjP''  goes  to  aero  as  a  higher  order  of  P*Pi,  the  infinite  pressure  gradient  would 
cause  the  difference  p(P'0  ~  P(Pt)  to  make  a  finite  contribution.  This  explains 
the  two  types  of  terms  considered  in  (4.8).  However,  because  of  the  inequality 
sign  in  the  above  formula,  it  is  clear  that  the  normal  pressure  gradient  can  only 
be  smaller  than  that  along  the  shock.  Thus,  the  infinite  pressure  gradient  along 
the  boundary  acts  in  the  same  way  as  the  obliqueness  of  the  shock. 

It  might  be  thought  that  if  the  shock  were  curved  in  the  other  direction  (Fig. 
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5(b)),  the  conclusion  would  be  different.  However,  in  this  case,  the  flow  is 
convergent  after  the  shock;  hence, 

P(P"0  <  p(Pi) 

Thus, 

p(p"o  -  p(p,)  <  p(p;)  -  p(p,), 

and  the  normal  pressure  gradient  is  again  smaller  than  the  pressure  gradient 
along  the  shock. 

Having  clarified  the  physical  interpretation  of  the  one-sided  nature  of  the 
influence  of  infinite  shock  curvature,  let  us  examine  the  geometry  of  the  shock 
somewhat  further.  A  curve  with  an  infinite  curvature  does  not  show  comers 
in  a  usual  graph.  Indeed,  if  one  takes  a  coordinate  system  ((,  if)  with  origin  at 
the  intersection  of  shock  and  boundary  and  (-axis  tangent  to  the  boundary,  it  can 
be  easily  verified  that  the  curve  must  be  of  the  form 

(5.5)  (  =  (k  =  constant) 

to  make 

a  =  Trl2 


and 


d  cos  2a Ida  =  constant 


at  (i.  n)  =  (0,  0).  Indeed,  after  a  little  calculation,  (4.10)  can  be  reduced  to 

^  ^  -  (7  -  1)  \ 

2  \  (7  +  D*  1  -t-  (7  -  l)M?/2  /  • 

In  this  reduction,  the  formulae 


_  (7  +  l)Mj  ,  _  (7  +  l)(Mj  -  1) 

qt  2+{y  -  l)Ml  ’  *  2yMl  -  (7  -  D 

for  normal  shocks  are  used. 


6.  Flow  behind  detached  shocks.  So  far  we  have  been  dealing  with  shocks 
attached  to  solid  bodies.  When  a  sharp-nosed  body  is  placed  in  a  supersonic 
stream,  this  is  the  case,  when  the  Mach  number  of  the  flow  is  very  high.  In 
fact,  the  flow  behind  the  shock  is  then  often  supersonic,  and  can  be  worked  out  by 
stepwise  numerical  integration  with  the  help  of  characteristics.  Equations 
(3.1)  and  (3.2)  would  then  be  very  useful  in  getting  better  accuracy.  However, 
for  axially  symmetrical  flows,  the  corresponding  formulae  have  not  yet  been 
worked  out. 

If  the  Mach  number  of  the  flow  is  relatively  low,  or  if  the  body  is  blunt,  the 
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shock  detaches  from  the  body,  and  there  is  always  a  subsonic  region  behind  the 
shock.  Maccoll  and  others  have  considered  the  cases  of  a  supersonic  flow  past 
a  body  with  straight  boundaries  followed  by  a  sharp  comer  at  the  shoulder.  In 
this  way,  he  is  able  to  define  the  subsonic  region  to  a  certain  extent.  A  numerical 
procedure  is  then  developed  to  study  this  region,  treating  the  problem  as  a 
boundary  value  problem. 

This  method  does  not  apply  to  bodies  with  blunt  noses  and  smooth  boundaries. 
Also  in  common  with  all  numerical  methods,  it  is  difficult  to  obtain  general 
conclusions.  A  number  of  specific  cases  have  to  be  computed  in  order  that 
general  conclusions  may  be  drawn. 

On  the  other  hand,  experiments  have  been  carried  out  for  supersonic  flow  past 
spheres  (cf.  Fig.  6).  Also,  if  a  hot  wire  is  ever  used  in  a  supersonic  stream,  such 
a  fine  hot  wire  is  presumably  in  the  form  of  a  circular  cylinder.  It  therefore 
seems  desirable  that  methods  be  developed  to  investigate  such  flows. 

The  investigations  below  are  aimed  at  such  problems.  The  method  of 
approach  can  be  best  understood  by  considering  the  limiting  case  of  very  high 
Mach  numbers.  It  is  known  that  the  shock  would  be  then  very  close  to  the  body. 
Considering  the  local  situation  at  the  nose  of  the  body,  it  is  clear  that  the  most 
important  characteristic  length  is  the  radius  of  curvature  of  the  body.  Thus, 
it  might  be  expected  that  the  radius  of  curvature  of  the  shock  and  the  distance 
of  the  shock  from  the  body  are  both  proportional  to  the  radius  of  curvature  of  the 
body,  with  coefficients  depending  on  the  Mach  number  of  the  uniform  stream. 
Hence,  if  one  would  investigate  the  local  nature  of  the  flow  in  front  of  the  nose  ^ 
of  the  body  and  that  behind  the  ‘“nose”  of  the  shock,  and  then  try  to  fit  the  two 
flows  together,  these  ratios  can  be  found. 

To  improve  on  this  first-order  theory,  one  may  develop  the  power  series  expan¬ 
sions  in  front  of  the  nose  of  the  body  and  behind  the  nose  of  the  shock.  It  will 
be  shown  below  that  definite  results  are  obtainable  to  any  order  of  approximation 
desired;  i.e.,  the  power  series  may  be  terminated  at  any  power,  still  the  shape  of 
the  shock  nuiy  be  determined  in  terms  of  the  shape  of  the  body,  and  the  flow  in 
between  would  also  be  known,  including  the  distance  of  the  shock  from  the 
body. 

The  validity  of  the  method  depends  on  two  conditions.  First,  the  power  series 
developed  in  the  neighborhood  of  the  nose  of  the  body  may  be  applied  up  to  and 
including  the  neighborhood  of  the  nose  of  the  shock,  and  vice  versa.  Secondly, 
these  power  series  may  include  part  of  the  supersonic  region.  If  this  be  the  case, 
it  is  clear  that  any  modification  of  the  shaiie  of  the  body  downstream  from  the 
region  of  interest  to  us  will  not  disturb  the  flow  conditions  in  the  subsonic  region 
(cf.  Fig.  6). 

These  conditions  cannot  be  verified  a  priori.  However,  in  the  case  of  the 
sphere,  the  results  obtained  along  these  lines  seem  to  be  in  reasonable  agreement 
with  experiments.  In  the  case  of  bodies  of  extreme  shape,  such  as  a  finite  cylin¬ 
der  with  one  end  placed  against  the  stream,  it  is  obvious  that  the  method  would 
break  down.  In  the  extreme  case  of  very  high  Mach  numbers,  the  argument 
put  forth  about  a  local  characteristic  length  obviously  does  not  hold. 
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In  this  paper,  we  shall  indicate  the  scheme  of  calculation  and  state  some 
results.  The  detailed  treatment  for  the  case  of  a  sphere  will  be  published  in  a 
separate  paper  by  Mr.  John  Dugundji.  Some  of  his  results  will  be  stated  here. 

We  shall  center  our  discussion  on  the  determination  of  the  shape  of  the  shock 
and  the  distance  of  the  shock  in  front  of  the  body.  It  is  obvious  that  the  calcula¬ 
tion  of  the  whole  field  can  be  carried  out  along  these  lines. 

Let  the  pressure  distribution  along  the  axis  of  S3rmmetry  behind  the  shock  be 
represented  by  the  i>ower  series 

(6.1)  p  =  Pi  +  JhXt  +  §pi  x5  +  •  •  • 

where  is  the  distance  measured  from  the  nose  of  the  shock,  and  p* ,  pi,  pi\  •  •  • 
are  the  values  of  the  pressure,  the  first  derivative,  the  second  derivative,  etc. 
with  respect  to  xt  at  the  shock.  From  our  calculations  above,  it  is  obvious  that 
pi  should  depend  on  the  curvature  of  the  shock.  Indeed  it  is  of  the  form 

(6.2)  Pi/Po  =  Ci(A/i)(aa/dff) 

where  C\{M\)  is  a  coefficient,  Ijeing  a  function  of  the  free-stream  Mach  number, 
and  {da/ da)  is  the  curvature  of  the  shock.  This  can  be  seen  from  (3.11)  and 
(3.12)  by  taking  the  limit  a  =  t/2,  0  =  0  with 

”  (pi9i)  *(0pi/9si)  =  {dOi/dSi)  =  {ddi/dSi)  =  0. 

We  have 

(A/j  —  1)(— Pi9i)  !(3pi/a«i)  +  {qi/qi  —  \){da/da)  =  0,  ^ 

from  (3.12),  and  an  identity  from  (3.11).  Further  differentiation  will  then  lead  * 
to  relations  of  the  following  kind 

fpiVpo  =  Ct{Mi){da/daf 

4'7po  =  C»{Mi){da/da)*  -f  C4(A/,)0*a/9a*) 

»‘7Po  =  Ct{Mi){da/da)*  +  Ct{Mi){da/da){d*a/da*) 

We  notice  that  the  derivatives  of  even  orders  of  a  with  respect  to  a  all  vanish 
identically,  because  of  the  symmetry  of  the  problem.  Thus,  the  order  of  deriva¬ 
tives  introduced  is  really  equal  to  the  order  of  derivatives  of  pi .  Thus,  because 
of  the  symmetry  of  the  problem,  n  parameters  are  mtrodmed  in  order  that  we  may 
represent  the  pressure  by  a  polynomial  of  degree  2n. 

Before  going  on  with  the  series-development  around  the  nose  of  the  body,  and 
the  fitting  together  of  the  two  series,  let  us  notice  a  simplification  if  we  stop  the 
series  (6.1 )  at  terms  in  xj .  In  this  case,  the  conditions 

p  =  pn,  p'  =  0 

at  the  nose  are  sufficient  to  determine  some  interesting  relations.  Let  the  dis¬ 
tance  in  between  be  5.  Then,  we  obtain  two  relations  of  the  type 
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p(«)/Po  =  F  (^6 

da 

dff 

1. 

II 

da 

dff 

These  then  determine 

(6.4)  a  g  =  f{M,), 

*•  0  = 

independent  of  the  shape  of  the  body. 

The  second  relation  is  presumably  not 

accurate,  but  one  may  expect  the  first  one  to  hold  reasonably  well. 

*  The  calculations  of  Mr.  John  Dugundji  give 

(6.5)  Pj/po  =  1  +  T(iV/i),  Pj/po  =  n{Mi)(da/d<r),Pi  /po  =  i'(il/i)(3a/9<r)*, 
with 

F  =  {i'4-  (7  -  -  1 

(6.6)  ■  M  =  -47(7  +  l)"Ml  +  (7  - 

87  { 1  +  (7  -  l)A/^/2p'<’-“  f(Ml  -  1)*[2(7M5  + 1)  +  (1  -  Ml)'] 

"  (1  -  Af»)*  27M?  -  (7  -  1)  I  (Af*  -  1)[2  +  (7  -  DAff] 

+  (AfJ  -  1)  +  AfJ(l  -  Ml)  I . 

The  expansion  in  the  neighborhood  of  the  nose  of  the  body  is  more  compli¬ 
cated,  because  it  depends  not  only  on  the  shape  of  the  body,  but  also  on  the 
entropy  distribution,  which  in  turn  is  determined  by  the  curvature  of  the  shock. 
However,  it  seems  clear  from  detailed  calculations  (cf.  following  section),  that 
the  (2n)th  derivative  of  pressure  at  the  nose  involves  at  most  9"o/d(r".  The 
other  additional  parameters  are  the  n  derivatives  of  odd  orders  of  the  angle  of 
the  boundary  with  respect  to  its  arc  length,  and  the  first  derivative  of  the  velocity 
along  the  axis.  The  higher  derivatives  may  be  eliminated  by  requiring  the 
boundary  to  be  a  stream  line.  The  detailed  calculations  have  been  carried 
through  including  third  powers  in  the  expression  for  pressure  (see  eqs.  (7.27)  and 
(7.28)).  It  is  seen  that  up  to  this  order  of  approximation,  the  change  of  entropy 
has  not  yet  entered  the  problem  in  the  two-dimensional  case,  but  has  already 
influenced  the  results  in  the  axially  symmetrical  case. 

By  fitting  the  series  developments  around  the  nose  of  the  shock  and  the  nose 
of  the  body,  one  can  determine  all  of  the  parameters  entering  the  problem. 
Suppose  one  uses  both  series  up  to  the  degree  2n.  Then  there  are  n  parameters 
from  the  series  (6.1).  Applying  this  series  at  the  nose,  one  introduces  an  addi¬ 
tional  parameter  6.  There  is  only  one  additional  unknown  introduced  by  the 
series  near  the  body.  Thus,  we  have  (n  -j-  2)  unknowns  all  together.  If  we 
differentiate  the  power  series  (6.1)  (n  +  1)  times  to  obtain  the  value  of  p(S), 
p'iS),  •  •  •  p^"?’‘’(9)  and  equate  them  to  the  value  at  the  nose,  we  can  obtain  all 
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these  parameters.  The  worst  approximation  in  this  calculation  is  presumably  in 
p(i*+i)(^)  ^  polynomial  of  degree  n  —  1,  and  the 

accuracy  can  be  improved  by  increasing  n. 

In  practice,  it  is  probably  better  to  use  derivatives  of  lower  orders,  and  com¬ 
pare  their  values  at  both  noses  by  differentiating  both  series.  Thus,  the  accuracy 
can  be  improved. 

From  dimensional  considerations,  it  is  obvious  that  the  results  should  be  ex¬ 
pressible  in  the  form 


/  ,  doo  ,3  ^“0 

\  d(To’  dal  ' 

d*-  >ao 

’  >  0  ,  *11-1  ,  ^ 
d<ro 

a 

t  ^  *  dal  ’ 

-*«-i  3*--»ao 

•  •  •  0  •  tl»~l 

00*0 

]■ 


Ml 


where  oo  and  (Tq  are  the  angle  and  arc  length  along  the  body.  These  are  obtain¬ 
able  by  the  calculation  of  p(i),  •  •  •  p^"^(5).  The  actual  determination 

of  i(or  b{dao/d<ro))  on  the  right  hand  side  will  require  another  relation. 

The  calculations  by  Dugundji  include  second  order  terms  only.  They  agree 
with  experimental  results,  indicating  the  applicability  of  the  method.  Further 
work  seems  to  be  desirable  for  the  calculation  of  quantities  of  higher  order. 


7.  Iso*energetic  flow  in  the  neighborhood  of  the  nose.  In  this  section,  we 
outline  the  calculations  of  the  flow  conditions  in  the  neighborhood  of  the  nose, 
which  is  needed  for  the  discussion  of  §6.  / 

Although  the  flow  is  subsonic,  the  conditions  of  flow  at  the  nose  can  be  treated  • 
locally,  at  least  to  a  certain  extent.  The  hydrodynamic  quantities,  pressure, 
density,  and  velocity,  must  satisfy  the  equations  of  motion  and  the  equation  of 
continuity.  Furthermore,  if  the  flow  is  that  behind  a  shock,  the  Bernoulli 
function  is  a  constant  (iso-energetic),  even  though  the  motion  is  not  irrotational. 
These  furnish  four  relations  for  the  determination  of  the  four  hydrodynamic 
quantities. 

If  one  refers  the  pressure  and  density  to  the  stagnation  quantities  po  and  p« 
and  the  velocity  to  \/ po/po ,  these  equations  are 


(7.1) 

dr  .  dr  / du  ,  dv  ,  v\ 

dx  dy  \3x  dy  y  / 

(7.2) 

u(du/dx)  =}■  v(du/dy)  *=  —T(dp/dx), 

(7.3) 

u{dv/dx)  -f  v(dv/dy)  =  —T(dp/dy), 

(7.4) 

pr  +  [(7  -  l)/27](ti*  -(-  p*)  =  1 

wdiere  r  is  the  specific  volume,  c  0  for  two  dimensional  flows,  and  <  =  1  for 


flows  with  axial  symmetry, 
from  the  axis  of  s}rmmetry. 
assumed  to  be  symmetrical. 

(7.6) 

in  either  case. 


In  the  latter  case,  y  stands  for  the  radial  distance 
In  the  two-dimensional  case,  the  flow  shall  also  be 
The  shape  of  the  nose  may  be  specified  as 

y*  =  g(x) 
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We  shall  take  the  nose  to  be  the  origin  of  our  coordinate  system,  so  that  we 
shall  be  concerned  with  small  values  of  x  and  y.  Taking  into  account  the  sym¬ 
metry  nature  of  the  flow,  we  write 

f  p  =  1  +  PiX  +  (puX*  +  Pay*)  +  (piiiX*  +  Pmxy')  +  •  •  •  , 


(7.6) 


J  T  =  1  +  TiX  +  (tiiX*  +  Tay*)  +  (ruia^*  -f*  riaxy*)  +  •  •  •  , 

tt  =  tijx  -1-  (muX*  +  UnV*)  +  •  •  *  , 


i 


[v  =  viy  Vitxy  +  •  •  •  . 

By  putting  these  expressions  into  the  equations  (7.1)  and  (7.4),  one  obtains  a 
series  of  relations  among  the  coefficients.  In  particular,  one  obtains 


1 


(7.7) 


Pi  *  Tl  *»  0 


from  (7.2)  and  (7.4).  The  other  relations,  after  making  use  of  (7.7),  are  as 
follows. 

From  the  equation  of  continuity  (7.1),  one  obtains 
I  Ml  +  (1  +  t)vt  ==  0, 


(7.8) 


2mii  (1  -f-  e)i;u  =  0, 


'^1 

I 

i'1 

-31 

-  V 


after[(7.7)  has  been  used. 


(7.9) 


Equation  (7.2)  leads  to 
-2pii  =  mJ 
—  Pill  =  MiMii  , 

—piM  =  (mi  “H  2vi)un  , 


i 


equations  (7.3)  leads  to 
(7.10) 


-2pB  =  I’J 

s  —  2pm  (mi  +  2vi)rii, 


while  equation  (7.4)  gives,  besides  ti  =  0, 


,  7  “  1  - 

pii  +  Til  - s: —  Ml , 


27 


Pa  +  Ta  =  ~  ^  > 


27 


I  7  “  1 

Pm  +  Tm  =  “  o-'  > 


Pia  +  Tia  =  “ 


27 

7-1 


(mi  Hn  +  Vn  t>»). 


i 


(7.11) 
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In  addition,  on  the  boundary  (7.5),  we  must  have 
(7.12)  u/w  =  dyjdx 


Hence,  if  one  writes 

(7.13)  j/*  =  (2x/*o)  +  •  •  • 

where  ko  is  the  curvature  of  the  nose,  there  is  obtained 


(7.14) 


I  (Ml  -  2vi)kcl2  +  Ma  =  0, 


Higher  approximations  in  (7.8)-(7.11)  and  (7.14)  can  be  easily  written  down  in 
a  similar  manner. 

The  change  of  entropy.  If  one  now  considers  the  change  of  entropy,  by  using 
the  relation 

(7.15)  pr^  =  c'"'  =  . 

and  expands  /  as  a  power  series 

(7.16)  /  =  «ia:  -|-  (sui*  +  Sny')  +  (siux*  +  Smxy*)  +  ••• 
it  can  be  easily  shown  that, 

«i  =  Sii  =  Sa  =  «iii  =  0, 

after  using  (7.9)-(7.11).  On  the  other  hand,  for  pia  ,  ria  ,  and  sm  ,  one  obtains 
the  relation 

(7.17)  pia  +  YTia  =  Sm 

As  the  expressions  for  pm  in  (7.9)  and  (7.10)  depend  on  Ui  +  2t;2 ,  which  vanishes 
in  the  axially  symmetrical  case  but  not  in  the  two-dimensional  case  (cf.  (7.8)), 
the  exact  relations  depend  on  the  particular  case  we  are  concerned  with. 

Case  1.  Two  dimensional  case.  Here 

,  ui  +  2vi  9^  0, 

and  hence  (7.9)  and  (7.10)  give 

(7.18)  Vu  =  2ua 
Putting  this  expression  in  (7.11),  one  obtains 

pia  4-  Tia  =  "[(y  “  i)/y](f*i  +  2i;i)Ma . 

Making  use  of  (7.9)  again,  this  gives 

•  PlB  =  — 7Tib  , 

and  hence  (7.17)  gives 

Sitt  =  0. 
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Thus,  in  this  case 

(7.19)  S/c,  =  S  —  -|-  Siujxy  +  SrtnU*  +  •  •  •  . 

Case  2.  Axially  symmetrical  case.  Here 

Ml  +  2v,  =  0, 

and  hence  (7.9)  and  (7.10)  lead  to  the  identical  result 

(7.20)  Pm  =  0. 

Eqs.  (7.11)  and  (7.17)  then  lead  to  ,  . 

(7.21)  Tm  =  -[(7  -  1)/71(miM«  +  rut;,) 
and 

(7.22)  Sm  =  ~(7  ~  1)(miMm  +  t’ur,), 
so  that 

(7.23)  S/cr  =  +  •  •  •  .  • 

The  difference  between  these  two  cases  can  be  understood  more  clearly  by  the 
following  consideration.  In  either  case, 

S/cr  =  y*ip(x,y) 

byl^symmetry.  Also, 

s/c.  =  m 

where  ^  is  the  stream  function.  Now,  in  the  two-dimensional  case, 

=  uixy  +  •  •  •  . 

Hence,  in  order  that  «S  ~  y*  one  must  have 

(7.24)  S 

In  the  axially  symmetrical  case,  we  have  the  Stokes  stream  function 

^  =  iuixy* 

Hence, 

(7.25)  S  ~  ^  zy*. 

It  is  now  also  clear  that 

(7.26)  Sm  =  (d//#)oMi/2. 

The  quantity  (d//d^)o  can  be  calculated  at  any  point  in  the  field  of  flow.  In 
particular,  it  can  be  moet  conveniently  calculated  at  the  shock,  where  the  change 
of  entropy  is  produced. 

Summarizing  the  above  results,  we  find  that,  in  the  two-dimensional  case. 
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(7.27) 


p  =  1  —  ia*(x*  +  I/*)  —  ^  Ko(x*  +  xj/*)  +  •  •  • , 

T  =  1  4-  ^  ^  —  ’ » 


ju  =  a|x  4-^  (x*  -  y*)  +  •••!, 

V  =  —all/  4-  3itoxy  4*  ••  •}, 
which  depend  on  a  single  parameter  a.  In  the  axially  symmetrical  case, 

(  p  *  1  -  §a*(x*  4-  iy*)  -  a6x*  4-  •  •  • 

14-^  a*(x*  4-  il/*)  4-  ^  ahx*  4-  ^  ^  a*  ko  —  xy*  4- 

|S/c,  =/=(>-  l)(aj«o  -  \ab)xy'  4-  ••• 

M  =  ox  4"  6x*  —  okoi/*  4-  *  •  • 

V  =  —\ay  —  hxy  ‘  • 
which  depend  on  two  parameters  a  and  h.  In  addition,  the  condition 
(7.29)  (dSm,  =  2sm/M,  =  2(y  -  l)(a«o  -  i6) 


(7.28)  i 


must  be  satisfied.  Hence,  if  (d//d^)o  is  calculated,  there  is  again  only  a  single 
parameter,  since 

(7.30)  h^2aKo-  l(d//W(7  -  1)] 

It  is  interesting  to  note  the  fact  that  {df/dil/\  vanishes  in  the  two-dimensional 
case,  but  does  not  vanish  in  the  axially  symmetrical  case.  This  causes  a  dif¬ 
ference  between  the  two  cases  in  the  relation  of  the  sonic  line  with  respect  to  a 
straight  solid  boundary.  Over  a  straight  boundary,  dd/ds  =  0  and  hence  (2.15) 
and  (2.17)  give 


(7.31) 


dn 


u 


p  dS 
R  d^ 


y‘* 


In  the  two-dimensional  case,  (3(S/d^)o  =  0,  and  we  have 


(7.32)  bq/dn  =  0, 
and  hence  (2.9)  gives 

(7.33)  bp/bn  =  0. 

Thus,  the  normal  to  the  boundary  is  locally  a  line  of  constant  p,  q,  p,  and  in 
particular  the  sonic  line  in  perpendicular  to  the  straight  boundary  in  the  two- 
dimensional  case.  In  the  axially  symmetrical  case,  the  perpendicular  line  is  not 
a  line  of  constant  velocity. 
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SOME  GEOMETRIC  PROPERTIES  OF  PLANE  GAS  FLOW 
By  P.  NEHiNTi  AND  R.  Prim 


This  paper  deals  with  steady  flow  of  a  perfect  gas  (i.e.,  an  inviscid,  thermally 
non-conducting  gas  having  constant  speciflc  heats)  in  the  absence  of  extraneous 
forces.  The  fundamental  equations  governing  such  flows  can  be  most  con¬ 
veniently  formulated  in  terms  of  the  pressure  p  and  the  reduced  velocity  vector 
w  defined  in  terms  of  the  actual  velocity  vector  v  and  the  ultimate  velocity  mag¬ 
nitude  a  by 

w  =  v/a. 

In  this  formulation  the  continuity  equation  takes  on  the  form 
(C)  div[(l  -  =  0 


where  7  denotes  the  adiabatic  exponent,  while  the  dynamic  equation  can  be 
written  , 

(D)  ui'grad  ui  -|-  (1  —  u>*)  grad  In  =  0. 

Equation  (D)  implies  the  following  condition  on  the  vector  field  w: 

,W)  cur,  [-4^]  =  0. 

These  differential  equations  w'ere  essentially  contained  in  the  work  of  Crocco'  / 
but  their  validity  for  the  general  case  of  non-uniform  ultimate  velocity  was  • 
established  later  by  the  independent  investigations  of  Munk  and  Prim*  and  of 
Hicks,  Guenther,  and  Wasserman.* 

A  natural  coordinate  system  for  the  analysis  of  problems  of  plane  fluid  motions 
employs  as  coordinate  curves  the  streamlines  ((  =  const.)  and  their  orthc^onal 
trajectories  (ij  =  const.).  I3enoting  by  ^i({,  rj)d^  and  ri)dri  the  components 
of  the  vector  element  of  arc  length  in  this  coordinate  system  we  have  the  follow¬ 
ing  relations 


(1) 


curl  w  = 


'  _L  ^ 

giyt  af 


«j) 


w  din  Qi  _  1  dw 
Qi  g\ 


J  ru>  X  curl  wT  _  n 

1  L  1  -  u^*  J, 

I  Cm  X  curl  m"!  _  1  f.,*  ^  1”  1?*  _i_  1  ^(“’*)  1 

tL  Jt  (1  -  mviTi  r  J 


By  equation  (W)  the  vector  in  the  brackets  is  irrotational.  Hence  we  have 
the  vorticity  equation 


/  C“'  X  “'I  \ 

^  _d  ~ 

m* 

d  ln(^  w)~ 

ri  1  -  tc*  Jj 

dJi  L 

- 

J 
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or 

^  In  ^  /  tP*  \  ,  w'  a*  In  .  a  ln(l  —  ip*)  _  „ 

9^  ^  ~  1/  IP*  —  1  a^aij  d^dri 

As  for  the  continuity  equation,  (C),  it  can  immediately  be  written  in  terms  of 
our  natural  coordinates  as  follows: 

(3)  id/dv)[gi{l  -  w*)<‘w]  =  0. 

These  two  equations  represent  the  only  conditions' which  need  be  satisfied  by  a 
vector  w  in  order  for  it  to  be  the  reduced  velocity  vector  associated  with  a 
family  of  steady  plane  flows  of  a  perfect  gas. 

Assume  now  that  w  is  constant  along  each  streamline.  This  means  that 
everywhere  dw/dr)  =  0.  The  vorticity  equation  then  becomes  a  condition  for 
gt  and  the  continuity  equation  a  condition  for  gi ,  while  both  equations  leave 
tp(f)  arbitrary.  The  conditions  for  the  g’-B  are: 

9*  In  =  0  or  flfi  =  d({)-6(n) 

and 

(4)  d  In  gi/dri  =  0  or  gi  =  c(?) 
d,  b,  c  denoting  arbitrary  functions. 

There  exist  various  methods  for  obtaining  the  equations  of  the  curve  system 
from  the  functions  gi  and  j/j .  We  will  follow  the  method  which  was  used — in 
an  entirely  different  connection — by  W.  Tollmien^. 

First  of  all,  the  requirement  that  the  {  —  net  lie  in  a  plane  is  expressed  by  the 
Gaussian  theorem. 

^1=0 
dvLgt  dll] 

This  yields  a  connection  between  the  two  arbitrary  functions  d(f)  and  c(i): 

=  Cc(i) 


where  C  is  an  arbitrary  constant.  We  represent  gi  and  gt  in  terms  of  the  complex 
variable  z  =  x  +  iy 

gi  -  I  dz/di  I  =  I  dz/dji  I 


Hence 

(5)  dz/d(  =  dz/dfi  =  gjC*** 


Ki ,  Ki  being  real  functions  erf  ti,  the  geometric  meaning  of  which  is  the  angle 
betvA'een  the  tangent  to  the  coordinate  curves  and  the  positive  direction  of  the 
i-axis.  The  orthogonality  of  our  curvilinear  net  implies  that  ain(Ki  —  Ki)  = 
±  1  or 


(6) 
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From  (5)  follows  by  cross  differentiation 

Hence  taking  into  account  relation  (6)  we  obtain 

and 

,917*/9{  =  ±(/i  d/Ci/aij. 

Upon  substitution  of  the  expressions  (4)  for  gi  and  gt  we  obtain 

dKt  T  1  n  ir  /  \ 

^  ^  =  0  or  K,  =  eir,) 

gt  dri 

and 


^  _  1  ^  ±  C  K  )  =  icK,). 

dri  gi  c'(() 

However,  from  (6) 

A',  =  A,  ^  ir/2  =  e(f,)  ^  r/2 

and  therefore 

dKi/dri  —  e'{ri)  =  ±  C'h(’l)- 

,  We  distinguish  two  cases. 

Case  I.  C  ^  0 

‘  dz/di  =  =  =F  t(d'({)/C)e“‘” 

dz/bri  =  ±  m)/C)e\r,)e^^^\ 

The  solution  of  this  system  of  simultaneous  equations  is 

z  =  ^  (d({)/C)e“‘'’  +  F  +  iG 

where  F  and  G  are  real  constants. 

Hence  ' 

X  *  +  d({)  sin  c(ij)  +  F 
y  »  —  diO  cos  c(ij)  +  G 

where  ±C  has  been  included  in  the  arbitrary  functions  d(€).  This  represents 
an  arbitrary  family  of  concentric  circles. 

Case  II.  C  =  0.  In  this  case 

e'(ti)  =  0  and  e(ij)  ■*  A  =  constant 

rf'tt)  =  0  and  d({)  =  A  ^  constant. 


Hence  we  have 


a«/d{  »  T  ic(()e'‘ 

dz/dri  *  il6(ij)e'* 
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for  which  the  soiution  is 

z  =  ie*’  j  c({)  +  Ae*“  j  6(ij)  drj. 

Therefore 

X  =  -iz  sin  E  j  c(^)  d(  +  A  cos  E  J  6(ij)  dii 

y  =  cos  E  j  c({)  +  A  sin  E  j  b(ri)  dr). 

In  this  case  the  streamlines  are  parallel  straight  lines.  (The  arbitrary  functions 
indicate  merely  arbitrariness  of  parametrisation). 

Since  these  two  cases  exhaust  all  possibilities  we  have  obtained 
THEOREM  1.  The  rediMxd  velocity  magnitude,  and  hence  also  the  Mach  number,  can 
have  constant  values  along  each  streamline  only  if  all  streamlines  are  concentric 
circles  or  ■parallel  straight  lines.  The  same  relation  is  valid  for  the  actual  velocity 
field  because  the  ultimate  velocity  magnitude  has  a  constant  value  along  each 
streamline. 

In  this  respect  rotational  compressible  flow  is  subject  to  the  same  type  of  geo¬ 
metrical  restriction  which  is  well  knoum  for  irrotational  incompressible  flow. 
However,  while  in  the  latter  case  the  function  tr({)  must  be  proportional  to  the 
reciprocal  of  the  radius  or,  in  the  case  of  straight  streamlines,  a  constant,  in  the 
present  case  u>(€)  can  be  any  function. 

It  is  obvious  that  in  all  these  cases  in  which  w  »  const,  and  hence  also  v  = 
const,  along  each  streamline,  curl  w  and  curl  v  also  have  a  constant  magnitude 
along  the  same  lines.  The  question  arises,  however,  whether  the  inverse  theo¬ 
rem  is  also  true,  that  is,  whether  the  only  plane  flow  patterns  possible  in  a  perfect 
gas  such  that  the  streamlines  are  lines  of  equal  vorticity,  are  those  in  which  they 
are  also  lines  of  equal  velocity  magnitude.  This  question  is  interesting  because 
it  is  well  known*  that  in  incompressible  flow  (viscous  or  inviscid)  there  exist, 
outside  the  cases  of  flows  with  concentric  circles  and  with  parallel  straight  line 
as  streamlines,  large  families  of  steady  flow  for  which  the  vorticity  is  constant 
along  each  streamline.  To  settle  the  corresponding  question  for  the  flow  of 
perfect  gases,  let  us  express  the  curl  of  the  actual  velocity  field  v  in  terms  of  the 
reduced  velocity  field  w.  From  curl  w  =  curl  (v/a)  (where  a  is  the  “ultimate 
velocity”  magnitude)  we  obtain  for  plane  flow  fields  by  a  simple  vector  trans¬ 
formation: 

I  curl  w  I  =  (l/a)(|  curl  y  |  4-  v  |  grad  In  a  |] 

and  hence 

(7)  I  curl  y  I  =  o(|  curl  w  \  —  (w/gi)d(in.  a)/d£l. 

*  See  especially  the  investigations  of  J.  Kamp4  de  Feriet  quoted  and  discussed  by  Ratib 
Berker:  “Sur  quelques  cas  d’integration  des  Equations  du  mouvement  d’un  fluid  visqueux 
incompressible.”  Paris-Lille,  1936. 
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■Now  d(ln  a)/d^  depends  only  on  a  being  constant  along  each  streamline. 
The  condition  of  constant  actual  vorticity  along  a  streamline  is  expressed  there¬ 
fore  by 

id/dri)\  curl  V  \  =  aid/dri)\  curl  w  |  +  afi^){d/dTi)(w/gi)  =  0 


or 


Hence 


I  curl  w  I  -f  f(i){w/gi)  =  h(^)  =  an  arbitrary  function  of  $. 


(l/&iff*)9(ffjt»)/3?  =  h({)  -  f($)w/gi . 
Substituting  this  in  our  vorticity  eciuation  we  obtain 

However,  from  the  continuity  equation  it  follows  that 
grw  =  Kmi  - 


Substituting  this  into  the  first  term  within  the  brackets  of  (4)  we  obtain 

/»(f)A'(f)(a/an)l(i  -  =  mid/dv)[w\i  -  wT'i 

As  in  a  rotational  flow  it  is  impossible  to  have  both  /(£)  and  one  of  the  functions 
h({)  or  K(i)  identically  zero,  it  follows  that  dw/dri  =  0  and  we  have  proved: 
THEOREM  2.  In  plane  steady  flow  of  a  perfect  gas  constant  vorticity  along  each 
streamline  implies  constant  velocity  along  the.  same  lines. 

As  a  corollary,  we  see  that  the  only  plane  steady  flows  of  a  perfect  gas  for 
which  the  vorticity  is  constant  along  each  streamline  are  those  whose  stream¬ 
lines  are  concentric  circles  or  parallel  straight  lines. 

By  similar,  but  slightly  simpler,  argument  the  following  related  theorem  can 
be  proved: 

THEOREM  2a.  In  plane  steady  flow  of  a  perfect  gas  constant  vorticity  of  the  reduced 
velocity  field  along  each  streamline  implies  constant  reduced  velocity  along  the  same 
lines. 

A  further,  closely  relat^  question  is  the  following:  Under  what  conditions  in 
plane  flow  of  a  perfect  gas  are  the  lines  of  equal  vorticity  (“isocurls”)  identical 
with  the  lines  of  equal  velocity  magnitude  (“isovels”)?  This  relation  can  be 
expressed  by  the  equation 


I  curl  V  I  *  jiv). 

According  to  equation  (7)  this  can  be  w'ritten  in  terms  of  the  reduced  velocity 
w  and  of  the  ultimate  velocity  magnitude  a  (which  is  always  a  function  of  £ 
alone)  as  follows: 


a({)  1  curl  w  I  +  {w/gi)  d[a{^)]/di  =  ;la(f)u>] 


or,  by  virtue  of  equation  (1) 


gi  gt  gi  d^ 


j[a({)tcj 
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However,  from  (3)  we  have 


and  from  (2) 


—  ln(g,u>)  =  [(1  -  tc*)/u>*]n({), 
oc 


where  m  and  n  are  arbitrary  functions.  Substituting  these  expressions  into 
equation  (8)  we  obtain 


1  -  U) 


n(P)  4-  ^  _ w(|) _ 

df  o(f)  w  w{\  —  u>*)^  ’ 


Since  this  equation  involves  only  w  and  functions  of  i  it  follows  that  w  is  inde¬ 
pendent  of  ij  and  we  have 

THEOREM  3.  In  plane  rotational  flaw  of  a  perfect  gas  the  isovels  and  isocurls  of  the 
velocity  field  can  coincide  only  if  they  are  streamlines. 

From  this  follows  easily: 

THEOREM  3a.  In  plane  rotational  flow  of  a  perfect  gas  the  isovels  and  isocurls  of  the 
reduced  velocity  field  can  coincide  only  if  they  are  streamlines. 

It  will  be  noted  that  in  all  problems  discussed  here  the  geometric  limitations 
of  plane  rotational  gas  flow  are  just  as  restrictive  as  those  of  plane  irrotational 
gas  flow. 
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COEFFICIENTS  FOR  COMPLEX  QUARTIC,  QUINTIC,  AND 
SEXTIC  INTERPOLATION  WITHIN  A  SQUARE  GRID 


Br  Herbert  E.  Saleer 

The  present  table  of  Lagrangian  interpolatibn  coefficients  for  an  anal)i;ic  func* 
tion  tabulated  over  a  square  grid  in  the  complex  plane,  is  an  extension  of  a  pre¬ 
vious  table  that  gave  3-point  and  4-point  coefficients.*  Here  coefficients  are 
given  for  the  5-,  6-,  and  7-point  cases  (i.e.  when  the  function  f(z)  can  be  ap¬ 
proximated  by  a  quartic,  quintic,  or  sextic  in  z).  There  was  considerable  lati¬ 
tude  in  the  choice  of  the  fixed  points  z,  of  the  square  grid,  upon  which  to  base  the 
approximating  polynomials.  The  deciding  factor  was  the  location  of  the  points 
z,  to  be  a  compromise  between  being  as  closely  together  as  possible,  and  at  the 
same  time  allowing  the  point  z  to  be  as  “central  as  possible”  with  respect  to  all 
the  points  z, .  Both  these  factors  were  limited  by  the  choice  of  all  points  z, 
to  lie  within  a  region  with  an  L-shaped  boundary.  This  last  consideration 
enables  these  coefficients  to  be  used  anywhere  in  the  plane,  including  the  be¬ 
ginning,  end,  or  any  combination  of  beginning  or  end,  with  respect  to  either  x 
or  y,  of  a  table  in  z  =  x  -|-  iy.  The  points  z,  were  chosen  according  to  the 
scheme  below:* 


Quartic  (5-point) 

,  Quintic  (6-point) 

Sextic  (7-point) 

iti 

2l. 

ii  ii+i 

Zi+i 

Zi  il+i  ii+i 

z 

Z 

z 

ii 

n 

The  n-point  interpolation  formulas  for/(z)  «  /(zo  +  Ph),  where  h  denotes  the 
length  of  a  side  of  the  square  comprising  the  grid,  and  P  =*  p  +  iq  denotes  the 
complex  tabular  fraction,  are  of  the  form  Li’‘~^\P)fiz,),  where  the  summation 
is  over  the  points  indicated  in  the  above  diagrams  for  n  ^  5,  6,  and  7.  The 
explicit  expressions  for  !Li"~”(P)  are  as  follows: 

C.  Quartic  (5-point  Interpolation) 

/(zo  +  Ph)  -  u*\p)m  +  u*\p)M)  -H  u*\p)s{z^)  +  L/«(P)/(z.) 

+  L{t\(P)/(zi+0,  where 

U*>iP)  -  J[(-  1  -  0/^  +  (2  -I-  6t)P*  +  (3  -  lli)P*  -I-  (-  8  +  60P  +  41 

*  A.  N.  Lowan,  H.  E.  Salier,  “Coefficients  for  Interpolation  within  a  Square  Grid  in  the 
Complex  Plane",  Jour,  of  Math,  and  Physics,  vol.  S8, 1944,  pp.  16&-166. 

*  Note  the  change  in  notation,  so  that  s-i  and  St  of  the  previous  paper  correspond  to  and 

tn.i  respectively;  likewise  the  previous  (P)  would  read  (P),  etc.  In  consis¬ 
tency  with  the  notation  of  the  previous  paper,  the  superscript  m  in  denotes  its 

degree  in  P,  rather  than  the  number  of  points,  which  is  m  4-  1. 
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U*\P) 

U*Hp) 

iA*Mp) 

f{zo  +  Ph) 

l[*Hp) 

L?\P) 

IAUP) 

Li'HP) 

f{zo  +  Ph) 

L{"(P) 

Li*\P) 

L^^'iP) 


§[(1  -  OP*  +  (-  5  +  OP*  +  (6  +  40P‘  +  (-  40P] 

*1(1  +  30P*  +  (4  -  80P*  +  (-  9  +  3t)P*  +  (4  +  20P] 
*[(-  3  +  OP*  +  (13  -  OP*  +  (-  18  -  40P*  +  (8  +  40P] 
i[tP*  +  (1  -  30P*  +  (-  3  +  2t)P‘  +  2P] 

D.  Quintic  (6-point  Interpolation) 

W'KP)fizf>)  +  Li'\P)fizx)  -h  Li'\P)fizt)  +  L/»)(P)/(z.) 

-I-  Li'^tiP)f(zi+i)  +  lAV(P)f(zu),  where 
t[(l  -  0P‘  -  8P*  -I-  (15  -H  150P*  +  (-  30t)P* 

+  (-  16  -h  16i)P  -f-  8] 

*((3  +  OP*  +  (-  5  -  15t)P*  +  (-  20  -f  30t)P* 

+  40P*  +  (-  8  -  16t)P] 
*[(-1-1-  20P‘  +  lOP*  -I-  (-  10  -  150P* 

+  (-  5  +  15»)P*  +  (6  -  20P] 
*l(-  1  -  SOP*  +  (-  5  -1-  ISt)?*  +  (30  -  20t)P* 

-  40P*  +  (16  -I-  80P] 
J[(-  1  -f  OP*  +  6P*  +  (-  9  -  9i)P*  -I-  (120P*  +  (4  -  40P] 
*[(-  2  -f  i)P*  -I-  lOP*  +  (-  15  -  10t)P* 

+  (5  +  150P*  +  (2  -  6»)P] 
£.  Sextic  (7-point  Interpolation) 

U*\P)f(zo)  +  Li*\P)fizr)  +  Li'^{P)S{z,)  +  L\*\P)f{Zi) 

-I-  L\*UP)fizi*i)  +  lA*UP)f(t,^i)  +•  Li*HP)fizti),  where 
*[(-  1  +  30 P‘  +  (21  -  130P‘  +  (-  85  -  15t)P* 

-f  (105  -f  135t)P*  +  (16  -  1980P*  +  (-  96  -I-  88t)P  +  40] 
*((-  2  -H  OP*  +  (15  +  5i)P‘  -h  (-  20  -  45»)P* 

-h  (-  35  +  75t)P‘  +  (72  -  16t)P*  -|-  (-  20  -  2(h)Pj 
*[(-  2  -  OP*  +  (3  +  140P*  +  (25  -  30i)P*  -  55P* 

+  (27  -H  SlOP*  +  (2  -  140P] 
*[(1  +  30P*  +  (6  -  22i)P*  +(-55  +  45»)P*  +  (120  -  10»)P* 
+  (-  96  -  480P‘  +  (24  -h  320P) 
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LiViiP)  =  J[(l  -  i)P'  +  (-  9  +  i)P*  +  (21  +  15t)P*  +  (-  9  -  39t)P* 

+  (-  16  +  28t)P*  +  (12  -  4t)P] 
LiVi(P)  =  *[(-  1  -  »)P‘  +  (SOP*  +  (15  -  15t)P*  -  30P* 

+  (16  +  16i)P*  +  (-  8t)P] 

I'i?(P)  =  i*ff[P‘  +  (-  6  -  30P‘  4-  (10  +  15i)P*  -f  (-  25t)P* 

+  (-  11  +  15t)P*  +  (6  -  2t)P] 

All  of  the  above  functions  Lj"'‘”(P)  are  here  tabulated  exactly  for  p  and  q 
both  ranging  independently  from  0.0  to  1.0  at  intervals  of  0.1. 

Inverse  interpolation  can  be  performed  according  to  a  suitable  modification  of  a 
formula  due  to  the  author.*  The  problem  is  to  find  P  when  f(z)  *  /(zo  -f  Ph) 
is  given.  When  n-point  direct  interpolation  suffices,  consider  the  polynomials 
j^{i»-i)(P)  are  given  above.  Let  the  complex  coefficients  of  P,  P*, 

••  •  ,  ^  be  denoted  by  •  •  •  ,  respectively.  Then  if  D  = 

=  m  -fMi/D,s  =  iEB;—’/(z,)i/D,t  =  [E  cr;"-"M)i/i> 

•  •  •  ,  w  =  (E  where  all  summations  in  v  are  over  the  points  in 

the  above  diagrams,  the  quantity  P  is  given  by  the  following  formula: 

p  =  r  -  r*s  -j-  r*(2s*  -  0  +  r\-  5s*  +  -  u)  +  r»(148*  -  21s*<  +  3<* 

+  6su  —  t>)  -f  r*(—  428*  =f  84s*<  —  288i*  —  288*w  +  7tu  +  Tsv  —  u>)  +  •  •  • 

In  actual  practise,  a  large  number  of  terms  in  this  expression  for  P  will  not  be 
needed,  due  either  to  their  absence  when  n  <  7,  or  to  their  smallness  when  they 
do  occur. 

Grateful  acknowledgment  is  extended  to  Mr.  Abraham  Grossman  for  his 
assistance  in  the  preparation  of  the  accompan}dng  tables  of  Lj"“*’(P), 

Computation  Laboratory 
National  Bureau  of  Standards. 

*  (Received  October  10,  1947) 


•  “A  New  Formula  for  laverse  Interpolation”,  Bull.  Amer.  Math.  Soc.,  6.0,  1944,  pp 
513-516. 
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(p)  where  P  —  p  +  iq 


TABLE  OF  COEFFICIENTS:  6-POINT 
(P)  where  P  ^  p  +  iq 


TABLE  OF  COEFFICIENTS:  6-POINT 
^(4)  where  P  ^  p  +  iq 


TABLE  OF  COEFFICIENTS:  6-POINT 
(P)  where  P  ~  p  +  iq 
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TABLK  OF  GOKFFICIKNT8:  6-POlNT 
/,,•<*>  (P)  where  P  —  p  -{■  iq 


TABLE  OF  COEFFICIENTS:  6-POlNT 
Li*>  (P)  where  P  p  +  iq 
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TABLE  OF  COEFFICIENTS:  6-POINT 
Lti®  (P)  where  P  —  p  -|- 


TABLE  OF  COEFFICIENTS:  7-POINT 
£(*<•>  (P)  where  P  **  p  -i-  iq 
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BESSEL  FUNCTION  EXPANSIONS  OF  CERTAIN  COULOMB 
WAVE  FUNCTIONS 

Bt  Milton  Abbamowitz 

The  solutions  of  the  differential  equation 

are  of  importance  in  the  problem  of  the  motion  of  a  particle  in  a  Coulomb  field  of 
force.  The  Computation  Laboratory  of  the  National  Bureau  of  Standards  is 
now  engaged  in  the  tabulation  of  the  regular  solution  Ft  =  CtP^^Vt(p,  n)  for 
L  =  0  in  the  range  i;  =  0  to  i?  =  10  and  p  =  0  to  p  =  10  where 

(2)  -  t, 

M— £+1 

(3)  AiVi  =  1;  =  i»/(L  +  1) 

(n-  L-  l)(n  +  =  2r,Ai‘‘2i  - 

and  Ct  is  a  factor  depending  on  i;  chosen  so  that  as 

p  — >  Fl  —*  sin  (p  —  riLn2p  —  \xL  +  <rt) 

where  at  =  arg  F  (L  -|-  1  +  iij).  For  large  values  of  p  and  ij  the  power  series 
^  converges  too  slowly  for  computational  purposes  making  it  desirable  to  obtain 
a  faster  converging  series.  It  is  the  purpose  of  this  article  to  obtain  an  expan¬ 
sion  for  the  case  L  =  0  in  terms  of  Bessel  functions  of  integral  order.  When 
L  —  0  the  differential  equation  becomes 

(4)  y"  +  (1  -  2i,p-‘)y  =  0 

If  we  assume  that  the  regular  solution  may  be  expressed  in  the  form 

(5)  1/ » 

and  substitute  in  the  differential  equation  we  obtain 

(6)  L:-i  -hJn-  2np-V,}  =  0. 

If  we  now  make  use  of  the  relations: 

(7)  4/:  =  -  2Jn  -1-  J.+i 

-  Jn  =  [Jnr-l  +  J-l  *  — /l 

and  set  the  coefficients  of  Jn  equal  to  zero,  we  obtain  the  following  recursion 
relations  for  the  coefficients,  dn  : 

01-2;  Oi  -  4ijOi 


(8) 


o,+i  -  4ij(o,/n)  —  o_i 
167 


(n  -  2,  3,  4,.-.) 
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The  convergence  of  (5)  follows  from  the  kno\vn  absolute  convergence  of  (2). 
To  compare  the  convergence  of  the  expansion  (5)  with  the  power  series  (2)  we 
cite  the  following  case.  For  p  *»  5,  =  1,  we  obtain  p^(p,  v)  “  6.317299 

with  fifteen  terms  of  (5)  whereas  thirty  terms  may  be  necessary  using  (2).  It 
may  be  mentioned  that  solutions  of  (1)  in  terms  of  a  series  of  Bessel  Functions  of 
half  integral  order  have  been  given  by  Prof.  P.  M.  Morse  of  M.I.T.  in  corre¬ 
spondence  with  the  Computation  I.Aboratory. 

A  technique  similar  to  the  above  can  be  employed  to  obtain  an  expansion  in 
terms  of  the  modified  Bessel  Functions,  In(p).  If  we  assume  an  expansion  in  the 
form 

(9)  y  = 

umI 

and  make  use  of  the  relations 

(10)  4  /«  =  /«_!  +  2  /«  +  In+t  , 

i  (/_i  -  /-I  =  /. 

p  zn 

we  obtain  the  following  recurrence  relations: 

bi  =  2,  6j  =  2)f6i ,  bf  *  2ij6i  —  7bi , 

(11)  bi  =  (4v/3)bf  —  12  bi  —  4rfii , 

bn+i  =  (4»?/n)6,  -  66,_t  -  {4ij/(»»  —  2)}6,_i  -  6,_8  (n  =  3,  4,  •  • 

The  convergence  of  the  expansion  (9)  follows  from  the  known  absolute  con¬ 
vergence  of  (2).  However  actual  calculation  has  shown  that  the  rate  of  con¬ 
vergence  is  similar  to  that  of  (5).  The  expansion  in  terms  of  Jn(p)  is  superior 
to  the  one  in  terms  of  /»(p)  because  of  the  simpler  form  of  the  recurrence  relations 
given  in  (8)  as  compared  with  those  in  (11). 

The  Computation  Laboratory 
National  Bureau  or  Standards 

(Received  February  6,  1948) 


NOTE  ON  THE  METHOD  OF  COMPLEMENTARY  ENERGY 

Bt  Ebic  Reissner 

In  the  following  lines  we  propK)6e  to  show  that  the  well  known  minimum 
principle  for  the  stresses  in  the  theory  of  elasticity  (the  principle  of  minimum 
complementary  energy)  may  be  extended  in  such  a  way  that  it  applies  to  dynamic 
as  well  as  to  static  problems.  While  the  proof  of  this  extended  principle  is  quite 
simple,  we  have  not  been  able  to  find  a  statement  of  it  in  the  literature.  The 
subject  is  considered  in  quite  a  different  way  in  a  recent  paper  by  H.  M.  Wester- 
gaard.' 

We  do  not  here  intend  to  give  the  most  general  theorem  possible*  but  rather 
restrict  attention  to  problems  in  which  loads,  stresses  and  displacements  are 
simple  harmonic  functions  of  time.  We  use  the  customary  engineering  notation 
for  stresses  (a,  t)  and  displacements  (u,  v,  w),  and  omit  the  common  time  factor 
cos  at  in  all  equations  of  the  theory.  (In  so  doing  we  exclude  consideration  of 
materials  with  non-linear  stress  strain  relations). 

We  have  as  differential  equation  of  equilibrium  in  the  x-direction 

dffxldx  -I-  dtryldy  -f  dTx,/dz  -|-  X  -b  pa»*u  =  0,  (1) 

and  two  corresponding  equations  for  equilibrium  in  the  y  and  ?-directions. 
As  in  the  static  case,  which  corresponds  to  u  =0,  we  have  a  stress  energy  function 
W  which  is  determined  by  the  relations 

dW/dox  =  «x  ,  dW/dTxy  =  yxx »  etc.  (2) 

where  the  components  of  strain  «x  ,  Txv  etc.  are  appropriately  expressed  in  terms 
of  the  stresses  a, ,  Tx»  etc.,  but  are  not  at  this  stage  required  to  satisfy  the  equations 
of  compatibility. 

We  further  introduce  a  kinetic  energy  function  K  given  by 

K  =  ^p«*(m*  +  V*  to*)  (3) 

If  we  assume  for  simplicity  sake  that  on  the  entire  surface  of  the  body  we  have 
prescribed  stresses  then  the  extended  theorem  may  be  formulated  as  follows. 

Theorem.  Among  all  states  of  stress  and  displacement  which  satisfy  the  dif¬ 
ferential  equations  of  equilibrium  in  the  interior  of  the  body  and  the  condition 
of  prescribed  stress  on  the  surface,  the  state  of  stress  which  also  satisfies  the  com¬ 
patibility  relations  for  strain  is  determined  by  the  variational  equation 

S  j  (W  -  K)dV  =  0. 

*  On  the  Method  of  Complementary  Energy.  Proc.  American  Soo.  Civil  Engs.,  February 
IWl,  pp.  19&-227. 

*Such  generalizatione  should  also  include  the  three-dimensional  theory  of  elastic 
stability. 
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Proof.  We  have 


—pwiuiu  +  v6v  +  UJiu))J  dV 


According  to  (2)  the  compatibility  relations  are  equivalent  to 

dW  _  du  dW  _  du 

da,  dx’  dTgy  dy  dx'  ^ 


(4) 


(5) 


The  conditions  that  stresses  and  displacements  satisfy  the  differential  equations 
of  equilibrium  are  of  the  form 


OOiTs  I  I  vQTaa  .  j  .  « 

•ar  +  -air+-S-  +  '"'““®  ® 

with  corresponding  equations  involving  6v  and  iw. 

We  put  (5)  into  (4),  integrate  by  parts,  and  take  into  account  that  because 
of  the  conditions  of  prescribed  surface  stress  we  have  three  relations  of  the 
form 

5p,  =  iff,  cos(n,  x)  +  5t„  co8(n,  y)  +  ir,,  co8(n,  2)  =  0,  (7) 


so  that  the  remaining  surface  integrals  vanish.  Ek).  (4)  then  assumes  the  form 

*/(**■-  -  /{“  ['!-■ + ^ + ^‘ + 

+  „[...]  (8) 

The  right  hand  side  of  (8)  vanishes  because  of  (6)  and  thus  the  theorem  is 
proved. 

Remark.  As  for  the  problem  of  statics  a  more  general  form  of  the  theorem 
states  that  if  over  a  part  <81  of  the  surface  the  stresses  are  prescribed  while  over 
the  remaining  part  St  the  displacement  components  have  prescribed  values 
u,  V,  W  then  the  appropriate  variational  equation  is 

ij  j  (W  -  K)  dV  -  (up,  +  vpy  +  ®p.)  dsj  =  0 

where  p, ,  p,  and  p,  are  the  unknown  x,  y,  and  2-components  of  the  surface  stress. 
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THE  DETERMINATION  OF  UPPER  AND  LOWER  BOUNDS 
FOR  THE  SOLUTION  OF  THE  DIRICHLET  PROBLEM 

By  H.  J.  Greenberg 

Introduction.*  Stated  in  simple  terms,  the  Dirichlet  problem  requires  the 
determination  of  a  harmonic  function  in  a  domain  given  only  its  values  on 
the  boundary  of  In  this  paper  we  present  a  method  for  determining  upper 
and  lower  bounds  for  the  value  of  this  unknown  function  at  any  point  of  3). 
These  bounds  are  expressed  in  terms  of  integrals  involving  arbitrary  functions 
of  two  classes,  U  and  V.  The  class  U  consists  of  all  functions  (defined  in  3*  and 
possessing  certain  continuity  properties)  which  satisfy  the  boundary  conditions; 
the  class  V  consists  of  all  functions  harmonic  in  3).  The  sharpness  of  the  bounds 
obtained  in  any  particular  case,  depends  on  which  functions  of  U  and  V  are 
selected;  however,  eveiy  choice  of  functions  furnishes  an  upper  bound  and  a 
lower  bound.  In  the  course  of  this  paper  an  iterative  procedure  is  developed, 
utilizing  sequences  of  functions  in  U  and  V  to  obtain  successively  improved 
bounds  for  the  value  of  the  solution  at  any  desired  point. 

We  focus  our  attention  upon  one  point  of  3)  at  a  time,  obtaining  upper  and 
lower  bounds  for  the  value  of  the  solution  at  this  point.  This  method  is  unique 
in  that,  having  both  an  upper  and  lower  bound  for  the  exact  solution  at  each 
point,  the  maximum  error  at  each  point  incurred  by  using  any  approximate  inter- 
mediate  value  is  known.  No  such  precise  statement,  concerning  the  maximum 
error  at  each  point,  can  be  made  when  one  is  using  an  approximate  solution, 
obtained  by  standard  methods  such  as  the  Rayleigh-Ritz  method  or  Southwell’s 
relaxation  procedure. 

The  pointwise  aspect  of  this  method  may  be  contrasted  with  the  formal  solu¬ 
tion  of  the  Dirichlet  problem,  given  in  terms  of  the  Green’s  function  for  3).  The 
present  method,  can  be  applied  to  domains  for  which  the  Green’s  function  is  not 
known.  It  appears,  therefore,  that  by  attempting  to  find  the  solution  at  one 
point  at  a  time,  rather  than  seeking  at  once  the  solution  over  the  entire  domain, 
the  complexity  of  the  problem  is  reduced  to  such  an  extent  that  actual  numerical 
results  can  be  obtained.  In  many  problems  in  mathematical  physics  one  is 
most  interested  in  the  value  of  the  solution  at  particular  points  (points  of  max¬ 
imum  deflection,  maximum  stress,  etc.,  where  such  points  often  can  be  deter¬ 
mined  &  priori  by  synunetry  or  other  considerations).  Hence,  the  problem  to  be 
solved  is  not  the  determination  of  the  solution  over  the  whole  domain,  but  the 
seemingly  easier  problem  of  finding  the  value  of  the  solution  at  the  point  or 
points  under  consideration.  It  is  for  such  problems  that  the  method  has  been 
devised. 

The  method  is  based  on  the  application  of  two  complementary  variational 
principles  for  the  solution  of  the  Dirichlet  problem.  One  of  these  principles, 

‘  Presented  to  the  American  Mathematical  Society,  February  22,  1947.  A  thesis  sub¬ 
mitted  in  partial  fulfillment  of  the  requirements  for  the  Denree  of  Doctor  of  Philosophy  at 
Brown  University,  C)ctolK>r  1946. 


161 


162 


H.  J.  GREENBKRG 


the  Dirichlet  principle,  applies  to  functions  of  the  class  U ;  the  complementary 
principle  applies  to  functions  of  the  class  V.  The  fact  that  the  solution  of  the 
Dirichlet  problem  maximizes  a  certain  expression,  according  to  the  first  prin¬ 
ciple,  while  minimizing,  a  second  expression,  according  to  the  complementary 
principle,  leads  to  a  set  of  fundamental  inequalities  on  an  integral  of  the  solution. 
By  introducing  two  auxiliary  boundary-value  problems  we  are  able  to  deduce 
inequalities  directly  upon  the  value  of  the  solution  itself. 

The  results  obtained  hold  for  all  sufficiently  regular  domains,  the  boundary 
values  being  continuous  functions.  The  practical  limitations  on  the  method  are 
(1)  that  one  must,  for  the  given  domain  and  boundary  values,  be  able  to  deter¬ 
mine  functions  of  the  class  U,  and  (2)  that  one  must  be  able  to  integrate  certain 
expressions.  However,  if  (1)  can  be  achieved,  the  integrations,  can,  at  the  very 
worst,  always  be  carried  through  numerically,  since  the  integrands  involve  only 
known  functions. 

The  greater  part  of  this  paper  is  devoted  to  the  application  of  the  method  to 
the  Dirichlet  problem  in  the  plane.  In  Section  5  it  is  shown  how  the  results 
can  be  immediately  extended  to  three-space,  and  how  the  method  may  be  applied 
to  obtain  upper  and  lower  bounds  directly  for  the  derivatives  of  the  solution  of 
the  Dirichlet  problem  at  any  point  of  the  domain.  Section  6,  considers  the 
homogeneous  boundary-value  problem  associated  with  Poisson’s  equation,  ob¬ 
taining  upper  and  lower  bounds  for  the  solution  of  this  problem.  The  paper 
concludes  with  an  example  illustrating  the  method. 

1.  The  complementary  variational  principles.  I^t  (f  be  a  simple  closed  con-' 
tour  in  the  xy-plane,  consisting  of  a  finite  number  of  regular  arcs,  and  let  ^ 
denote  the  domain  interior  to  (?.  Let  s  measure  arc  length  along  (f  and  n  be 
the  inwardly  directed  unit  normal  to  6.  Assume  that  we  are  given  a  continuous 
function /(«)  defined  on  6  and  wish  to  solve  the  Dirichlet  problem  of  determining 
a  function  tc(x,  g)  such  that 


(1.1) 

Au;  S  d^w/dx’^  +  b^w/by^ 

(1.2) 

w  —  f,  on  (?. 

We  shall  designate  the  Dirichlet  problem  (1.1),  (1.2)  as  problem  I.  Under  the 
conditions  which  we  have  imposed  on  iT,  (?  and  /  it  is  known  that  there  exists 
a  unique  solution  tv  to  this  problem.  It  is  our  purpose  to  find  upper  and  lower 
bounds  for  the  value  of  w  at  an  arbitrary  point  of  il).  We  shall  proceed  to  formu¬ 
late  two  variational  principles  for  the  function  to. 

The  Dirichlet  principle.  Let  U  be  the  class  of  all  functions  m  which  assume 
on  ^  the  given  values  /.*  Then,  for  any  u  t  U, 

(1.3)  D{u)  <  Diw), 

*  The  functions  of  V  as  well  as  of  all  other  classes  to  l>e  introduced  in  this  paper  are 
assumed  to  t)e  defined  and  required  to  be  continuous  throughout  0  -1-  (? and  to  possess  con¬ 
tinuous  derivatives  of  the  second  order  in  ®. 
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where  w  is  the  function  defined  by  (1.1)  and  (1.2),  and 

(1.4)  D{u)  -  “  ^  ^ 

In  addition,  D{w)  —  D(u)  if  and  only  if  u  =  U7.  It  will  be  noticed  that  since 
we  define  D(u)  w'ith  the  minus  sign,  D(w)  is  an  absolute  maximum  instead  of 
the  absolute  minimum  of  the  usual  formulation. 

The  complementary  principle.  ’  Let  V  be  the  class  of  all  functions  v  which 
satisfy  in  9)  Laplace’s  equation 

(1.5)  Av  =  0. 

Then  for  any  v  tV 

(1.6)  Z)*(w)  <  D*{v), 
where  w  is  the  function  defined  by  (1.1)  and  (1.2),  and 

(1.7)  D*{v)  =  1  (.;*  + 

In  addition,  D*{v)  =  D*(w)  if  and  only  U  v  =  w  +  c,  where  c  is  a  constant. 

This  principle,  was  obtained  by  Friedrichs*  from  the  Dirichlet  principle  by 
applying  a  Legendre  type  transformation.  A  direct  proof  of  the  principle^  is 
easily  given.  Defining  v  —  w  =  w'  we  have 

(ipi*  +  w'y)  dA 

+  f  /  ^  +  f  (“’»«'»  +  dA. 

Ofi  VJ) 

Since  n/  is  a  harmonic  function,  the  sum  of  the  last  two  terms  in  (1.8)  is  zero 
by  Green's  first  identity* 

f  <l>^  ds  +  f  -f  dA  =  —  f  thArl/  dA. 

Je  on  Jj3  •  Jja 

It  follows  that  D*{v)  >  D*(w)  and  that  equality  holds  if  and  only  if  r  =  ip  +  c, 
e  a  constant.  The  fact  that  D*(v)  =  D*(w)  does  not  imply  v  =  w  seems  not  to 
have  been  emphasized.  This  fact  is  in  contrast  to  Dirichlet’s  principle  where 
Z)(u)  =  D(w)  implies  u  =  w.  However,  if  in  place  of  V  we  take  the  subclass  V' 

'  We  use  the  subscripts  z  and  y  to  indicate  partial  differentiations  with  respect  to  these 
variables. 

*  Friedrichs,  K.  O.,  Ein  Verfahren  der  Variationarechnung,  daa  Minimum  einea  Integrala 
ala  daa  Maximum  einea  Anderen  Auadruckea  darzuatellen,  Nachrichten  der  Ges.  d.  Wiss.  zu 
Gottingen,  1929,  pp.  13-20. 

*  The  terminology  is  that  of  O.  D  Kellogg,  Foundaliona  of  polenlial  theory.  New  York, 

1929,  p.  212.  ’ 


(1^) 


D*(v)  =  D*iw)  i 
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of  functions  v'  each  of  which  is  contained  in  V  and  which  in  addition  satisfy  the 
requirement  that  v'  =  /  at  at  least  one  point  of  C,  then  D*(v')  =  D*{w)  implies 
v'  =  w.  Hence,  the  solution  tc  of  /  renders  D*  an  absolute  minimum  over  the 
class  V'.  We  note  in  passing  that  taking  a  function  v'  in  V'  plus  a  linear  com¬ 
bination  of  functions  in  V  which  vanish  at  the  point  of  C  at  which  v'  agrees 
with  /,  and  applying  the  operator  D*,  w  can  be  approximated  by  a  procedure 
analogous  to  the  Kayleigh-Ritz  method. 

A  final  remark  serves  to  emphasize  the  complementary  character  of  the  two 
variational  principles  we  have  been  discussing.  The  Dirichlet  principle  con¬ 
siders  the  class  of  functions  U,  satisfying  the  boundary  conditions  (1.2),  the 
other  principle  considers  the  class  of  functions  V  (or  V)  satisfying  the  partial 
differential  e<iuation  (1.1).  There  is  only  one  function  that  is  common  to  both 
U  and  V  and  that  is  w(x,  y),  the  solution  of  the  Dirichlet  problem  (1.1),  (1.2). 
Thus,  U  and  V  may  Ije  looked  upon  as  defining  a  sort  of  Dedekind  cut  in  func¬ 
tion  space,  this  cut  corresponding  to  the  function  tr(x,  y). 


2.  The  fundamental  inequalities.  The  following  relation  between  the  ma.\- 
imum  value  of  the  Dirichlet  integral  D  and  the  minimum  value  of  the  com¬ 
plementary  “integral”  D*  follows  at  once  from  Green’s  first  identity: 


where  w  is  the  function  defined  by  (1.1),  (1.2).  A  comparison  of  (1.3),  (1.6) 
and  (2.1)  yields  the  following  theorem: 

Theorem  /.  The  fundamental  inequalities.  For  any  utU  and  v  eV 


where  w  is  the  function  defined  by  (1.1),  (1.2). 

The  content  of  this  theorem  is  not  new.  It  expresses  the  fact  that  using  the 
principles  of  Dirichlet  and  Friedrichs,  D{w)  can  be  bounded  from  above  and 
below.  As  such  it  has  l)een  u.sed  by  previous  investigators  to  give  bounds  for 
the  over-all  error  committed  by  using  an  approximating  function  u  tU  obtained 
by  Ritz’  method,  i.e.  |  D{u)  —  D(w)  |  <  |  D(u)  —  D*(v)  |,  where  v  is  any  har¬ 
monic  function.  See  for  instance  X.  M.  Basu,  On  an  application  of  the  new 
methods  of  the  calculus  of  variations  to  some  problems  in  the  theory  of  elasticity, 
Phil.  Mag.,  ser.  7, 10, 1930,  pp.  886-896.  The  formulation  of  (2.2)  seems  to  be  more 
explicit,  however,  and  leads  us  eventually  to  upper  and  lower  bounds  directly 
on  the  value  of  the  solution  w  at  any  individual  point  of  the  domain,  in  contrast 
to  upper  and  lower  bounds  on  D(w)  which  give  no  information  as  to  the  value 
of  the  solution  at  individual  points. 

It  is  convenient  for  future  reference  to  introduce  the  nototations  Li(u),  Wi , 
Ui(v)  for  the  lower  hound,  middle  term  and  upper  bound  respectively  in  (2.2) 
so  that  (2.2)  becomes  simply 

(2.3)  L,(w)  <Wi<  Uiiv). 
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We  note  that  Li  is  in  any  case  negative  and  we  observe  from  (2.1)  that  the  value 
of  Wi  is  also  negative.  We  inquire  as  to  the  sign  of  Ui .  Note  that  if  v  e  V, 
\v  t  V  where  X  is  an  arbitrary  real  constant.  Hence  C/i(Xv)  is  an  upper  bound 
by  (2.2).  Provided  that  v  is  not  a  constant  we  may  minimize  this  expression 
with  respect  to  X  to  obtain  as  a  corollary  to  Theorem  1 


(2.4)  -5/„(»:  +  «4)d.4<i/^/^d.< 


{jjtd. 


dn 


)■ 


2  [  (p*  +  vl)  dA 


showing  that  the  upper  bound  in  (2.2)  for  a  non-constant  v  «  V  can  always  be 
made  negative  and  hence  non-trivial.  It  will  be  seen  that  this  device  for  im¬ 
proving  the  upper  bound  is  simply  the  first  step  of  an  iterative  process  which 
can  be  applied  to  both  the  upper  and  lower  bounds  to  progressively  improve  the 
estimates.  The  cjuestion  of  iteration  is  discussed  at  length  in  Section  4. 


3.  Upper  and  lower  bounds  for  the  solution.  We  propose  now  to  find  upper 
and  lower  bounds  on  w(x,  y)  at  a  particular  interior  point  (xo ,  ya)  of  9).  Let 
r  =  [(x  -  Xo)®  4-  (y  —  yo)*J*  be  the  distance  from  (xo ,  yo)  to  a  variable  point 
(x,  y)  of  9)  -f  (f.  We  consider  the  folloAving  boundary-value  problem. 


(3.1)  A®  =  0,  in  9), 

(3.2)  ®  =  —P  log  1/r,  on  (?, 


for  ®(x,  y)  and  refer  to  it  henceforth  as  problem  II;  P  is  a  real  constant  which 
mil  later  play  the  role  of  a  parameter.  We  note  that  since  (xo ,  yo)  is  an  interior 
point  of  9),  the  function  —P  log  1/r  is  continuous  on  the  boundary  of  9).  Hence 
®(x,  y)  exists  and  is  a  regular  function. 

We  now  apply  Theorem  1  to  II,  which  is  a  problem  of  the  same  type  as  I. 
Replacing  /  by  —P  log  1/r  in  (2.2)  we  get 


(3.3) 


-If  («*  +  ul)  dA  < 
Z  Jj) 


where  v  t  V  and  «(x,  y)  may  be  any  function  such  that  u  =  —P  log  1/r  on  (?. 
Thus,  both  V  in  (3.3)  and  the  function  v  in  (2.3)  are  subject  to  exactly  the  same 
restriction  and  hence  might  be  chosen  to  be  the  same  function.  In  general, 
however  we  want  to  be  able  to  choose  v  and  t;  to  be  different  functions;  this  ac¬ 
counts  for  the  use  of  separate  notations.  More  explicitly,  we  are  interested  in 
making  our  inequalities  as  sharp  as  possible.  We  know  that  if  t;  happens  to  be 
®  that  the  right  side  of  (3.3)  reduces  to  an  equality.  Thus,  when  choosing 
functions  v,  we  seek  to  approximate  ®  and  similarly  when  choosing  functions  v, 
we  seek  to  approximate  w.  Since  ffi  and  w  are  the  solutions  of  two  different 
boundary  value  problems  we  must  allow  for  v  and  v  to  be  quite  different  functions 
although  both  must  be  harmonic. 
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Recalling  now  a  familiar  theorem  of  potential  theory,  we  have  the  following 
equation  giving  the  harmonic  function  tc  in  terms  of  its  boundary  values  and 
those  of  its  normal  derivatives 

(3.4)  2rtl(x.,  y,)  -  (log  1)  ^  rf,  -  P  (log  l) 

This  equation  enables  us  to  rewrite  the  central  member  of  the  continued  in¬ 
equality  (3.3).  We  obtain 


(3.6) 


<  -P  (log  rf.  +  i  (A  +  A\dA. 
This  result  gives  us  upper  and  lower  bounds  for  ©(x#  ,  yo),  since  the  quantity 


(3.6) 


^  d(l^  l/r) 


dn 


ds 


is  a  constant  (the  point  (xo ,  yo)  is  to  be  considered  as  fixed  throughout  the  re¬ 
mainder  of  this  discussion)  whose  value  can  be  computed  without  knowing  the 
function  ©.  Subtracting  this  quantity  from  the  three  members  of  (3.5)  we 
obtain  the  inequality 


(3.7) 
where 

(3.8) 

(3.9) 

(3.10) 


Li  <W,<Ut 


Ua)  =  -^-l^dl  +  aDdA I  (log!) 

Wi  *  tP©(xc  ,  Vo), 

um  =  -p  (log  i)  ^  d,  +  ‘  £  (s  +  A)  dA 


\  a(log  l/r) 
/  dn 


d«. 


So  far  we  have  obtained  two  sets  of  inequalities,  namely  (2.3)  and  (3.7). 
We  shall  require  a  third  set  of  inequalities  in  addition  to  these  two.  Before 
proceeding  with  the  derivation  of  this  third  set,  however,  it  is  worthwhile  to 
consider  (3.7)  by  itself.  We  recall  the  definition  of  the  Green’s  function  for 
the  domain  3): 


(3.11) 

where 


G(x,  y;  xo,yo)  =  log  l/r  -f  y(x,  y;  xo  ,  yo) 
Ay  =  0,  in  S',  y  =  —log  l/r,  on  C. 
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Since  the  function  g  is  just  the  function  y)  of  II  when  P  =  1,  the  inequali-' 
ties  (3.7)  can  be  written 


(3.12)  <  g{xf>  ,yo;xo,yo)  < 

1  [-2/^  (logi)  (»:  +  « dA  - 


log- 


1^  d(log  1/r) 


dn 


ds 


This  result  gives  upper  and  lower  bounds  at  (xo ,  yo)  for  the  regular  function  g  asso¬ 
ciated  with  the  Green’s  function  G.  Numerical  values  for  these  bounds  can  be 
computed  for  each  choice  of  an  admissible  function  u,  i.e.  assuming  the  boundary 
values  —log  1/r  on  C,  and  an  admissible  function  v,  i.e.  v  tV.  Since  g  is  merely 
a  special  harmonic  function,  later  results  giving  bounds  on  w  may  be  applied 
to  yield  bounds  for  g  at  points  other  than  (xo  ,  2/o)>  the  pole  of  the  Green’s  fimction. 

Returning  now  to  the  main  discussion  we  proceed  to  set  up  the  fundamental 
inequalities  which  correspond  to  the  boundary  value  problem 

(3.13)  =  0,  in,  3) 

(3.14)  «  =  /  —  P  log  1/r,  on  P, 


which  we  shall  designate  as  problem  III.  The  procedure  is  clear.  We  apply 
Theorem  1  to  III  which  is  again  a  problem  of  the  same  type  as  I.  In  (2.3) 
this  means  we  must  replace  jT  by  /  —  P  log  1/r  and  u  by  a  function  u  which 
assumes  on  P  the  values  /  —  P  log  1/r;  in  place  of  v  we  shall  write  v  where  v, 
like  V,  may  be  any  fimction  contained  in  V,  but  which,  in  general,  we  allow  to 
be  distinct  from  v.  Carrying  through  these  substitutions  we  get 


l/in*’-’’  L  ('”«  0  ^ ^ 

As  in  the  derivation  of  (3.7)  we  now  use  the  representation  theorem  for  the 
harmonic  function  u  in  terms  of  its  boundary  values  and  those  of  its  normal 
derivatives,  via., 

(3.10)  ,».)=/(/-  P  log  i)  d,-f  (log  1)  I  d,. 


Solving  for  the  last  integral  in  (3.16)  and  substituting  in  (3.15)  we  find 
+  ^  ^  ^ ^ +  tPw(xo,  yo) 
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(3.17) 


d  (log  1/r) 
dn 


ds  -f* 


d  (log  1/r) 


dn 


ds 


^  -  '’I 

In  view  of  the  linearity  of  problems  I,  II  and  III, 

(3.18)  w  =  u>  +  ro. 

In  choosing  admissible  functions  m  and  v  we  shall  take  advantage  of  this  fact 
by  setting 

(3.19)  n  —  u  +  a,  V  =  V  +  B. 

Using  (3.18)  we  rewrite  the  terms  involving  u  in  (3.17) 

(3.20)  Pru(xo  ,  yo)  =  Prw(xo  ,  yo)  +  PrWixo  ,  yo), 


(3.21) 


1  f  .du,  I  f  fdw  ,,  I  f  .dW, 


It  will  be  observed  in  (3.20)  and  (3.21)  that  w(xo ,  yo)  is  the  quantity  for  which 
we  are  attempting  to  find  bounds;  upper  and  lower  bounds  for  Pirw(xo  ,  yo)  and 

1  f  f(dw/dn)  ds  were  obtained  in  (3.7)  and  (2.3)  respectively.  The  term 

2  Jc 

1  f  f(dW/dn)  ds  in  (3.21)  which  involves  the  boimdary  value  /  of  problem  I  and 

2  Je 

the  normal  derivatives  of  the  solution  W  of  problem  II  is  disposed  of  as  follows. 
Green’s  formula  for  the  solution  of  I  in  terms  of  the  Green’s  function  of  (3.11) 
is  simply 

(3.22)  wixo » ^  ^  ^  [^08  J  +  »] 

Noting  that  Pg  ^  W  we  deduce  that 

i  Uto’  r  »•)  -  2" 

Substituting  (3.23)  into  (3.21)  and  (3.21)  and  (3.20)  into  (3.17)  and  shifting 
terms  we  arrive  at  the  third  set  of  inequalities 


(3.24) 
where 

(3.25) 


Lt  <  Wo  <  U, 


L*  ^  ^  (mJ  +  fh)  dA 

+  Pff 


d  (log  1/r) 
dn 


ds 


-T/e('“*0 


d  (log  1/r) 
dn 


ds, 


(3.26)  Wi  *  2tPu'(xo,  I/o)  +  5  f  ^  ds  +  tPW(xo,  yo), 

it  O'fK 
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+  p  r  /Oogi/r)^_  ^  [  (io,l)^0o«.'/rU. 

Je  •  an  2  Je\  r/  dn 

Comparing  ITi  with  the  quantities  IFi  and  ITi  previously  defined  we  see  that 

(3.28)  W,  =  2tPw(xo  ,  yo)  +  Wt  +  Wt. 

Now,  (2.3),  (3.7)  and  (3.24)  provide  bounds  for  Wi ,  Wt,  and  Wt  respectively. 
It  follows,  by  (3.28),  that  bounds  are  thereby  determined  for  the  quantity 
2rPw(xo ,  yo).  We  have  at  once  the  result  summarized  in  the  following  theorem. 
Theorem  2. 

(3.29)  <  2TPtc(xo ,  yo)  <  % 
where 

£^L,-Ui-U,=^  -U  (jxl  -i-^)dA  +  P  f  ds 

Z  Jj)  Je  on 

(3.30)  -[  f^ds- If  (vl  +  vl)dA 

Je  dn  z  «fs> 

(3.31)  +  5  /  (yl  +  yl)dA  +  Pf  da 

^  Js)  Je  dn 

+  ^  til)  dA  ^  ^  dA. 

in  which  u,  v,  H,  i,  ft,  v  are  functions  satisfying  the  conditions: 

1.  u  €  U,  2.  a  —  —P  log  1/r  on  C, 

3.  t>  «  V,  V  «V,  4.  ft  =  u  +  a,  V  =  V  +  V, 

and  P  is  a  constant,  arbitrary  but  fixed. 

The  above  theorem  establishes  the  desired  upper  and  lower  bounds  for  the 
solution  IX  of  7  at  the  point  (xo ,  yo)  of  0.  In  order  to  apply  the  theorem  in  a 
particular  problem  requires  the  selection  of  several  functions.  To  find  a  func¬ 
tion  u  may  or  may  not  be  difficult  depending  on  both  C  and  /.  There  is,  of 
course,  no  difficulty  at  all  in  finding  functions  in  V.  However,  a  word  should 
be  said  about  the  choice  of  a  function  t2.  We  note  that  —  P  log  1/r  can  not  be 
used  due  to  the  fact  that  the  singularity  of  this  function  at  (xo ,  yo)  causes 

/  (ill  +  til)  dA  to  diverge.  However,  if  we  properly  truncate  the  function 


(3.27) 


u.-l 
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— P  log  1/r  in  the  neighborhood  of  (xo ,  yo)  so  as  to  eliminate  the  singularity,  we 
obtain  a  function  which  can  be  taken  for  tZ.  Let  Ck  be  a  circle  of  radius  R 
about  (xo ,  yo),  lying  entirely  in  Then  we  may  choose  tZ  to  be  the  function 

[  —  P  log  1/r,  at  points  of  iC  outside  C* , 

(3.32)  iZ  = 

[ar  4-  hr  •+•  c,  inside  C« ,  “ 

where  we  require  u  to  have  continuous  second  derivatives  with  respect  to  r 
across  the  circle  C«  .  This  determines  the  coefficients  a,  h,  c  to  be 

(3.33)  c=-p(.og^  +  ?). 

To  obtain  additional  admissible  functions  we  may  add  to  the  truncated  function 

(3.32)  any  function  contained  in  C**’  in  which  vanishes  on  (?. 

We  now  consider  the  real  parameter  P  which  has  appeared  throughout  the 
discussion  and  which  is  present  in  the  final  inequalities  (3.29).  We  shall  see 
that  the  presence  of  this  parameter  enables  us  to  get  an  improved  set  of  bounds 
for  w(xo ,  yo).  We  note  that  the  conditions  of  Theorem  2  are  complied  with  if 

(3.34)  iZ  =  Pu,  (3.35)  v  =  Pv 

where  u  =  —log  1/r  on  ^  and  i)  tV.  We  note  too  that  the  truncated  function 

(3.32) ,  for  example,  is  of  the  form  (3.34). 

Ma^g  the  substitutions  (3.34)  and  (3.35)  in  (3.30)  and  (3.31),  and  setting 
ft  =  u  +  Pu,  V  =  V  +  Pv  we  find  that  both  £  and  are  quadratics  in  P.  Thus, 

(3.36)  =  ^P*  +  BP  +  C, 

(3.37)  »  -i4P*  +  B'P  -  C, 
where 

^  /jj  +  tij)  ^  ^log  f)  ^  ^  +  ‘'J) 

B  =  —  f  (u.u,  -1-  «,ti,)  dA  +  f  f  ^  ds, 

Jsi  ‘  ,  Je  on 

(3.38)  -U  (ul-j-  ui)dA  -  f  fpds  -U  (vl  +  vl)  dA, 

L  Js)  Je  on  it  t/j) 

B'  “  /  (v«v«  +  v,p,)  dA  +  f  / -  da 

Jt)  Je  on 


If  in  addition  to  the  above  notations,  we  write  m  =  2xw{xo ,  yo),  (3.29)  becomes 
(3B9)  .4P*  +  BP  +  C  <  mP  <  -.IP*  +  B'P  -  C. 

We  now  observe  that  (3.39)  must  hold  for  any  value  of  the  real  parameter  P, 
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since  we  are  free  to  assign  any  value  to  P  in  problem  II.  Therefore 


(3.40) 

AP*  +  (B  -  m)P  +  C  <  0, 

and 

(3.41) 

-AP*  +  (P'  -  m)P  -  C  >  0, 

for  any  value  of  P  and  hence  are  definite  quadratic  forms.  It  follows  that 

(3.42)  B  -  2y/AC  <  m  <  P  +  2y/AC, 

(3.43)  P'  -  2\/AC  <  m  <  P'  +  2VIC, 

These  results  are  summarized  in  the  following  theorem. 

Theorem  S.  The  value  2tw{xi,  ,  yo)  must  be  contained  in  each  of  the  intervals 
(3.42),  (3.43),  where  A,  B,  C,  B'  are  the  quantities  of  (3.38)  evaluated  for  any 
set  of  functions  tt,  u,  v,  v  satisfying  the  follomng  conditions: 

1.  M  «  17.  2.  u  —  —log  1/r  on  C.  Z.  v  tV,i  t  V. 

Before  concluding  this  section  we  make  a  final  remark.  Suppose  in  I  the 
function /  were  —log  [(x  —  xo)*  +  (y  —  yo)Y*  The  solution  of  I  would  then  be, 
in  the  notation  of  (3.11),  g{x,  y;  xo ,  yo)  the  regular  function  associated  with  the 
Green’s  function  (j(x,  y;  Xo ,  yo).  By  virtue  of  Theorem  3  we  can  obtain  upper 
and  lower  bounds  on  g(i,  ij;  Xo ,  yo)  where  (f,  17)  is  any  point  of  9).  It  should  be 
noted  that  in  formulas  (3.38)  r  becomes  the  distance  from  (^,  17)  and  that  /  is 
*  replaced  by  —log  [(x  —  Xo)*  +  (y  —  yo)*]**  Bounds  for  the  special  case  where 
'  ((,  jj)  is  the  pole  (xo ,  yo)  of  the  Green’s  function  were  previously  given  in  (3.12). 

4.  An  iteration  procedure.  By  Theorem  3  it  is  known  that  the  value  of 
m  =  2irw(xo ,  yo)  must  lie  in  an  interval  K,  the  intersection  of  (3.42)  and  (3.43), 
whose  length  is  determined  by  the  values  A,  B,C,  B'  of  (3.38).  These  quanti¬ 
ties  are  completely  determined  by  a  choice  set  of  four  admissible  functions  u,  u, 
V,  V.  The  question  naturally  arises  whether  it  is  possible  to  construct  a  sequence 
of  such  sets  which  provides  successively  improved  bounds  for  m.  We  shall  show 
that  this  can  be  done.  More  precisely,  we  shall  construct  a  sequence  of  sets 
u,  ,  ti,  ,  v,  ,  ,  n  =  0,  1,  2,  •  •  •  ,  having  the  property  that  Kn-i  2  /C*  ,  n  =  1, 

2,  ■  ■  ■  ,  where  is  the  interval  for  m  determined  by  the  n’th  set  of  the  sequence. 

To  begin,  we  must  have  an  initial  set  of  functions  u  =  Uo,v  =  Vo,u  =  Uo, 
t;  =  ^  satisfying  the  admissibility  conditions 

tio  =  /,  on  6, 

Avo  =  At\)  =  0,  in  9), 
tio  =  —log  1/r,  on 

Denoting  by  Ao ,  Po  >  Co ,  Po  quantities  of  (3.38)  evaluated  for  these  functions, 
we  have  by  (3.39) 

(4.1)  AoP*  +  BoP  +  Co  <mP  <  -AoP*  +  BoP  -  Co. 
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By  Theorem  3  it  follows  that 

(4.2)  Bo  -  2VX^  <  m  <  Bo  +  2y/A^o 

(4.3)  B'o  -  2VA^o  <  m  <  Bi  +  2\/^o 

and  hence  that  m  lies  in  the  intersection,  or  common  part  of  the  interval  (4.2) 
and  (4.3). 

If,  in  addition  to  the  initial  functions  we  also  have  functions  u(  and  ,  satis¬ 
fying  the  conditions 

Ml  =  0,  on  (?,  AvI  =  0,  in  ii), 
we  can  construct  the  new  set  of  admissible  functions 

Ml  =  Mo  QiUi  ,  lii  =  lio  +  AiMi  , 

^  t  '  ■  ■  a.  ;  ' 

I’l  »  Wo  +  kivi ,  Pi  “  +  tiVi , 

where  gi ,  hi ,  ki ,  h  ,  are  constants  to  be  determined.  Applying  (3.39)  to  these 
new  functions  we  have 

(4.5)  AiP^  -I-  BiP  +  Ci<mP  <  -AiP*  +  B[P  -  Ci 

where  Ai ,  Bi ,  Ci ,  B[  are  the  quantities  of  (3.38)  evaluated  for  the  functions 
defined  by  (4.4).  By  Theorem  3  we  then  have 

(4.6)  Bi  -  2VIA  <  m  <  Bi  -I-  2VA^i 

(4.7)  B;  -  2\/lA  <m<  B[  +  2\/A^i 

and  consequently  m  must  lie  in  the  common  part  of  the  intervals  (4.6)  and  (4.7). 

Substituting  (4.4)  into  (3.8)  we  find  that  Ai  is  the  sum  of  a  quadratic  in  hi 
and  a  quadratic  in  h ,  while  Ci  is  the  sum  of  a  quadratic  in  gi  and  a  quadratic 
in  ^1 .  By  proper  choice  of  these  constants,  each  of  these  quadratics  and  conse¬ 
quently  A I  and  Ci  can  be  maximized.  Using  the  notations 


the  constants  are  determined  to  be 
//(mq,  m{) 
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(assuming  ui  and  vl  to  be  chosen  so  that  //(u()  7^  0,  ^  0).  Using  the  values 

(4.9)  become 


^(t'O 


Cl  *  Co  + 


I//(uo 


,«:))■,  [5// 1' 

»  rF/../v 


(4.10) 


B\  ■»  Bfi  2 


H{u{)  \  H{v{) 

Hiuo,u[)-H{uo,  Ui) 

3(S) 


Hivi) 


The  formulas  (4.10)  determine  the  bounds  (4.6),  (4.7)  for  m.  We  shall  show 
next  that  by  virtue  of  the  way  in  which  the  functions  (4.4)  have  been  chosen, 
the  bounds  (4.6),  (4.7)  for  m  are  better  than  the  initial  estimate  (4.2)  (4.3). 
We  remark  that  once  the  constants  (4.9)  have  been  evaluated,  the  values  of  all 
integrals  which  enter  into  formulas  (4.10)  are  known  so  that  no  additional 
integrations  are  required. 

From  (4.10)  we  can  show  that 

(Bx  -  Bo)*  <  MAi  -  AoKCi  -  Co). 

Moreover,  Co  <  Ci  and  so 

(4.11)  .4oP*  +  BoP  +  Co  <  ^iP*  +  BiP  +  Cl 


is  valid  for  all  values  of  P.  In  the  same  way  we  get 

(B;  -  Bo)*  <  4(Ax  -  Ao)iCx  -  Co) 

and 

(4.12)  -AxP*  +  Bi'P  -  C,  <  -.4oP*  +  'BoP  -  Co 

for  all  values  of  P.  Combining  (4.1),  (4.5),  (4.11),  (4.12)  we  hnd  that 

(4.13)  i4oP*  +  BoP  +  Co  <  ^iP*  +  BiP  +  Cl  <  mP  <  -  ^iP*  +  B{P  -  Ci 

<  -AoP*  +  BoP  -  Co 

for  all  P.  We  may  now  interpret  geometrically  the  bounds  which  have  been 
determined  for  m.  Plotting  each  member  of  (4.13)  against  P  we  obtain  four 
parabolas,  the  loci  of  the  quadratic  forms,  and  one  straight  line  through  the 
origin  corresponding  to  the  term  mP.  We  are  interested  in  finding  bounds  on 
the  unknown  slope  m  of  this  line.  By  (4.13)  we  have  that  the  line  intersects 
none  of  the  four  parabolas.  Now,  conditions  (4.2),  (4.3)  insure  that  the  line 
does  not  intersect  the  two  parabolas  of  (4.1).  At  the  same  time,  conditions 
(4.6),  (4.7)  insure  that  the  line  does  not  intersect  the  parabolas  of  (4.5).  *How- 
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ever,  by  (4.13)  it  follows  that  if  the  line  does  not  intersect  the  parabolas  of  (4.5) 
it  will  not  intersect  the  parabolas  of  (4.1).  This  implies  that  the  upper  and  lower 
bounds  for  the  slope  m  of  this  line  given  in  (4.6),  (4.7)  are  better  than  (or  at 
least  as  good  as)  the  bounds  of  (4.2),  (4.3).  An  analytic  proof  of  this  same  result 
can  be  obtained  directly  from  (4.13)  but  w'ill  be  omitted  here. 

So  far,  starting  with  the  initial  set  of  admissible  functions  Uo  ,  Uo  ,  Vo  >  upper 
and  lower  bounds  were  obtained  for  m.  Introducing  the  further  functions  , 
a  new  set  of  admissible  functions  Ui ,  tii ,  Vi ,  ^  was  constructed  which  furnished 
improved  bounds.  This  process  can  be  repeated  indefinitely  provided  sequences 
of  functions  ,  wj ,  •  •  •  ,  and  v[,  »*,•••,  can  be  found  such  that  for 
1  =  1,2,  •••, 

Ui  =  0,  on  C,  Avi  —  0,  in  3), 

and  such  that  H(ui)  ^  0,  ^(»<)  0.  At  the  n’th  step  the  set  of  admissible 

functions  used  is 

u,  =  Wo  +  Qiu'i,  tt,  =  tio  +  hiUi, 

(4.14)  ^  ^  / 

+  ^<-1  kiVi,  p,  -  %  -f  2-W 


where 


1  =  1,  •  •  •  ,  n.  The  quantities  of  (3.38)  when  evaluated  for  the  set  of  admissible 
functions  of  (4.14)  yield  the  formulas 

A  4  I  ^  (^(“<-1  »  W<)1* 

A,  =  Ao  +  ^ - —77 - 
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Our  final  result  is  now  stated  in  the  following  theorem  which  follows  by  mathe¬ 
matical  induction  from  Theorem  3  and  the  results  of  this  section. 

Theorem  4.  For  each  value  of  n  =  0,  1,  2,  •  •  •  , 

Bn  -  2VAnCn  <  2irw(Xo  ,  Vo)  <  Bn  +  2\/A^n 

B'n  —  2y/AnCn  <  2irto(lo  ,  yo)  <  B'n  +  2y/AnCn 

where  An  ,  Bn  ,  Cn  ,  Bn  ,  n  =  1,  2,  •  •  •  ,  are  the  quantities  of  (4.16)  and  Ao,  Bo, 

Co ,  B'o  are  the  quantites  of  (3.38)  evaluated  for  the  initial  set  of  functions 

uo  ,  tio ,  t’o ,  ^  .  In  addition, 

^ll+l  “I"  2'^ An+lCn+l  ^  Bn  -h  2\/ AnCn  i 

BUi  +  2y/An^iCn+i  <  B'n  "h  2V^;C«  , 

Bn  -  2VA:Cn  <  Bn^l  -  2VA^n^  ll+l  J 

B'n  -  2VXC,  <  B'n+l  -  2VAZ^n^l  , 

SO  that  at  each  iteration,  n  =  1,  2,  •  •  •  ,  the  upper  bounds  will  decrease  (or 
remain  constant)  while  the  lower  bounds  will  increase  (or  remain  constant). 

This  theorem  provides  us  with  a  definite  procedure  for  obtaining  successively 
improved  upper  and  lower  bounds  for  the  solution  w  of  the  Dirichlet  problem  I 
at  any  point  (a:b,  yo)  of  iT. 


6.  Inequalities  for  the  derivatives.  The  three-dimensional  problem.  The 
method  we  have  used  can  be  .adapted  to  furnish  upper  and  lower  boimds  for  the 
derivatives  of  w  in  3).  The  inequalities  Li  <  Wi  <  Ui  of  (2.3)  are  utilized 
without  change;  however,  we  must  replace  Lj  <  Wt  <  Ut  and  Li  <  Wi  <  Ut 
by  new  inequalities  L't  <W'o  <  U't  and  <W'i<U'o .  These  new  inequalities 
are  obtained  by  applying  (2.2)  of  Theorem  1  to  the  boundary  value  problems 

[  Ate'  =  0,  in  3), 

II'  { 

(  te'  =  —d(P  log  1/r),  on  (?, 

and 

[  A«'  =  0,  in  3), 

III' 

[  w'  =  /  -  d(P  log  1/r),  on  (f, 

which  take  the  place  of  the  problems  II  and  III  previously  considered.  Here, 
d  is  the  differential  operator  being  considered,  derivatives  being  taken  with 
respect  to  {  and  i>  where  r  =  ((x  —  f)*  +  (y  —  i?)Y>  and  where,  after  differen¬ 
tiation,  I  is  to  be  replaced  by  xo  and  v  by  yo . 

For  example,  we  shall  consider  the  case  where  we  are  interested  in  getting 
upper  and  lower  bounds  for  the  value  of  dwjdx  at  the  point  (xo ,  yo).  The 
operator  ^  is  chosen  to  be  d/d(  where,  after  differentiation,  ((,  v)  is  to  be  replaced 
by  (xo ,  yo).  The  derivation  of  the  inequalities  L'i  <  W'i  <  U'i  ,i  —  2, 3,  follows 
exactly  the  same  steps  as  the  derivation  of  Li  <  Wi<  !/< ,  t  *  2, 3,  in  Section  3, 
and  will  not  be  repeated  here.  These  inequalities  can  be  combined  with  Li  < 
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Wi  <  Ui  &a  before,  to  yield  inequalitiee  directly  upon  2TP9ir/da:  . 

Finally,  by  eliminating  P  we  can  determine  dw/dx  |(,,, to  lie  in  the  inter¬ 
section  of  two  intervals,  as  was  previously  done  for  w(xo ,  yo). 

It  is  clear  that  these  considerations  can  be  carried  through,  inasmuch  as  they 
depend  only  upon 

1.  The  fundamental  inequalities  (2.2)  of  Theorem  1.  These  remain 
unchanged. 

2.  The  representation  theorem  (3.4)  for  a  function  ®  c  By  differentiating 

this  formula,  we  obtain  the  corresponding  one  for  2Taffl/9x  which  is 

to  be  used  in  an  exactly  analogous  manner  to  the  use  of  (3.4)  in  Section  3. 

3.  Formula  (3.22)  giving  the  solution  of  I  in  terms  of  the  Green’s  function. 
This  is  to  be  replaced  now  by  the  expression  obtained  by  differentiating  both 
sides  of  (3.22). 

4.  The  linearity  of  the  problem. 

Let  us  turn  now  to  the  Dirichlet  problem  in  3-space.  We  find  that  the  con¬ 
siderations  of  the  preceding  sections  carry  over  at  once  to  furnish  upper  and 
lower  bounds  for  the  solution.  The  changes  to  be  made  are  the  obvious  ones. 
In  place  of  log  1/r  in  the  auxiliary  problem  II,  one  must  use  the  fundamental 
solution,  1/r,  of  Laplace’s  equation  in  3-space.  In  place  of  (3.4)  we  use  the  repre¬ 
sentation  theorem  in  3-space,  and  in  place  of  (3.22)  we  use  Green’s  formula 
written  for  3-space. 

6.  The  Poisson  equation.  With  slight  changes  one  can  adapt  the  method  to 
find  upper  and  lower  bounds  for  the  solution  of  the  following  boundary-value 
problem  associated  with  the  Poi.sson  equation : 

(i)  Ate  =  — p,  in  ®,  u>  =  0,  on  C, 

where  p(x,  p)  is  a  continuous  function  of  x  and  y  in  and  the  assumptions  on  ^ 
and  C  are  the  same  as  in  Section  1.  We  shall  treat  the  plane  problem,  although 
the  theorems  are  extensible  to  3-space. 

To  apply  the  method,  it  is  necessary  to  obtain  the  fundamental  inequalities 


for  (i)  and 

also  for  the  probljems 

(ii) 

AO  =  0,  in  3), 

O  =  — P  log  1/r,  on  (?, 

and 

(iii) 

A«  =  — p,  in  3), 

u  =  — P  log  1/r,  on  (?, 

where  P  is  a  constant.  We  note  that  neither  (i)  nor  (iii)  conform  to  the  Dirichlet 
type  of  problem  I,  whereas  (ii)  is  identical  with  problem  II  previously  considered. 
Thus,  we  can  not  directly  apply  Theorem  1.  In  fact,  it  is  more  convenient  to 
begin  afresh  and  derive  the  complementary  variational  principles  which  apply 
^)ecifically  to  problem  (iii).  We  are  led  to  a  set  of  fundamental  inequalities 
for  (iii).  Specializing  these  by  taking  p  »  0  we  get  inequalities  for  (ii);  alter¬ 
natively  by  taking  P  =  0  we  get  inequalities  for  (i). 
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These  inequalities  can  be  combined  to  yield  upper  and  lower  bounds  for  the 
solution  of  (i)  at  a  preassigned  point  (.To ,  yo)  of  (i)  in  a  form  similar  to  Theorem  2. 
Eliminating  P  as  before,  the  analogue  of  Theorem  3  is  found.  An  iteration 
procedure  is  established  as  in  Section  4.  The  final  results  we  smnmarize  as 
follows.  Beginning  with  an  initial  set  of  admissible  functions  tto ,  tio ,  vo ,  Vo 
such  that* 


(6.1) 


tio  =  0,  on  (f,  tio  =  —log  1/r,  on  (?, 

Avo  »  —p,  in  3),  At)b  *=  0,  in  3), 


and  two  sequences  of  functions  Ui  •  » satisfying  the  conditions 

=  0,  on  P,  Avi  =  0,  in  3), 

H(ui)  ^  0,  H(vi)  0,  i  =  1,  2,  •  •  •  ,  we  construct  four  sequences  of  functions 

u*  =  «o  +  22-1  Oi  Ui,  -  Wo  +  22-1  ki  Vi 

ii»  =  rio  +  22-x  hiUi,  w«  =  Wb  +  22-i  U 
n  —  1, 2,  •  •  •  ,  where 

Hiui-i ,  ti'i)  -  pUidA 


(6.2) 


Qi  »  - 


Hiui) 


(6.3) 


hi^  - 


Hiui-i ,  Ui) 


ki  =  - 


Hivi-i ,  w'i) 


’  “  Hiv'd 

We  are  led  to  the  formulas 


An  =  Ao  +  2 


<-i  H{Ui)  <-i 


*  J3o  +  2  2 


Hiv'd 

Hiui-i ,  u'd  (t*<-i ,  u'd  -  pu'i  dA  J 


(B.4) 


c.-c.  +  ±t^%^’  +  r 

<-i  Hivd  <-1 


Hiu'd 

,  Ui)  -  §  ^  pu'i  (/aJ 


Hiu'd 


B'n  ~B'o- 2 'E 

i-l 


Hivi-i ,  v'd  ^H(Wi_i',  w'i)  -  i  ^  (loR  r)  ^ 


*  These  conditions  as  well  as  the  notations  of  this  section  are  not  to  be  confused  with 
those  of  the  preceding  sections. 
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where  n  =  1 ,  2,  3,  •  •  •  ,  and  . 

^0  =  -H(uo)  -  ^  (log  ^  ds, 

Bo  =  —2Hiuo  ,Uo)  +  f  p(tio  +  log  1/r)  rf.4, 

(G.5) 

Co  =  —H(uo)  +  f  puodA  —  Hivo). 

Bo  -  2H(vo ,  —  f  (log  ds  -h  f  p  log  -  dA. 

Je  \  f /  on  Jo  r 

The  following  theorem  is  completely  analogous  to  Theorem  4  of  Section  4. 
Theorem  6.  For  each  value  of  n  =  0,  1,  2,  •  •  •  , 

-  2y/AnCn  <  2irw{xo ,  l/o)  <  +  2y/AnCn  , 

(6.6)  _ _  _ 

B'n  -  2\/AnCn  <  2rw{xo ,  yo)  <  fin  +  2y/ AnCn  , 


where  An ,  Bn,  Cn,  Bn  are  defined  by  (6.4)  and  (6.5).  In  addition,  at  each 
successive  iteration  n  =  1,  2,  •  •  •  ,  the  upper  bounds  in  (6.6)  decrease  (or  remain 
constant)  while  the  lower  bounds  increase  (or  remain  constant). 

This  theorem  provides  us  with  a  definite  iteration  procedure  for  obtaining 
successively  refined  upper  and  lower  bounds  for  the  solution  of  the  boundary 
value  problem  (i)  at  any  point  (xo ,  yo)  of  3).  We  shall  make  use  of  this  procedure 
in  the  next  section  in  working  out  an  example.  It  should  be  noticed  that  due  to 
the  manner  in  which  the  iteration  process  is  defined,  it  is  necessary  neither  to 
solve  systems  of  linear  equations  nor,  what  is  equivalent,  to  introduce  sequences 
of  orthonormal  functions  to  obtain  successive  improvement  in  the  upper  and 
lower  bounds. 


7.  Example.  We  now  proceed  to  apply  the  results  of  the  preceding  section 
to  obtain  the  solution  of  the  following  specific  problem.  Let  3)  be  the  square 
domain  in  the  a^-plane  with  vertices  at  (1,  —1),  (1,  1),  (—1,  1),  (—1,  —1)  and 
let  (?  denote  the  boundarjr  of  this  square.  The  boundary- value  problem  we 
shall  consider  is  this 

(7.1)  =  —  1,  in  3),  to  =  0,  on  C, 

where  3)  and  C now  refer  to  the  specific  square  domain  under  consideration.  This 
is  a  problem  of  the  type  (i)  considered  in  Section  6.  In  particular,  we  shall  apply 
the  method  of  inequalities,  as  given  in  Section  6  to  determine  upper  and  lower 
bounds  for  the  quantity  to(0,  0),  which  is  the  value  of  the  solution  w  of  (7.1), 
at  the  origin  (0,  0). 

Several  physical  interpretations  may  be  placed  upon  this  problem.  In  the 
field  of  elasticity,  for  example,  this  problem  corresponds  to  that  of  determining 
the  lateral  deflection  w  at  the  center  of  a  square,  homogeneous  membrane,  with 
fixed  edges,  subjected  to  a  uniform  tension  along  the  edges  and  a  uniform  lateral 
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pressure  (assuming  a  proper  choice  of  units).  Similarly,  we  may  interpret  w 
as  the  stress  function  which  occurs  in  the  study  of  the  torsion  of  a  prismatic 
bar  with  square  cross-section;  the  analogy  existing  in  elasticity  between  the 
torsion  problem  and  the  deflection  of  a  stretched  membrane  being  of  course,  a 
familiar  one.^  Several  interesting  hydrodynamical  interpretations  of  w  are  also 
possible.'  The  primary  purpose  of  the  example  we  have  selected,  however,  is 
to  provide  an  illustration  of  the  method;  determination  of  the  value  tr(0,  0), 
in  itself,  constitutes  nothing  new,  since  the  solution  of  (7.1)  for  the  domain 
under  consideration  can  be  obtained  explicitly  in  series  form. 

The  first  step  is  to  select  an  initial  set  of  admissible  functions  Uo  ,  lio  ,  Vo ,  vo  . 
We  choose  these  functions  as  follows,  the  domain  of  definition  in  each  case,  is 
the  square,  3): 

(7.2)  u«  i.  0, 


(7.3) 


|-  ir'-f  2r  -  3/2,  r  <  1, 
|-  log  1/r,  r  >  1, 


(7.4)  SE  -if*, 

(7.5)  i)b,*  0, 

where  r  =  (x*  -|-  j/’]*  is  the  distance  measured  from  (0,  0)  the  point  under  con¬ 
sideration.  The  function  lio ,  in  (7.3),  is  exactly  the  truncated  function  of  (3.32) 
with  P  =  1  and  P  =  1. 

We  proceed  to  evaluate  Ao ,  Bo ,  Co ,  Bo  for  the  functions  we  have  chosen, 
using  formulas  (6.5)  in  which  p  is  now  equal  to  1.  We  tabulate  the  values  of 
the  various  non-vanishing  integrals  which  occur: 

(7.6)  + 

(7.7)  f  (tio  +  log  1/r)  dA  =  t/12, 

(7.8)  H(vo)  =  1/3, 

(7.9)  -  j  (log  1/r)  ^  ds  A-  J^log  1/r  dA  =  2. 


In  evaluating  (7.9),  we  observe,  by  Green’s  first  identity,  that  the  sum  of  the 
two  integrals  is  just  equal  to  2£f(log  1/r,  vq),  which  has  the  value  2.  We  digress, 
to  observe  that  for  numerical  purposes  we  must  replace  the  series 


(7.10) 


S 


y  (-1)" 
£o  (2n  +  1)‘  ’ 


’  Love,  A.  E.  H.,  A  treatise  on  the  mathematical  theory  of  elasticity,  4th  edition,  Cambridge, 
1034,  p.  322.  , 

'  Ibid.,  p.  314,  under  (b),  (c). 
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occurring  in  (7.6),  by  an  approximate  value  obtained  by  summing  the  series  to  a 
finite  number  of  terms  and  dropping  the  remainder;  the  exact  value  of  S  appears 
to  be  difficult  to  obtain.  We  shall  use  the  value 


.91584 


Since  (7.10)  is  an  alternating  series,  this  value  is  too  low;  the  maximum  error, 

however,  is  less  than  =  .00049.  By  taking  the  value  too  low  we  ensure  that 
45* 

our  final  inequalities  will  not  be  violated  because  of  the  error  incurred  by  this 
approximation.  Returning  now  to  our  computation,  we  find  that 

At  =  -3.2257,  Bo  =  0.26180,  Co  =  0.33333,  Bo  =  2. 

Applying  (6.6)  of  Theorem  5  we  have 

-1.8120  <  2tw(0,  0)  <  2.3356,  -0.0738  <  2irM;(0,  0)  <  4.0738 

and  hence 

(7.13)  -.0738  <  2iru>(0,  0)  <  2.3356 


The  interval  (7.13)  constitutes  our  zero-order  eatimale  for  u>(0,  0). 

Examining  (7.13),  we  observe  that  the  lower  bound  has  no  practical  value, 
since  &  priori  we  know  that  U7(0,  0)  is  actually  a  positive  number.  The  zero- 
order  estimate  is,  therefore,  unsatisfactory,  and  so  we  proceed  to  a  first-order 
estimate,  using  the  iteration  procedure  of  Section  6. 

For  the  function  uj ,  we  choose 

(7.14)  »  (x*  -  l)(y*  -  1). 

For  the  function  v[ ,  we  choose  the  real  part  of  the  analytic  function  z*,  where 
z  *  X  -H  iy,  and  t  =  y/  —  1;  thus, 

(7.15)  v[^x*  -  6xy  -I-  y\ 

We  now  compute  At ,  Bi ,  Ci ,  B[  ,  from  formulas  (6.4).  We  tabulate  the  values 
of  the  various  non-vanishing  integrals  whose  values  are  required : 

(7.16)  i/(iio,uO  -  -*-101/60, 

(7.17)  H(u[)  -  275-3* 

(7.18)  f  (log  l/r)(dv[/dn)  d«  -  16t  -  (160/3), 
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Using  these  values,  and  the  values  of  i4o ,  Bo ,  C« ,  i^o  previously  obtained,  we 
find  that 


(7.22)  Ai  =  -.65786,  Bi  =  1.9144,  Ci  =  -.00375,  =  1.85086. 


Applying  (6.6)  of  Theorem  5  we  have 

1.8151  <  2iru>(0,  0)  <  2.0137,  1.7515  <  2tu>(0,  0)  <  1.9502 

and  hence 


(7.23)  1.8171  <  2irti>(0,  0)  <  1.9502. 

The  interval  (7.23)  constitutes  our  first-order  estimate  for  u>(0,  0). 

We  observe  that  the  first-order  estimate  has  served  to  bracket  tr(0, 0)  between 
two  positive  values.  Computing  the  ratio  of  the  difference  of  these  two  values 
to  the  smaller  of  the  two,  we  find  that  the  maximum  error  which  could  be  incurred 
by  taking  tp(0,  0)  to  be  any  value  in  the  interval  (7.23),  is  approximately  7.1.% 
We  carry  the  iteration  procedure  one  step  further  to  obtain  a  second-order 
estimate  for  w(0,  0).  For  the  function  i4  which  is  required,  we  choose 

(7.24)  »  (x*  -  l)(x*  -  1). 


For  the  function  Vt ,  we  choose  the  real  part  of  the  analytic  function  z';  thus 

(7.25)  ri  *  X*  -  28x‘y  -f  70iV  “  28xV  +  y'. 

We  proceed  to  compute  At ,  Bi ,  Ct ,  Bj  from  formulas  (6.4).  To  do  this  we  must 
determine  the  functions  ui ,  tii ,  vi ,  tii ,  of  (6.2).  These  functions  are  completely 
•  determined  once  we  have  the  values  of  the  constants  gi ,  hi  ,ki  ,li .  We  compute 
gi,hi,ki,li,  from  the  formulas  (6.3).  We  find  using  the  values  of  the  integrals 
involved  (note  that  these  have  already  been  computed)  that 


(7.26)  hi 


"  2»o  ’ 


We  tabulate  the  values  of  the  integrals,  not  already  listed,  which  enter  into  our 
computations  of  At ,  Bj ,  Ct ,  and  Ct  : 


mi4) 


2" 

3*. 5. 7’ 


B(u'i ,  th) 


2“ 

3. 5*. 7’ 


B(uc,ui)  =» 


1708t 
2^.3. 5’ 


2* 

5*’ 


ff(vo  ,  fj) 


3*. 5’ 


2*4237 

5.9.11.13’ 


ff(v'i ,  vi) 


2“  13 
3».5.11  ■ 


Carrying  through  all  the  substitutions  and  the  numerical  computations  which 
remain  we  arrive  at  the  values 

(7.28)  At  »  -.58869,  B,  -=  1.9018,  C,  =  -.00302,  B,’  =  1.85122. 
Applying  (6.6)  of  Theorem  5,  we  have 
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1.8174  <  2irw(0,  0)  <  1.9862,  1.7669  <  2iru>(0,  0)  <  1.9356, 

and  hence 

(7.29)  1.8174  <  2irw(0,  0)  <  1.9356. 

The  interval  (7.29)  constitutes  our  second-order  estimate  for  u?(0,  0).  Carry¬ 
ing  through  the  division  by  2r  and  retaining  only  four  figures  as  being  significant, 
we  find  that 


(7.30)  .2892  <  tr(0,  0)  <  .3081 

Thus,  to(0,  0)  can  be  no  larger  than  .3081  and  no  smaller  than  .2892.  For  prac¬ 
tical  purposes  we  nught  wish  to  take  any  intermediate  value  as  the  actual  value 
for  u?(0, 0).  The  maximum  error  in  any  such  approximation,  is,  of  course, 
determined  and  is  approximately  6.5%.  Taking  for  u)(0, 0)  the  arithmetic 
mean  of  the  upper  and  lower  bounds  in  (7.30)  would  give  a  value  in  error  by 
at  most  some  3.3%. 

We  remark  that  replacing  our  square  domain  y)  by  one  of  length  2a  on  each 
side,  and  replacing  the  constant  1,  in  (7.1),  by  a  constant  p,  has  the  effect  of 

D 

multiplying  the  upper  and  lower  bounds  given  in  (7.30)  by  . 

or 

It  is  interesting  to  compare  the  estimates  we  have  obtained  for  u;(0,  0)  with 
the  known  value  of  the  solution.  The  solution  of  (7.1)  is  given  by  the  series’ 


(7.31)  Mx,  y) 


r  n* 


cosh  niry/2\  nvx 

cosh  nir/2  /  2 


Evaluating  this  at  (0,  0)  we  find  that 


(7.32)  u>(0,0)  =  ^  E  i  (_i)("-»/«/i  -  -  ^  y 

T*  n*  \  cosh  nT/2/ 


Taking  the  sum  of  the  first  three  terms  of  this  alternating  series,  we  find  that 

(7.33)  «>(0,  0)  «  .29574 

with  a  maximum  error  of  —.00151.  The  value  (7.33)  lies  within  the  predicted 
interval  (7.30).  *  ‘ 

Bbown  Univebsitt. 

(Received  November  28,  1947) 


•  Timoshenko,  S.,  Theory  of  elasticity,  New  York,  1934,  p.  246. 


DIFFERENCE  AND  ASSOCIATED  OPERATORS, 

WITH  SOME  APPUCATIONS 

By  W.  G.  Bicklby 

1.  Introduction.  The  object  of  this  paper  is  to  present  a  comprehensive, 
consistent,  and  logical  scheme  of  difference  and  associated  operators,  and  its 
kernel  is  the  Table  II  on  p.  186. 

Many  computers  have  their  attention  so  closely  focussed  upon  the  actual  differ¬ 
ences  which  they  produce  and/or  use,  that  they  do  not  always  take  kindly  to  the 
idea  of  a  difference  'operator’.  Logically,  however,  an  operation  can  be  dis¬ 
tinguished  both  from  the  function  upon  which  it  operates  and  from  the  result 
which  it  produces,  and  the  symbolic  expression  of  such  discrimination  is  practi¬ 
cally  of  considerable  value — as  the  universal  use  made  of  the  differential  operator 
D  testifies. 

Certain  difference  operators  are  in  common  use,  and  for  some  there  is  an 
accepted  notation.  For  others  agreement  is  not  general,  and  in  any  case  there 
appear  to  be  gaps  in  the  scheme. 

2.  Notation  and  Definitions.  We  are  concerned  with  a  function  /(x)  of  an 
independent  variable  x,  and  with  its  values  at  a  sequence  of  equidistant  values 
of  X,  and  denote  by  w  the  interval  in  x.  If  x^  is  a  convenient  pivotal  value  of  x, 
we  shall  frequently  (for  brevity)  denote  xo  +  nto  by  x„  and/(xo  -f  nvo)  «  /(x,), 
by/». 

We  use  five  fundamental  o^rators. — 

(i)  E,  defined  by 

Efn  *  /u+l  ; 

(ii)  A,  the  forward  difference  operator,  defined  by 

A/»  “  /»+i  /"  > 

(iii)  3,  the  central  difference  operator,  defined  by 

"  /»+!  “  A-l  I 

(iv)  V,  the  backward  difference  operator,  defined  by 

~  /•— 1  i 

(v)  D,  the  differential  operator,  defined  by 

DU  ~  (df/dx)^ 

We  use  also 

(vi)  n,  the  averaging  operator,  defined  by 

m/i.  “  !(/•.+*  +  /•-») 
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and  also  operators  inverse  to  four  of  the  fimdamental  five, 

(vii)  2,  the  forward  summation  operator,  such  Uiat 

V2  *  1  or  2A  -  2/_i  +  fn 

(viii)  a,  the  central  summation  operator,  such  that 

iff  »  1  or  ff/,  ■■  +  /•_! 

(ix)  Z,  the  backward  summation  operator,  such  that 

AZ  *  1  or  Zfn  -  zfn-l  +  fn-l 

(x)  I,  the  integral  operator,  such  that 

DI  ^  1  or  Ifn  “  j  fix)  dx. 

Each  of  the  four  inverse  operations  implies  an  arbitrary  additive  constant, 
whose  value  is  made  determinate  in  any  specific  case  by  an  additional  condition, 
usually  some  ‘initial’  condition,  inherent  in  the  problem  under  discussion. 

All  the  operations  may  be  repeated,  and  repetitions  will  be  indicated  by  arabic 
numeral  indices.  The  'powers’  of  2,  ff,  Z,  or  I  are  indeterminate  to  the  extent 
of  a  polynomial  in  n  or  x  of  degree  one  less  than  the  index. 

It  is  customary  to  omit  the  function  symbol,  and  attach  the  suffix  indicating 
the  value  of  the  argument  to  the  operator,  e.g.,  to  write  S\  for  3*/,  ;  this  will  be 
done  where  no  confusion  can  arise. 

3.  Sum  and  Difference  Table.  In  forming  a  sum  and  difference  table  from  a 
function  tabulated  at  equidistant  values  of  the  argument,  there  is  no  ambiguity 
(apart  from  the  additive  constants  just  mentioned)  about  the  entries,  but  in  any 
derived  column  the  same  quantity  may  be  denoted  by  any  of  three  different  sym¬ 
bols.  This  is  shown  in  Table  I,  where  the  entries  in  any  space  are  different  modes 
of  symbolising  the  same  quantity. 


TABLE  1 


'  Sum  and  Difference  Table 


The  above  indicates  the  notation  employed;  the  three  entries  in  any  compartment  are 
different  symbols  representing  the  same  quantity. 
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4.  ReUtions  between  Operators.  In  general,  the  above  operators  obey  the 
laws  of  algebra.  All  the  operators  are  expressible  in  terms  of  any  one  of  the 
fundamental  five.  Important  well-known  instances  o(  these  are 

15  -  1  -h  A,  6  ~  E*  -  ET*,  -  e*® 

of  which  the  last  is  the  symbolic  form  of  Taylor’s  theorem.  A  complete  set  of 
these  formulae  is  given  in  Table  II. 

For  analytical  purposes — the  speedy  and  83rstematic  derivation  oi  important 
formulae — another  operator  is  highly  convenient,  namely 

In  terms  of  this, 

j  »  2  sinh  i>,  M  ”  cosh  d,  E  ^  c** 

Formulae  in  terms  of  ^  are  also  given  in  Table  II. 

A  number  of  relations  also  exist  between  three  or  more  operators.  The  com¬ 
plete  set  is  too  numerous  to  give,  and  we  content  ourselves  with  a  short  list  of 
the  more  useful  ones. 

A  -  V  -  £“*A 

AV  - 

ith  •*  \{E  —  E~')  —  i(A  -h  V)  —  sinh  toD  =  sinh  29 
“  /i  -{-  E  ^ 

/t*  *  1  •{'  Ji* 

6.  Applications  of  the  formulae.  These  formulae  are  of  great  assistance  in 
reproducing  or  developing  formulae  for  the  various  processes  in  numerical  mathe¬ 
matics,  e.g.,  interpolation,  differentiation,  integration.  The  symbols  obey  alge¬ 
braic  laws,  and  may  be  freely  used;  even  the  purist  will,  if  wise,  accept  them  as  a 
means  of  exploration,  furnishing  a  posteriori  justifications  when  he  feels  the  need 
to  do  so.  We  give  a  few  samples  illustrating  the  technique. 

(i)  Newton-Gregory  interpolation  formula. 

/(x,  -1-  pw)  =  ETfo  =  (1  +  A)7o 

-  (l  +  PA +  A* +  ...)/. 

- /.  +  pA.  +  a!  +  ••• 

(ii)  Everett’s  interpolation  formula. 

With  g  “  1  —  p,  we  have 

^  -  ET*  _  E'^^  -  +  E*  -  ET* 

^  “  E  -  E-'  “  E  -  E-^ 

E ‘2  sinh  2pd  -f  sinh  2q9  ^  sinh  2q9  sinh  2p«>  ^ 

2  sinh  29  sinh  29  sinh  29 
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^  <6 


*S>  I 


K  ' 


I 


I 


I  r_ 


I 


>  >  U 

'  '  T 

f-H  •“• 

<  ^  - 

^  > 


s 

I  I 

^  wH 

%  X 

s  I 
-•18  C 


> 


iT 

+  + 
Ts.  ^ 


I 

s 

+ 


>  > 


^  + 

+  $  lie 

^  I 

C«I8  >  ^ 

s— 

> 


% 

+ 

> 


<>■  ^  ^  +  i  , 
^  i  I  i  i  " 

-I- 

^ig  + 


<  < 


&3 


"t  tc 

'  I  I 


[>3 


f  ^  ^  Q 
S  6q  BQ  1^ 


1^  -  -'9  ^  5 


w  < 


:i  M  b  M 


ir/log  E  tc/log  (1  +  A)  u>/2  sinh"*  ^5  u>/log{l/(l  —  V)}  2)  ‘  tD/29 
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Using  the  fact  that  sinh  ^  ■■  and  the  known  expansions  for  sinh  29^/coBh  0 
and  sinh  2ptf/co8h  i>,  we  derive 

f,  -  ■B7. 

.  L  +  +  iWt  -  1)  ^  +  (t  +  %  +  iWt  -  1)(?  -  .  .jy; 

,  ,  (p  +  l)l>(j>  -  1)  ,  (p  +  2)(p  +  l)p{p  -  l)(p  -  2)  ,4  \, 

■‘'t’’''' - 3i - '^  + - Si - *  '"r' 

which  is,  effectively,  Everett’s  formula. 

(iii)  Numerical  differentiation.  Forward  difference  formiilae. 

The  result 

wD  —  log(l  +  A) 


gives  the  formula  for  the  first  derivative  in  terms  of  forward  differences, 

-  wDfo  -  (A  -  iA*  +  iA*  -  •  •  •  )/t 

Higher  derivatives  are  found  in  terms  of  powers  of  the  series  on  the  right,  i.e. 

WTS'"  -  (trD)7o  -  (A  -  iA*  +  iA* - )7o 

Apart  from  slow  convergence,  this  formula  has  the  disadvantage  that  the  lead¬ 
ing  term  (A'/o)  is  on  a  line  considerably  below /•  in  the  difference  table,  imless  r 
is  quite  small.  Formulae  for  (wD)**  E~'  fo  and  E~'  /o  would  be  prefer¬ 

able,  and  are  readily  obtainable,  and  their  coefficients  have  properties  simpler 
than  those  of  the  series  obtained  by  expansion  of  the  formula  last  written.  They 
are,  however,  inferior  to  central  difference  formulae. 

Formulae  in  terms  of  V,  corresponding  to  the  above,  are  readily  written  down. 

(iv)  Numerical  differentiation.  Central  difference  formulae. 

The  formula 

wD  ->  2  sinh”*  §3 

is  not  immediately  available  for  the  first  (or  any  odd)  derivative  at  tabular  points, 
because  the  expansion  contains  only  odd  powers  of  3,  and  these  do  not  correspond 
to  entries  in  the  difference  table  if  /  has  an  integer  sufiSx.  For  even  derivatives, 
the  formula  will  serve,  and  we  can  conveniently  write  it 

to-zr  -  (woru  - 


For  odd  derivatives,  we  must  use  the  averages  of  the  odd  differences  below  and 
above  the  central  line,  i.e.,  we  must  introduce  the  averager  n,  and  derive 

_  (v,Z)rV.  .  |i  (I  MDh-  . 
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For  points  at  half-interval,  however,  the  formula  fw  odd  indices, 


is  available,  using  entries  direct  from  the  table.  For  even  indices  we  use 


Clearly  the  early  coefficients  in  the  series  for 


will  be  useful,  and  a  number  of  these  have  been  worked  out  by  the  present  writer, 
and  may  be  published,  along  with  other  sets  of  coefficients,  later. 

Formally,  however, 

^2  „•  u-i « V  ,  r  .  6r*  -H  22r  .4  35r*  -|-  462r*  +  1528r 


29  03040 


175r*  -f  4620r*  -f  40724r*  +  1  19856r  ^ 

13934  59200  ^ 

385r‘  +  16940r*  -|-  2  79884r*  -|-  20  57968r*  -f  66  82048r 


36  78732  28800 


^  +  3  ,,  6r^  +  52r  +  135  4 

24  5760 

35r‘  4-  777r*  -|-  5749r  -f  14176  , 

29  03040 

175r*  +  6720r*  +.  96794r*  -|-  6  19776r  +  14  88375 


13934  59200 


385r‘  -1-  22715r‘  -f  5  36294r*  -|-  63  33250r* 

-f  374  0828lr  +  884  09475 


36  78732  28800 


“  1  +  IXi  (-nr  +  2m+  l)C,(r  +  Da*" 

(v)  Numerical  integration:  forward  and  backward  difference  formulae. 
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Also 


/(xo  +  z)dz  w  ^  (1  —  V)  '  dp-fo 


“  "  (1  -  V)log  {1/(1  -  V))^* 

-  to(n-  iv  +  Av*  +  tv*  +  Hi  •  •  •  )/o 

This  last  is  a  formula  for  forward  integration,  upon  which  is  based  the  Adams- 
Bashforth  method  for  the  numerical  solution  of  first  order  differential  equations. 
It  has  the  disadvantage  of  slow  convergence,  and  also  needs  to  be  supplemented 
by  an  k  posteriori  check.  Such  a  check  is  provided  by  the  result 

/(xo  +  z)dz  ^  E  fixt  +  *)  dz 

-«.£(!-  7)-*  dp-Bf,  -  »  /. 

-  t®(i  -  iv  -  Av*  -  Av*  -  VAv"  •  O/i 


The  above  formulae  may  be  more  expeditiously  obtained  by  use  of  the  oper¬ 
ator  /  ■*  Z)“‘,  for 


r 


/(xo  +  z)  dz 


If  I  -  //«  -  A//o 

^  “  "log(l  +  A)^* 


and  similarly  for  the  others. 

Formulae  for  repeated  integrals  may  be  constructed  by  use  of  powers  of  the 
series  in  the  above,  but  are  for  most  purposes  inferior  to  the  central  difference 
formulae  to  be  given  later. 

The  Gregory  formula  for  an  integral  over  a  longer  range  is,  however,  important. 
Essentially  it  corrects  the  trapesoidal  rule,  and  we  denote  the  ‘trapezoidal  sum’ 
by  Tn  ,  defined  by 

T,  *  i/*  -f  /i  -|-  /*  +  •  •  •  +  fn-l  +  i/i» 


Also 


1  £  -f  1 


2E  -  I 
-  iv 


1)/. 


z)  dz 


IV 


r 


E*  dp  ft 


Jg"  -  1  1 

“  log  E  “  log  E 

“  log  1 1/(1  -  V))  “  log(l  -I-  A) 


190 


W.  O.  BICKLET 


Hence 

^  f(xo  +  z)dz  —  tpTn  - 


“  (AA  —  ^A*  +  •••)/# 

which  is,  effectively,  Gr^ory’s  formula. 

The  Euler-Maclaurin  summation  formula  yields  to  a  somewhat  similar  tech¬ 
nique,  using  expressions  in  terms  of  D  or  d. 

(vi)  Numerical  integration:  central  difference  formulae.  We  have 

f(xo  +  z)dz  =  ^  e*’^w  dp  ’fo  -  w  e*  f 9  -  2)  } 

Using  the  series  previously  given,  with  r  »=  —1,  we  deduce  that 

/(xo  +  z)  dz  -  tc(l  -  Ai*  -h  VAr  •  •  *  W* 

of  which  the  right-hand  side  may  be  written  in  the  more  familiar  form 
w{i(/o  +  /i)  ~  ■A(^o  +  S*)  +  tHtK^o  +  4i)  •  •  • } 

The  formula  may  be  obtained  more  expeditiously  by  more  intensive  use  of  the 
operational  technique, 

j[  fix.  +  z)zd~  lift  -pi-  {j(f  sinh-  |)  } 

Formulae  for  repeated  integrals  may  be  obtained,  and  in  use  those  of  odd  order 
will  be  more  convenient  if  the  averager  m  is  artificially  incorporated. 

In  the  numerical  solution  of  differential  equations  we  endeavour  to  build  up 
progressive  values  of  an  indefinite  integral  //,  /*/>  *  * '  1  made  definite  by  initial 
conditions.  One  method  ^of  considerable  practical  use  consists  in  calculating 
from  the  differential  equation  an  appropriate  difference  ci  this  integral — and  it 
will  usually  be  most  convenient  if  the  order  of  the  difference  is  the  same  as  the 
order  of  the  integral.  Again,  for  odd  orders,  we  artificially  introduce  the  aver¬ 
ager  M- 

Symbolically 

4**/**/o  -  u>**  0  sinh“‘  0  /o 

and 


log  (1  +  A)J 

_  ^ _ \f 

\  V  log  {1/(1  -  V)}/^- 
-(Av,+ Av*  +  ,>Av*---)fn 
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AdditiiHial  to  the  formula  for  jJ/i  given  above  we  quote 

i*  /*/#  »  { 1  +  •  •  •  }/o 

«■  tr*{l  +  ~  ’  •  *  Im/i 

6*I*f9  "  to*{  1  +  +  tAt^*  •••}/» 

(Further  coefficients,  and  coefficients  for  higher  orders,  have  been  worked  out.) 


(vii)  Sums  and  integrals. 


A  method  for  the  numerical  integration  of  differential  equations,  having  some 
advantages  over  the  method  implicit  in  the  last  section,  consists  in  converting 
sums  into  integrals  by  means  of  a  correction  term  involving  differences  of  the 
integrand  (summand).  Formulae  depending  on  forward,  central,  or  backward 
sums  and  differences  are  accessible,  but  we  concentrate  here  upon  those  involving 
central  sums  and  differences,  because  these  are  normally  so  much  more  conven¬ 
ient  in  use.  Again,  we  shall  need  the  averager  in  connection  with  odd  orders, 
so  we  consider  first  the  simpler  case  of  even  orders. 

We  have 


/ - - — .y  -  ^  (f  8inh-‘  I) 


{»■■+  ZXl 


Similarly 


-  (1  +  Ei.'.  (-)’*‘2(«  - 

+  2Xh.i  (-r2(>»  -  .)C.(-2.)»^‘U 

As  particular  instances  of  these  formulae  we  quote 
Ifo  »  w{i(<r*  +v-»)  —  +  *-*)  +THv(i*  +  4-l)  —  +  *-»)  ••• } 

7*/o  *  +  -A/o  ~  •  •  • } 

/*/o  =  to*{  J((r}  +  <r-|)  +  TiTr(**  +  ^-»)  “  * '  * } 

I*fo  “  w*{<ro  +  io’o  ~  rhifo  +  tAi^o  •  •  • } 


(viii)  Some  additional  results. 


Central  difference  formulae  possess  two  marked  advantages  over  forward  or 
backward  difference  formulae,  namely,  greater  rapidity  of  convergence,  and  the 
occurrence  of  alternate  orders  of  differences  (or  smns)  only.  The  latter  is,  how- 
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ever,  largely  discounted  when  odd  orders  are  in  question,  at  pivotal  points.  This 
last  feature  may  be  removed  by  constructing  formulae  for  intervals  which  are 
even  multiples  of  w — a  device  which,  as  we  shall  see,  possesses  other  merits. 

As  a  first,  and  possibly  the  most  important,  instance,  we  consider  an  integral 
over  an  interval  2w.  (The  result  must,  of  course,  represent  the  finite  difference 
form  of  Simpson’s  rule.) 

/(xo  +  z)  dz  ^  dp  fo 


sinh  . 
w  — r— /• 


Mnh'i 


1  +  ~  •  •  •  I/o 


(It  is  the  first  two  terms  of  this  series  which  are  equivalent  to  Simpson’s  rule, 
and  the  third  gives  the  well-known  ‘error’  term,  wi*fo/90.) 

As  used  for  forward  integration,  to  determine  /t ,  this  demands  an  estimate  of 
6%  .  Although  it  is  usually  possible,  after  the  process  is  well  imder  way,  to  make 
a  sufficiently  accurate  estimate,  there  is  virtue  in  a  formula  which  can  use  a 
known  ^fo ,  needing  estimates  only  of  higher  differences;  this  suggests  using  a 
range  of  4w  for  the  integral. 

We  have 


f** 

/  /(xo  -I-  z)  dz 

J-tw 


sinh4d  .  25(1  -1-  J5*)\/(1  +i5*)  . 

u>  — —  /o  -  w - 1 - /o 

»inh-  * 


“  4«>  { 1  -F  15*  -|-  —  TiTr5‘  -|-  •  •  •  }/o 

(The  first  two  terms  of  this  series  are  equivalent  to  Milne’s  formula  for  the 
integral,  4u>(2/_i  -  /o  +  2/0/3.) 

Examples  could  readily  be  multiplied,  but  enough  have  been  given  to  show  the 
success  of  the  operational  technique  in  rapidly  developing  useful  formulae,  and, 
it  is  hoped,  the  combined  logical  and  practical  advantages  to  be  derived  from 
thinking  and  writing  operationally. 


Impebial  College, 
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UPPER  AND  LOWER  BOUNDS  FOR  THE  SOLUTION  OF  THE 
FIRST  BIHARMONIC  BOUNDARY  VALUE  PROBLEM* 

Bt  J.  B.  Diax  and  H.  J.  Gbbsnbbbq 

In  this  paper*  we  consider  the  boundary  value  problem 
AAu7  »  p,  in  R, 

(1) 

10  —  /;  dto/dn  =»  g,  on  C, 

where  A  —  3*/dz*  +  3*/ 3p*,  R  is  a  plane  domain  with  boundary  C,  d/9n  denotes 
differentiation  in  the  direction  of  the  outer  normal  to  C,  and  p,  /,  and  g  are  given 
functions.  The  solution  to  of  (1)  admits  of  various  physical  interpretations,  e.g., 
as  the  deflection  of  a  thin  elastic  plate  occupying  the  plane  domain  R,  with  pre¬ 
scribed  deflection  /  and  slope  g  along  the  boundary,  subjected  to  a  distributed 
transverse  load,  of  intensity  pD,  D  being  the  flexural  rigidity  of  the  plate. 

It  is  well  known  that  under  suitable  restrictions  on  p,  /,  g,  and  R,  the  boundary 
value  problem  (1)  possesses  one  and  only  one  solutiim.  Assuming  the  existence 
and  uniqueness  of  the  solution  of  (1),  we  propose  to  describe  a  method  for  ob¬ 
taining  upper  and  lower  bounds  for  w(xo ,  yo),  the  value  of  to  at  a  point  (zo ,  yo) 
of  R,  the  point  (ze ,  p«)  being  given  in  advance.  The  method  is  applicable  to 
many  other  problems,  and  may  be  used  to  obtain  upper  and  lower  bounds  for 
the  derivatives  of  io  at  (zo ,  yo) ;  but,  for  definiteness,  these  considerations  will  be 
excluded  here. 

The  first  section  contains  an  elementary  inequality  which  is  of  use  in  establish¬ 
ing  the  inequalities  for  to(zo ,  yo)  desired  in  the  second  section.  These  inequalities 
constitute  the  main  result  of  the  present  paper.  The  third  section  deals  with  a 
familiar  procedure  for  successively  improving  the  upper  and  lower  bounds.  The 
paper  concludes  with  a  few  remarks  concerning  the  applicability  of  the  method 
and  a  comparison  with  another  approach  already  existing  in  the  literature. 


1.  An  inequality.  We  shall  employ  the  classical  Green's  identity 


j  A^^  dx  dy 


^AA«^  dxdy  +  ^A^  ^-4'  ds, 


and  Sch wars’  inequality 


^)]*  ^  H{H>)-H{i), 


(2) 


(3) 


‘  This  paper  contains  the  results  presented  to  the  American  Mathematical  Society  on 
February  22,  1947  and  April  26,  1947. 

*  This  paper  was  written  for  the  Watertown  Arsenal  under  a  contract  in  Applied  Me¬ 
chanics.  The  authors  are  indebted  to  the  authorities  of  Watertown  Arsenal  for  the  re¬ 
lease  of  this  paper  for  publication. 
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|l' 


1i 

■♦■I 


'I')  A^-A^  dx  dy;  HM  -  £  (A^)*  dx  dy.  (3') 

For  the  sake  of  uniformity,  it  will  be  convenient  to  write  AAto,  w,  and  dw/dn, 
instead  of  p,  /,  and  g,  respectively,  in  our  formulas.  But  it  must  be  kept  in  mind 
that  AAu7  is  a  known  function  in  R,  and  that  w  and  dw/ dn  are  known  functions  on 
C. 

Let  u  be  a  function  satisfying  the  boundary  conditions  of  (1),  i.e. 

u  *  tc,  du/dn  *=  dw/dn,  on  C;  (4) 

and  let  V  be  a  function  satisfying  the  partial  differential  equation  of  (1),  i.e. 

AAv  <=  AAtr  in  R,  (5) 

It  follows  that  (see  (3')) 

H{u  —  to)] 

«(.  - .)!  ^  -  “)• 

The  inequality  (6)  is  easily  verified  by  first  observing  that 

H{u  —  o)  =  H{{u  —  to)  +  (to  —  o))  *>  H{u  —  to)  +  H{w  —  v),  (7) 
where  use  has  been  made  of  the  fact  that 


H{u  —  to,  to  —  o) 


by  Green’s  identity. 


2.  Upper  and  lower  boimds  for  the  value  of  the  solution  at  a  given  point.  Let 
(xit ,  po)  be  a  given  point  of  R,  which  we  shall  consider  as  fixed  throughout  the 
discussion.  The  bi-Laplacian  AAio  is  a  given  function  in  R,  and  to  and  dw/dn 
are  given  functions  on  C.  In  this  section  we  shall  obtain  upper  and  lower  boimds 
for  the  number  to(x6 ,  po). 

Together  with  the  function  to  of  (1),  it  will  be  convenient  to  consider  another 
function,  W,  the  solution  6{  the  following  boundary  value  problem: 

AAio  “0  in  ft, 

'■  (8) 

io  =  —  r*logr,  dW/dn  =  —  a(r*  log  r)/3n,  on  C. 

The  function  W  is  the  regular  function  associated  with  the  Green’s  function  g 
with  pole  at  (xo ,  po),  which  is  defined  by 

g(x,  y;  Xo ,  Po)  =  r*  log  r  +  ®(x,  p). 

In  analogy  with  the  functions  u  and  v  associated  with  the  to  of  (1),  we  shall  also 
consider  functions  u  and  v  associated  with  the  W  of  (8).  The  function  a  satisfies 

u  =  W,  dd/dn  —  dW/dn,  on  C,  (9) 


RRST  BIHABIfONIC  BOUNDARY  VALUE  PROBLEM 


195 


while  V  satisfies 

AAv  —  AA®  “0,  in  ft.  (10) 

We  recall  that  from  Green’s  identity*  we  have 

8irio(zo,  yo)  “  j  r)AAic  dx  dy 

From  this  last  equation  it  is  clear  that  in  order  to  obtain  up|)er  and  lower  bounds 
for  w  (xo  I  yo)  it  is  only  necessary  to  obtain  upper  and  lower  bounds  for  the  last 
line  integral  of  (11),  which  is  the  only  integral  not  depending  entirely  on  known 
functions. 

We  are  now  ready  to  derive  two  sets  of  upper  and  lower  bounds  for  m;(xo  ,  yo). 
From  Schwarz’  inequality  we  have  that 

[H{u  —  w,u  —  ®)]*  ^  H(u  —  —  W).  (12)  ' 

Using  the  inequality  (6)  of  the  last  section,  (12)  becomes 

[H{u  —  w,  a  —  ®)]*  ^  H(u  —  v)'H{il  —  v).  (13) 

But,  from  Green’s  identity  (see  (2))  we  have 

H(u  —  WfU  —  W)  =  H(u,  tJ)  —  H(u,  w)  —  H{u  —  u>,  ®) 


'=  H(m,  H)  - 


J. 


HAAw  dx  dy 


[A®  dUfdn  —  H  dAw/dn]  ds. 


(14) 


The  last  line  integral  appearing  in  (14)  is  nothing  but  the  ‘‘unknown”  line  in¬ 
tegral  of  (11).  Adding  and  subtracting  the  two  other  integrals  of  the  right  hand 
side  of  (11)  to  the  right  hand  side  of  (14),  and  combining  the  resulting  equation 
with  (13),  we  obtain 

(8irw(xb ,  yo)  —  6)*  ^  ac,  (16) 

where 

a  “  H(u  —  v),  c  “  H(il  —  »), 


b 


-H(u,u)  + 


/. 


iZAAto  dx  dy 


(r*  log  r)AAu;  dx  dy 


(16) 


+  L  (”  -  Mr’  log  r)  ^  *. 

'  See,  for  instance,  Frank-Misea,  “Die  Differential -und  Integralgleichungen  der  Me- 
chanik  und  Physik”,  2nd  edition,  vd.  1,  p.  858. 
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Given  four  functions  u,  v,  H,  and  v,  satisfying  conditions  (4),  (5),  (9),  and  (10), 
respectively,  equations  (15)  and  (16)  yield  upper  and  lower  bounds  for  toixo,  yo)- 
Another  set  of  bounds  can  be  obtained  by  starting  with 

[/f(t>  —  w,v  —  ®)]*  ^  H(v  —  w)’H(S  —  ft), 

instead  of  (12).  From  (6)  it  then  follows  that 

[H(v  —  'w,v  —  ro))*  ^  H(u  —  v)’H(u  —  v), 

and  from  (2)  it  follows  that 

H(v  —  tc,  t>  —  n>)  —  H(v,  9)  +  H(fb,  w  —  v)  —  H(tv,  t) 

»  /I(v,  »)-♦-£  (a(ii>  ~  ^  ®  * 

The  “unknown”  line  integral  of  (11)  appears,  with  a  minus  sign,  on  the  right 
hand  side  of  (19).  Adding  and  subtracting  the  two  other  integrals  of  the  right 
hand  side  of  (1 1)  to  the  right  hand  side  of  (19),  and  combining  the  resulting  equa¬ 
tion  with  (18),  we  obtain 

(8ru>(xo ,  i/«)  -  b')*  ^  etc,  (20) 

where 

a  *  H(u  —  v),  c  “  Hiu  —  8), 

6'  =  H(v,  v)  —  f  (av  ^  —  ft  dc 
Jc  \  dn  dn  / 

~  /  ^  ~  ^  d«  f  (r*  log  r)AAu>  dx  dy 

Jc  \  dn  dn  /  Jm 

+ L  (”  s)  *• 

Again,  given  four  functions  u,  v,  U,  and  v,  satisfying  conditions  (4),  (5),  (9),  and 
(10),  respectively,  equations  (20)  and  (21)  yield  upper  and  lower  bounds  for 
>  yo).  The  relations  (15),  (16),  (20)  and  (21)  are  the  inequalities  we  wished 
to  derive.  It  is  to  be  noticed  that  in  both  (15)  and  (20)  the  “error”,  which  is 
measured  by  etc,  is  the  same.  However,  the  “approximation”  b  depends  only  on 
u  and  u,  the  functions  required  to  satisfy  boundary  conditions  alone,  while  b' 
depends  only  on  t;  and  v,  functions  required  to  satisfy  the  partial  differential 
equations  alone. 

3.  An  iteration  procedure.  In  order  to  improve  the  bounds  given  by  (15) 
and  (20)  one  may  add  to  u  a  finite  linear  combination  of  functions  u,  satisf3dng 
the  homogeneous  boundary  conditions 

tt,  -  dUildn  »  0,  on  C, 


(17) 

(18) 

(19) 


(22) 
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add  to  p  a  finite  linear  combination  of  functions  v,-  satisfying  the  homogeneous 
differential  equation 


AAv,  »  0,  in  A, 


(23) 


and  then  minimise  H{u  —  t>)  in  order  to  determine  the  coefficients  of  the  best 
linear  combinations.  That  this  gives  the  beet  approximati(Hi  follows  from  (16) 
and  (21).  This  would  lead  to  two  sets  of  linear  equations  for  the  coefficients. 
However,  in  order  to  obtain  explicit  formulas  for  the  nth  iteration,  we  shall  find 
it  convenient  to  require  the  functions  u,  and  to  be  orthonommlized  in  advance 
as  follows: 


and 


/. 


Au<Auy  dx  dy 


0,  if  i  7^  j, 
1,  if  t  -  y. 


(24) 


/. 


AviAvy  dx  dy 


jo  if  t  7^  j, 
{l  if  »  - 


(25) 


In  numerical  apphcations  this  means  that,  instead  of  solving  two  sets  of  linear 
equations,  we  shall  orthonormalise  the  functions  Ui  and  v,-  in  advance.  Then  the 
resulting  two  sets  of  linear  equations  will  have  matrices  of  coefficients  of  diagonal 
form,  and  will  be  solvable  by  inspection,  which  enables  us  to  obtain  explicit  for¬ 
mulas  for  the  nth  iteration.  The  numerical  labor  is  thus  shifted  from  that  of 
solving  two  sets  of  linear  equations  to  the  equivalent  task  of  orthonormalizing 
the  functions  Ui  and  Vi  in  advance. 

Before  going  further,  it  is  worthwhile  to  notice  that  for  any  fimctions  u  and  v 
(see  section  1)  we  have,  by  Green’s  identity 


H(u  —  tf)  -  H{{u  —  w)  (w  —  t;))  -  H(u  —  to)  -|-  H{v  —  to), 

H{u  —  to,  Ui)  «  Hiu  —  V,  Ui)  +  H{v  —  w,Ui)  H(u  —  o,  ti<),  (26) 

H{v  —  to,  Vi)  —  Hiv  —  u,  0,)  -|-  H{u  —  to,  o<)  -  H(v  —  u,  o<). 


A  similar  set  of  equations  is  obtained  by  replacing  ti,  o,  to  in  (26)  by  t2,  v,  W 
respectively. 

Let  us  now  replace  u  and  o  in  H(u  —  o)  by  «  -f  and  v  -H 

respectively,  and  determine  the  optimum  values  of  the  real  numbers  ay  and  /S«  • 
From  (26)  it  follows  that 

H{u  -|-  ^MOtiUi  —  V  —  2^1  d<®<) 

(27) 

-  Hiu  -  to  -h  ICr.l  ayti.)  -f  /f(»  -  to  -I-  2^ILl  ayOy). 


The  desired  optimum  values  of  the  ay  and  0i  are  then  seen  to  be  the  “Fourier 
coefficients" 

ay  «  —H(u  —  to.  My)  -  -H(u  —  9,  Ui), 
ffi  «  —Hiv  —  to,  Vi)  -  Hiu  —  V,  Vi), 


(28) 
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the  last  equalities  having  been  obtained  fnHn  (26).  In  a  similar  manner,  by 
starting  with  H{il  —  6)  we  are  led  to  consider  the  Fourier  coefficients 

OK  -  -  a,Ui)  ^  —H{il  -  S,Ui)  ^  Ui) 

-  -H(6-  ®,  vt)  -  HiH  -  9,  Vi). 

Let  u,  V,  9  be  the  functions  originally  started  with.  At  the  nth  step  in  the 
iteration,  u  and  v  will  be  replaced  by  w  +  and  v  +  respec¬ 

tively  (a<  and  /5<  given  by  (28)),  and  i2  and  9  will  be  replaced  by  tJ  + 
and  8  +  respectively  (o*  and  given  by  (29)).  Since  the  a< ,  ,  a, 

and  are  known  explicitly,  we  may  compute  from  (16)  and  (21)  the  numbers 
On,  Cn,bn  and  bn  Corresponding  to  the  nth  step.  The  final  result,  obtained 
wiffi  the  use  of  (26),  (27),  (28),  (29)  is 

<*»  *  H(u  —  v)  —  23"-i  ~  /3i , 

Cn  “  —  9)  —  ^<Li  a*  —  ^ ,  (30) 

“  6  +  ^i-iciiSii ,  bn  ^b'  — 


Thus,  given  the  initial  functions  u,  v,  H,  9  and  the  orthonormalized  sequences 
of  functions  and  Vi ,  the  computation  o(  the  successive  approximations  to 
Swwixt ,  yo)  reduces  to  the  evaluation  of  the  Fourier  coefficients  (28)  and  (29), 
and  then  of  the  expressions  (30). 

If  the  sequences  m  and  are  complete,  in  the  sense  specified  below,  then  bn 
and  bn  will  both  converge  to  8irw(z« ,  ye).  The  sequence  Ui  is  said  to  be  complete 
if  for  any  function  u*  such  that 

u*  —  du*/dn  —  0,  on  C,  (31) 


we  have 

Hiu*)  ~  Zr-x  mu*,  Ui)]\  (32) 

Similarly,  the  sequence  v,  is  said  to  be  complete  if  for  any  function  v*  such  that 

AAV*  -  0,  inR,  (33) 


we  have 


Hiv*)  ~  ZZ.1  [Hiv*,  Vi)]'. 


(34) 


Suppose  that  the  sequences  Ui  and  Vi  are  complete.  '  From  (26),  (28),  and  (30) 
we  may  write 

o,  -  H(u  -  w)  -  Z"-!  [^(ti  -  w,  tt<)]* 

+  H(v  -  w)  -  ZZ-i  [Hiv  -  w,  Vi)]'. 


Since  u  —  w  satisfies  (31),  and  v  —  to  satisfies  (33),  we  have  lim«-.«  On  ■■  0.  A 
similar  argument  shows  that  lim«-.«  c,  >■  0.  Therefore,  from 

(8iris(a:i ,  yo)  -  bn)'  ^  OnCn  , 
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and 


it  follows  that  lim«-.M  b. 


(8irU>(Xo  ,  y#)  -  hn)*  ^  OnCn  , 

-  lim,^  hn  -  Srwixo ,  yt). 


4.  Conclude  remarks.  In  order  to  apply  the  present  results  one  has  to 
chooee  four  initial  functions  u,  v,  H,  and  6.  In  general,  ti  is  the  most  difficult  to 
obtain.  The  fimction  —  r*  log  r  cannot  be  used  for  ii  because  Hi—r*  log  r) 
diverges.  However,  one  may  always  use  for  tZ  a  function  coinciding  with  —  r* 
log  r  outside  a  small  circle  with  center  at  (xe ,  yo)  and  defined  inside  the  circle  to 
be  an  appropriate  polynomial  in  r,  for  example.  In  some  problems  it  is  possible 
to  construct  functions  ut  and  which  satisfy  (24)  and  (25)  directly,  but  in  most 
cases  there  is  no  other  alternative  than  to  start  with  a  finite  set  of  functions  (satis¬ 
fying  the  homc^neous  boundary  conditions  or  the  homogeneous  partial  dif¬ 
ferential  equation),  and  to  orthonormalize  them,  employing  the  usual  computa¬ 
tional  procedures.  In  addition,  all  of  the  definite  integrals  which  enter  into  the 
computations  must  be  evaluated  with  sufficient  accuracy,  so  that  the  asserted 
inequalities  for  w(xo ,  yo)  are  indeed  inequalities.  The  amount  of  labor  involved- 
is  not  great  provided  the  domain  R  and  the  boundary  conditions  are  sufficiently 
simple  so  that  it  is  possible  to  choose  fimctions  u,  v,  H,  v,  ti,-  and  Vi  for  which  the 
definite  integrals  involved  can  be  evaluated  explicitly  in  terms  of  elementary 
functions. 

In  his  discussion  of  the  convergence  of  Kits’  method,  Treffts,*  has  given  ap¬ 
proximations  for  the  solution  w  of  (1)  (with  p  ^  0),  at  any  point  of  the  domain  R. 
One  approximation  is  in  terms  of  functions  satisfying  the  boundary  conditions, 
and  the  other  in  terms  of  functions  satisfying  the  differential  equation.  It  is 
easily  seen,  however,  that  Treffts’  procedure  does  not  furnish  upper  and  lower 
bounds.  Let  c  7^  0  be  a  given  real  number  and  (xo ,  yo)  be  a  given  point  of 
R.  Then,  according  to  Treffts, 

w(xo ,  yo)  -  i  [Ar(e)  -  N(-e)l  (36) 

where  N{±t)  is  the  minimum  value  of  the  functional 

hHiu)  ±  «  u(xo ,  yo),  (37) 

over  the  class  of  all  functions  u  satisfying  the  boundary  conditions 

u  =3  u;  »  /,  du/dn  =  dto/dn  =>  g,  on  C.  (38) 

But  it  is  clear  that  the  “approximation” 

^  [(iH(t<)  +  €u(xo ,  yo)  -  (iH(u)  -  «m(xo  ,  yo))],  (39) 

obtained  using  a  function  u  satisfying  (38)  is  just  u(xo ,  yo)  and  hence  may  be 

*  Konvergmz  und  Fehlerochdtzung  beim  Ritzchen  Verfdhren,  Math.  Annalen,  vol.  100, 1028, 
p.  fi02  (especially  pages  510  and  610). 
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either  an  upper  or  a  lower  bound  for  w{xo ,  yo),  depending  upon  the  choice  of  the 
function  u.  A  similar  remark  applies  to  Treats’  approximation  for  ti>(xo ,  yo) 
using  biharmonic  fimctions. 

It  may  be  mentioned  that  Trefftz’  method  for  (1)  is  not  applicable  directly  to 
the  problem 


Aw  ^  p,  in  R, 

u>  f,  on  C, 


(40) 


where  p  and  /  are  given  functions,  because  the  Green’s  function  for  (40)  is  infinite 
at  the  pole.  On  the  other  hand,  the  procedure  presented  in  this  paper  applies 

equally  well  to  the  problem  (40) One  need  only  use  j  -f  ^»^ir)  dx  dy 

instead  of  /a*  ■  dx  dy,  and  employ  Green’s  formulas  for  Laplace’s  equation. 

It  is  interesting  to  observe  that  from  the  inequalities  (6)  one  may  deduce 
immediately  two  known  minimum  principles  associated  with  the  solution  w  of 
( 1 ) .  One  principle  isolates  w  f rom  among  the  functions  u  satisfying  the  boundary 
conditions  of  (1)  and  the  other  picks  out  w  from  among  the  functions  v  satisfying 
the  partial  differential  equation  of  (1). 

Let  us  derive  the  first  minimum  principle.  From  (3)’,  =  0  if  and  only 

if  0  is  a  harmonic  function  in  R.  Noting  this  fact,  equations  (6)  and  (7)  imply 
that 


H(v  -w)^  H(u  -  v),  (41) 

the  equality  sign  holding  if  and  only  if  u  »  w.  Expanding  both  sides  of  (41), 
employing  (2)  and  (4),  yields 

—2  j  wAAv  dx  dy  -{■  H(w)  ^  —2  J  uAAv  dx  dy  +  H(u).  (42) 

In  view  of  (3)'  and  (5),  the  result  may  be  stated  as  follows:  the  functional 

J  [(Au)*  —  2mAAu>]  dx  dy,  (43) 

is  minimized,  over  the  class  of  functions  u  satisf3ring  the  boundary  conditions  of 
(1),  by  the  solution  w  of  (1). 

The  second  minimum  principle  may  be  derived  similarly.  Equations  (6)  and 
(7)  imply  that 

H{u  —  w)  ^  H{u  —  v),  (44) 


the  equality  sign  holding  if  and  only  if  v  —  w  is  a  harmonic  fimction.  With  the 
aid  of  (2)  and  (5),  equation  (44)  yields 

*  In  this  connection,  compare  the  results  obtained  by  H.  J.  Greenberg,  The  Determination 
of  Upper  and  Lower  Bounde  for  the  Solution  of  the  Dirichlet  Problem,  this  Journal,  27,  161- 
182,  (1948). 
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Hiw)  ~  2  y  (Aw  du/dn  —  u  dAw/dn)  dt 

(45) 

^  H(v)  —  2  f  (Ao  du/dn  —  u  dAv/dn)  d». 

Jc 

In  view  of  (3)'  and  (4),  this  result  may  be  restated  as  follows: 
the  fimctional 

j  (Ap)*  dx  dy  —  2  j  (Av  dw/dn  —  w  dAv/dn)  da,  (46) 


is  minimised,  over  the  class  of  functions  v  satisfying  the  partial  differential  equa¬ 
tion  of  (1),  by  any  functi(Hi  w  h,  where  w  is  the  solution  of  (1)  and  h  is  any 
function  harmonic  in  A.* 


Brown  Univkrsitt 

(Received  November  28,  1947) 


*  Thia  principle,  for  the  case  w  —  dw/9n  —  0  on  C,  waa  formulated  by  U.  Wegner,  Bin 
neue»  Verfahren  zur  Berechnung  der  Spannungen  in  Scheiben,  Forachungen  auf  dem  Gebiete 
dea  Ingenieurweaena.  Auag.  B,  18,  144-149,  (1942). 


THE  INVERSE  FUNCTIONS  OF  «  -  w"*  tanh  u>  AND  t  -  coth  w 

Bt  Abraham  Hillman  and  Hxbbxbt  E.  Salzxb 


1.  Theory  of  Functions.  The  inverse  functions  w(s)  defined  by  the  equa¬ 
tions  z  «  vT^  tanh  w  and  z  »  u;~‘  coth  ir  arise  in  the  solution  of  the  wave  equaticm 
for  rectangular  and  circular  boundaries  having  finite  impedance/ 

In  order  to  consider  both  equations  simultaneously  whenever  possible,  we  let 
Fi{w)  =  w~'  tanh  w,  Ft{w)  *  u>~*  coth  to,  uid  V}^^{z),  i  *  1, 2,  stand  for  the  inverse 
of  Fi{w).  The  i  will  be  dropped  when  the  statements  are  true  for  both  values 
(rf  t.  Also  note  that  F{vo)  —  to“‘  tanh  (to  +  k)  where  A;  ■*  0  yields  Fi  and  k  —  Tt72 
yields  Ft .  The  k  will  be  used  in  this  sense  in  what  follows.* 

Since  F(to)  =  F{—vo),  F{W)  =  F(to),  and  to(2)  =  ±to(z),  where  the  bar  is 
used  to  denote  the  complex  conjugate,  it  sufi&ces  to  take  z  in  the  upper  half  plane 
and  to  in  the  fourth  quadrant. 

Let  us  determine  the  singularities  of  to(z).  Since  F(to)  is  one-valued,  its  in¬ 
verse  to(z)  does  not  repeat  any  values  and  so  cannot  have  any  isolated  essential 
singularities.  to(z)  does  not  have  any  poles  since  F(to)  is  not  analytic  at  Infinity. 

w(z)  has  branch  points  at  the  z’s  corresponding  to  the  multiple  poles  of  F(to) 
and  the  zeros  of  dF/dw.  Fi(to)  has  no  multiple  poles  while  Fs(to)  has  a  double 
pole  at  to  =  0.  This  leads  to  a  branch  point  of  to®(2)  at  z  ■»  « .  We  now  in- 

vestigate  the  roote  of  =  0.  This  leads 

dtp  to  to* 

to  to  =  sinh  (to  -f  k)  cosh  (to  -1-  fc)  or  2to  —  sinh  2(to  -f-  k).  / 

When  k  =  ri/2  this  becomes  2io  —  —sinh  2to.  , 

For  both  values  of  k,  the  equation  has  in  the  4th  quadrant  a  setiuence  of  solu¬ 
tions,  Wn  =  R«  -|-  i/n  ,  n  =  0, 1,  2,  •  •  •  .  It  can  be  shown*  that  for  the  equation 
2to  =  sinh  2to,  Rn  —  ilog  [(4n  -f-  l)ir]  — *  0  and  — /«  —  (n  -4-  i)T  — » 0  as  n  — ►  « ; 
while  for  2to  =  —sinh  2to,  Rn  —  h  log  [(4n  —  l)ir]  — ►  0  and  —In  —  (n  —  J)t  —*  0. 

If  we  let  F(Wn),  the  ti-th  branch  point  in  the  upper  half  plane,  be  Bn,  then 

I  -  Bn-  Bn*Wn'  =  sech*(ir,  +  k)  -  ^  =  0  since  F'{Wn)  -  0. 

rF  n 

It  follows  from  this  and  the  fact  that  Wn  — >  «  as  n  — »  «,  that  Bn  — ►  0  as 
n  — >  00. 

Let  bn(n  0,  1,  •  •  •  )  be  the  segment  from  z  —  0  to  Bn.  Let  &•  be  its  pro¬ 
longation  from  Bn  to  infinity.  Since  F"(Wn)  ^  0,  exactly  two  branches  of  u>(z) 
meet  at  each  B. .  In  what  follows  n,  m,  p  and  q  are  positive  integers.  The 
two  branches  of  tr(z)  meeting  at  Bn  map  hn  on  arcs  in  the  tp-plane  joining  Wn  to 
points  —  (?  —  \)ri  k.  (fc  =  0  or  irt/2). 

Also,  there  are  two  arcs  in  the  tp-plane  meeting  at  Wn  on  which  u>(z)  maps  K  . 

>  See  Applied  Mathematics  Panel  (NDRC-OSRD)  Note.  No.  18,  June,  1946,  which  con¬ 
tains  tables  and  graphs  based  on  the  material  of  this  paper. 

*  Note  that  t  (s)  is  the  inverse  of  (tan  w)/w  and  that  »  (— *)  is  the  inverse  of 

(cot  w)/w. 

*  See  G.  H.  Hardy,  Mess,  of  Math.  N.  S.,  31.  1902,  pp.  161-165. 
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One  of  these  joins  Wn  to  some  point  —pri  +  k.  The  other  goes  from  Wn  to 
infinity  with  the  line  amp.  of  u>  »  —amp.  of  fin  as  an  asymptote.  This  follows 
from  the  fact  that  for  certain  w’s,  w{z)  is  approximately  1/z  by  virtue  of  the 
following  theorem: 

Theorem:  Let  xv  R  +  il  and  z  —  p  exp(^)  and  let  k  =•  ri  with  r  real.  Along 
any  ray  ^  —  c  with  —  x/2  <  c  <  x/2  there  exists  a  continuous  determination  of 
u>(z)  such  that  w(t)  —  1/z  — >  0  as  p  — ►  0. 

Proof: 

w 

Hence 

1  _  2y/R^  +  I* 
z  "  1 1  - 

Now  1  IP  —  1/z  I  can  be  made  as  small  as  desired  by  taking  R  large  and  positive 
while  I  is  restricted  by  a  condition  such  as  |  7  |  ^  e^*"'**  .  This  region  in  the 
tp-plane  is  mapped  by  u;“*  tanh  (w  +  ri)  (which  is  approximately  l/w  for  these 
tp’s)  into  a  region  in  the  z-plane  which  covers  that  part  of  every  ray  in  the  1st 
and  4th  quadrants  for  which  p  is  sufficiently  small.  Q.E.D. 

Since  F(w)  is  one-valued,  no  w(bn)  or  w(hn)  has  any  points  (except  possibly 
end-points)  in  common  with  a  ip(bM)  or  'd  n  ^  m  while  the  four  arcs,  ip(&n) 
and  w(bn),  mentioned  above  have  only  Wn  in  common.  Topological  considera¬ 
tions  now  show  that  for  a  given  n,p^rx  and  q  =  n  and  n  1.  Let  P«(z)  be 
the  reciprocal  power  series  for  tp(z)  having w(»)  =  —  (n  —  |)xt  -f-  k.  The  con¬ 
vergence  of  Pn(z)  is  stopped  by  some  fi«  .  P.fz)  maps  bm  on  an  arc  from  Wm 
to  —  (n  —  J)xt  -f  k.  From  the  previous  paragraphs  it  follows  that  m  =  n 
orn  —  1.  Since  |  fi„_i  j  >  |  fi»  | ,  P«(z)  converges  for  |  z  |  >  1  fi«_i  | .  Similarly 
the  Maclaurin  expansion  with  initial  term  —niri-\-k  converges  for  |  z  |  <  |  fi,.  |  . 
Now  for  every  positive  n,  there  exists  a  one-valued  continuous  determination  of 
ip(z),  defined  on  the  simply  connected  region  obtained  by  deleting  from  the 
complex  plane  bn^-i ,  bn  and  their  reflections  with  respect  to  the  real  axis,  such  that 
w{oo)  *  —  (n  —  i)xi  -f  k.  This  determination  of  tp(z)  will  be  called  the  n-th 
branch,  ip,i(z).  The  values  of  Wn(z)  on  either  side  of  the  branch  cut  bn  are  con¬ 
tinuous  with  the  values  of  Wn+i(z)  on  the  other  side  of  bn  . 

For  the  purpose  of  interpolation,  it  is  only  necessary  to  use  values  on  one 
particular  branch,  with  the  exception  of  those  z’s  very  close  to  a  of  the  branch 
of  interest.  For  such  z’s  the  values  of  the  two  branches  [the  n-th  and  (n  -}-  l)-th] 
having  &«  as  common  boundary  may  be  needed. 

Since  there  are  no  poles  or  isolated  essential  singularities,  the  only  singularity 
besides  the  branch  points,  fi.  ,  is  z  =  0,  the  limit  of  the  fi.’s.  The  above  theorem 
on  the  approximation  1/z  explains  the  behavior  of  w{z)  near  the  origin  for  those 
values  of  vo  not  given  by  the  various  Maclaurin  expansions. 

For  both  functions  w{z)  (involving  tanh  to  and  coth  to)  the  singularity  fio 


1  _ to _  /  -|-  e~^*\  —  2toe~*^** 

z  "  ^  tanh  (to  -|-  fc)  ”  I  ^  __  “  1  —  «'•*  ** 
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is  removed  by  using  auxiliary  functions.  For  the  inverse  of  (tanh  u>)/u>,  the 
expansicm 

[u^(*)l*  “  — irV4  +  Cx*  *  +  CtZ~*  +  •  •  • 

converging  for  |  z  |  >  |  Bi  |  is  used.  For  the  inverse  of  (coth  w)/tD  the  expansion 

z*wi(z)  -  1  +  diz~^  +  da~*  +  •  •  • 

also  converging  for  |  z  |  >  |  Bj  |  (but  a  different  Bi)  is  employed. 

Of  theoretical  interest  are  expansions  for  F{w)  and  iz(z)  around  the  branch 
points.  F{w)  in  the  neighborhood  of  W,  is  given  by 

z  -  B,  +  gt{w  -  IF,)*  +  gt{v}  —  IF,)*  +  .  •  • 

where  is  the  value  of  (<^F/dv/)/j\  at  w  —  IF, ,  since  F'(tF,)  —  0.  Using 
the  relaticms 

tanh(lF,  +  A)  *  1F,B,  and  sech*(fF,  +  fc)  —  B, 

(which  follows  from  F(IF,)  »  B,  and  F'(IF,)  —  0),  (me  finds*  that  gt  —  — B1 
and  g%  «  2B,/3IF, .  Then  one  finds  by  inverting  the  series  z  —  ^ 

-B\iw  -  IF,)*  +  (2B,/3IF,)(ti;  -  IF,)*  -f  •  •  •  that  iz  -  IF,  -  (*/B,)(z  -  B,)*'*- 
(l/31F,B*,)(z  -  B,)  +  .  • . 

The  series  for  w  —  IF,  and  z  —  B,  have  |  B,+i  —  B,  |  and  |  —  (n  +  J)irt  +  k  — 
Wn  I  respectively,  as  radii  of  convergence. 

Numerical  values  of  B,  and  IF,  for  at  least  n  0,  1,  2,  3,  4  are  listed  in  at¬ 
tached  tables. 

The  expansions  when  n  »  0  can  be  obtained  from  the  well-known  Maclaurin 
expansions  for  tan  x  and  cot  x  —  1/z.  For  the  function  involving  tanh  to. 
Bo  «  1,  IFo  —  0,  and  one  finds  that 

z  - 1  =»  -W  +  Aw*  -  VAw*  +  tHeW*  -  •  •  • 

„  _  -  1)'  -  _  1)«  +  ... 

O 

For  the  function  involving  coth  iz,  Bo  *  « ,  PFo  *  0,  and 

z  *  w~*  +  i  —  Aw*  +  vhw*  —  tA*w*  +••• 
tz  “  z  (1  +  -Jz  *  +  •  •  • ) 


2.  Computation  of  tz(z).  We  have 

tanh  (to  +  k)  ^  toz 
to'  sech*(tz  +  fc)  ■■  v/z  +  u> 


and  consequently 


(1) 


dw  to 

dz  1  —  z  —  z*tp* 


*  Since  (f#  —  0,  from  here  on  we  take  n  >  0. 
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It  is  also  of  interest  to  have  w  in  terms  of  l/z  »  i.  The  differential  equation 
in  this  case  becomes 


(2) 


dtp  _  w 
di  “  w»+  t  - 


Expansions  for  to  in  powers  of  z  [or  <]  can  be  obtained  from  equation  (1)  [or  (2)] 
by  standard  methods.  Ifto^oo  +  aiz  +  ots’-r  ‘"istobea  solution  of  (1) 
and  IT*  *  i4o  +  ill  s  +  Aj  s*  -f  •  •  •  ,  then  it  is  convenient  to  compute  the  a.  by 
the  following  recursion  formulae: 

An  *  OoO,  +  OiOn-i  +  *  •  •  +  OnOo 


a*+i  -  a,  +  — ^  (aiil,^  +  2aii4,-a  +  •  •  *  +  (n  —  1)  a,^iilo] 
n  +  1 

In  this  way  the  coefficients  a,  of  the  powers  of  z  in  the  expansion  of  tp  were 
obtained  as  polynomials  in  a  where  Oe  at.  They  are: 


Oo  td,  ai  >>  id,  ot  a  td, 

as  =  t(a  -  ia*),  as  *  i(a  —  ia*), 

at  “  t(a  —  +  ia*),  a«  —  t(a  —  +  ffa*), 

aj  =  i(a  —  -H  Ha‘  —  |a^), 

as  =  t(a  —  +  iV®*  ~ 

a.  -  t(a  -  28a*  ■+■  ^ -^•a‘  -  ^a*  +  ia*). 

aio  =  i(a  —  40a*  -|-  ^^^*  — 

Now  let  ti>(0  *=  bo  +  Ihf  +  hif*  4-  •  •  •  and  tc*  =  Bo  +  Bit  +  Bs<*  -[-•••  where 
tp(t)  is  to  satisfy  (2). 

The  recursion  formulae  become: 

Bn  *=  bob,  +  bibn-i  +  •  •  •  4*  b,bo 

b,+i  =  “  ^«)  -  bi  Bn  -  2biB_i  -  ...  -  nb,B,]. 


From  this  one  can  obtain  the  following  expressions  for  the  bn’s  in  terms  of 
b  »  1/tbo : 

bo  *  t(  — 1/b),  bi  -  tb,  bi  *  tb*, 

6,  -  ,(-  ib*  4-  2b*),  b«  -  ii-ib*  4-  5b*), 

b,  -  i(4b‘  -  5b*  4-  14b*),  bo  -  f(ffb*  -  ^*  4-  42b“), 

b,  -  t(-4b*  4-  ViT&*  -  70b“  4-  132b‘*), 

bs  »  t(-Ht**  4-  44  b"  -  264  b‘*  4-  429  b“). 


b. 

bio 


-  t(ib*  -  T^b"  4-  209b‘*  -  1001  b“  4-  1430  b"), 

=  *(rn&”  -  +  ^V*  -  i^*b”  4-  4862  b‘*). 
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For  the  equation  (tanh  to)/w  z,  a«  »  ±2W,  •  •  •  and  bt  ~  ±irt/2, 

d;3ri/2,  ‘  *  -^while  for  the  equation  (coth  w)/w  z  the  values  o£  Oo  and  ht  are 
interchanged.  The  numerical  values  oi  the  coefficients  for  the  various  branches 
calculated  are  listed  below/ 

Besides  these  exp>ansions,  developments  of  modifications  of  w  were  used.  The 
auxiliary  functicxis,  depending  on  the  nature  of  the  branch  points  of  vo{t),  have 
already  been  explained  in  Secti<m  I.  The  coefficients  were  found  as  follows. 
For  the  inverse  of  (tanh  u))/id,  w*{t)  —  Bo  +  <  +  Bit*  -f  •  •  •  was  obtained  by 

letting  bo  —  Tt/2  and  using  the  above  recursion  formulae.  For  the  inverse 
of  (coth  u^/w,  w{t)  has  a  branch  point  at  t  -  0  for  the  branches  having  tz(0)  »  0. 
Hence  w'(J)  which  is  analytic  at  t  «  0,  was  obtained  from  the  differential  equation 

d(w*)  _  2io*  . 
dt  “  ti;*  +  t  -  <*' 

Then  the  expansiim  w(t)  »•  t*(l  +  dit  -|-  d^  +  •  •  •  )  can  be  obtained  by  taking 
the  square  root  of  the  series  for  tp*/t. 

To  check  values  of  to(z)  near  the  circle  of  convergence  of  a  series,  or  to  obtain 
more  accurate  values,  Newton’s  method  was  used..  Thus  if  is  an  approxima¬ 
tion  to  w(z)  and  F(wi)  ^  Zi ,  then 

wt^vh  +  iz-  zi)w*izi)  -  tDi+  **^ ?*.„* 

l  —  Zi  —  ZiWi 

is  the  next  approximation.* 

In  computing  values  of  F(w),  the  identities 

tanh  (B  -f  il)  ^  (R  sinh  2B  -|-  /  sin  2/)  t(B  sin  2/  —  /  mnh  2B) 

R  +  il  (B*  +  /*)(cosh  2B  +  cos  27) 

and 

coth  (B  +  *7)  _  (B  sinh  2B  —  7  sin  27)  — t(B  sin  27  +  7  sinh  2B) 

B  +  il  “  (B*  +  7*)(cosh  2B  -  cos  27) 

were  used. 

Computation  Laboratobt 
National  Bursau  op  St4Ndasos 

(Received  November  17,  1947) 

*  The  last  two  figures  of  each  coefficient  are  not  guaranteed.  But,  the  next  to  the  last 
figure  has  a  very  high  probability  of  being  correct,  while  the  last  figure  is  probably  correct 
to  within  several  units.  The  user  should  also  note  the  change  in  the  meaning  of  the  notation 
On  ,  bn  ,  when  it  occurs  below  to  designate  the  numerical  coefficients  (done  to  avoid  too  much 
notation). 

*  Near  a  branch  point  it  is  better  to  let  s  —  s*  «  u*,  to(s)  -i  p(u)  and  to  base  the  succes¬ 
sive  approximations  upon  the  differential  equation 

dv  _ 2uv _ 

du  1  —  tt*  —  *#  —  (^  -1-  2*»  «*  -I-  i»«)t^  * 

In  fact,  this  expression  for  dv/du  yields  the  recursion  formula  for  finding  all  the  coefficients 
of  the  Taylor  series  for  v  in  powers  of  u;  but  the  method  of  successive  approximation  in¬ 
volves  less  labor  than  the  calculation  of  those  complex  coefficients  of  the  powers  of  u,  should 
one  want  only  a  few  isolated  values  of  w(f)  near  s* . 
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Coefficients  of  Expansions  of  w  defined  by  {tank  w)/v>  »  s 
A.  Expansions  in  terms  of  1/s:  w(s)  »  t  £r-o  a«(l/s)*,  ti^(s)  »  6i.(l/s)* 


BBAMCa  l:  /(•)  ai  «*<<) 

BmAMOi  i: 

BSAMoi  n: 

-2.4674011003 

a* 

-1.5707063268 

Ao 

-4.7123880804 

2.0000000000 

Ol 

.6366107724 

Ol 

.2122065008 

.4052847347 

a* 

.2580122755 

at 

.000556010202 

.0583216000 

at 

.1231327813 

at 

-.002324601166 

.0043402304 

a* 

.07247537321 

at 

-.0004768730140 

-.0003807785 

at 

.04047722001 

at 

.000001300670261 

-  .0001563188 

at 

.03673321160 

Ot 

.00001507440506 

-.0000126336 

ai 

.02860155063 

aj 

.000002316132504 

.0000032154 

at 

.02321335257 

at 

-.00000016665062423 

6* 

.0000010176 

at 

.010285 

at 

-.000000118062 

bl% 

.0000000540 

ait 

.016350 

att 

-.000000014330 

BmAMCM  m: 

BiAVcx  nr: 

at 

-7.8530816340 

at 

-10.0055742876 

ai 

.1273230545 

ai 

.00004568177 

Of 

at 

.0007522223775 

at 

-.0006211080352 

at 

-.0002382073538 

at 

-.00004100354685 

at 

-.000008038322014 

at 

.000004103177810 

at 

at 

.0000006736002570 

at 

.00000007110885320 

Or 

-.00000001056205580 

ai 

-.000000003886334515 

at 

-.000000000061813640 

at 

-  .0000000005661300071 

at 

-.00000000042756 

at 

.0000000000074207 

ait 

.000000000005214 

ait 

.00000000000408136  " 

B.  Expansions  in  terms  of  s.  io(s) 


t  ou” 


BKAMCX  l: 

BBAxai  n: 

BBAMOi  m: 

BBAMOi  nr: 

at 

— 3.141  KivK  54 

at 

— 6.28aisx30T 

a» 

-0.424777061 

Ot 

-12.56637062 

ai 

-3.1416096M 

r-i 

-6.2>»185307 

0| 

-0.424777061 

Ol 

-12.56637062 

at 

-3.141502654 

-3 

-6.2^^'*^:5.i07 

-0.424777061 

-12.56637062 

at  ■ 

7.103833 

76.40022 

O; 

260.63 

648.0000 

at 

38.20011 

at 

324.4504 

Ol 

1106.8 

o« 

at 

30.00873 

flS 

-1137.075 

o» 

-12001. 

-56070.73 

at 

-265.6633 

a* 

-13368. 

-10845  X  10* 

Os 

-467274.0 

at 

-1200.260 

Ot 

-5862. 

Ot 

4675  X  10* 

Oj 

•5045038. 

at 

-645.375 

^3 

45156  X  10* 

Ot 

0561  X  10* 

ag 

7654804  X  10* 

at 

12645.36 

18050  X  10* 

Os 

-512  X  10* 

-370858  X  10* 

ait 

48801.5 

ait 

-1082  X  10* 

Oit 

-756  X  10* 

Oit 

-1174825  X  10* 

ail 

-5278.4 

au 

-6600  X  10» 

ait 

-2171  X  10» 

ait 

108  X  10* 

ait 

374  X  10* 
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For  <  —  1,  w  —  0.  If  *  —  X  -f  “  »■  exp(»4),  w  ^  R  +  il 


M 

f 

4 

X  1 

/ 

.10876 

.21344 

.23955 

63.00* 

1.38434 

-3.74884 

.04128 

.13126 

.13760 

72.64* 

1.67610 

-6.94998 

.02191 

76.86* 

1.86838 

-10.11926 

.01368 

.07280  1 

.07407  1 

79.36* 

1.99157 

-13.27727 

A*  n  -»  00 ,  A.  -»  i  log  ((4n  +  l)trj,  7,  -»  -(n  +  J)»,  x,  -»  ^  , 

i 


Coefficientf  of  Expanaions  of  w  defined  by  (Coth  tD)/w  «  < 

A.  Expanaiona  in  terma  of  l/<:  w(g)  i  a,(l/<)",  ui*(s)  -  frufl/c)* 


BRANCH  l:  /(•)  -  «'(f) 


0 

at 

1.0000000000 

a, 

.3333333333 

at 

.0888888889 

a, 

.0169312169 

at 

.0011287478 

at 

-.0006840896 

at 

-.0003253560 

at 

-  .0000617436 

at 

.00000650138 

at 

.00000863867 

ai« 

.00000281147 

.00000023227 

-.00000021113 

-  .00000011468 

-.00000002443 

-6.283185307 

at 

. 159164943 

ai 

.00403144180 

at 

-.00113957871 

at 

-  .00012322347 

at 

.000008407471 

at 

.000002812873 

at 

.000000090610 

at 

-.000000047442 

at 

-.000000006510 

at 

.000000000372 

ait 

-9.424777961 

.106103295 

.00119450127 

-  .00037127192 

-  .000017173167 
.000001956420 
.0000002011252 

-.0000000080952 
-.0000000020686  ^ 
-.00000000001701 
.0000000000185 


B.  Expansions  in  terms  of 


REPEATED  INTEGRALS  OF  BESSEL  FUNCTIONS  AND  THE  THEORY 
OF  TRANSIENTS  IN  FILTER  CIRCUITS 
Bt  J.  C.  Jaboib 


1.  Introduction.  It  was  remarked  recently  (Jaeger  [6])  that  simple,  explicit 
solutions  of  certain  problems  in  the  theory  of  filter  circuits  could  be  given  in 
terms  of  the  repeated  integrals  of  Bessel  functions. 

In  this  paper  the  application  of  these  functions  to  the  theory  of  some  non-dis- 
sipative  high-pass  and  band-pass  filters  is  discussed.  The  solution  for  the  simple 
high-pass  filter  was  found  long  ago  by  Carson  and  Zobel  [3]  to  involve  a  sum 
of  repeated  integrals  of  Bessel  functions  of  order  zero:  this  solution  is  here  re¬ 
garded  as  a  new  mathematical  function,  the  “high-pass  filter  function”,  and  is 
tabulated.  It  is  then  shown  that  these  functions  are  (A  equal  importance  to  the 
Bessel  functions  in  the  theory  of  filter  circuits,  in  the  sense  that  the  solutions  for 
certain  more  complicated  ladder  networks  can  be  expressed  as  integrals  involving 
high-pass  filter  functions  in  the  same  way  that  the  solutions  for  other  related 
ladder  networks  involve  Bessel  functions. 

In  this  way  it  is  found  that  the  solutions  of  a  number  of  transient  problems  in 
the  ten  simplest  semi-infinite  ladder  networks  can  be  expressed  as  single  integrals 
involving  tabulated  functions. 


.  2.  The  repeated  integrals  of  Bessel  Functions.  We  write  as  in  [6] 

JinAO  “  jf  dtj^  dt  Jn(t)dt, . (1) 


for  the  r-ple  repeated  integral  of  Here  only  the  case  n  “  0  will  ordinarily 

be  required:  values  of  JioAO  B,re  given  in  Table  I,  these  having  been  calculated 
from  the  Tables  in  Gray  and  Mathews  [5]  with  the  corrections  noted  in  Bateman 
and  Archibald  [1]. 


3.  Laplace  Transforms.  We  write 

*L{x(0)  -  e~*‘x(t)dt, 


(2) 


for  the  Laplace  transform  of  x(t),  where  «  is  a  number  whose  real  part  is  large 
enough  to  make  the  integral  convergent.  The  following  Laplace  Transforms  will 
be  required: 


L 


s»+i’ 


n  »  0, 1,  2, 


L{y,(0i 


{ -I- 1)  - 
V(s»  +  1)  ’ 


LlJinAOl 


{ V(«’  + 1)  -  «r 

rV(s*  +  1)  ’ 


. (3) 

n  >  —  1 . (4) 

n  >  -1 . (5) 
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I  2-«/<w(l)  r«/<M(<)  T-VitMD  r*Ji»AU) 


0.00000154 

0.00019305 

0.00319059 

0.02285815 

0.10322806 

0.34763798 

0.95596945 

2.26804271 

4.81301828 

9.36627357 

17.01533284 

29.23515040 

47.97164910 

75.73212486 

115.68208955 

171.74938336 

248.73681258 

352.44384496 

489.79674609 

668.98601313 

899.61048989 

1192.82859677 

1561.51771438 

2020.44240247 


We  shall  also  need  the  following  Theorems  on  the  Laplace  transformation: 
if  L\x{t))  =  then,  if  w  is  any  real  positive  number, 

(i)  L{xM)  -  . (6) 

(ii)  yo(2(trf)*]x(ti)  diij  “  I  **  ; . (7) 

(in)  .  L  |j[‘  UWif  -  u')]x{u)  dtij  »  J . (8) 

(iv)  •^«l2v^(wu(<  —  u))]x(u)  dtt|  “  I  . 

For  the  results  (7),  (8),  (9),  see,  e.g.,  van  der  Pol  [8],  McLachlan  [7].  There 
are  restrictions  on  the  functions  x{u)  in  these,  but  they  are  satisfied  in  the  cases 
which  occur  here. 


4.  The  high-pass  filter  function.  We  define  the  “high-pass  filter  function” 
by  the  relation 
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n  being  lero  or  a  poaitive  integer.  This  function  may  be  expressed  as  a  finite 
series  involving  the  functicms  JuAO  by  using  the  relations  (Chiystal  [4],  p.  204) 


[V(«‘  + 1)  -  ir  - 


[V(»’  +  1)  -  11*^1 


^r(r  +  in  -  DO*".’' 
S  (r  -  ft>)l(2iii)l 

-  VC* + 1)  t 


1  (r  —  m)!(2m  —  1)1 


^  (r  +  m)l2‘-s‘-^- 

is  (2m  +  l)!(r-m)! 


....(11) 


+  +  1)  ^ 


(r  +  m)!2*"s*^" 
(2»n)!(r-m)I  ' 


....(12) 


From  (10),  (11),  (3),  and  (4)  it  follows  that  when  n  is  even,  say  n  —  2r, 


♦lr«) 


^  r(r  +  m  -  1)!2*"  ,,,  ^  (r  +  m  -  1!2*"“Y""‘ 

is  (r  -  m)!(2in)!  •'**'*-^*^  ii  (r  -  m)!l(2in  -  1)1]* 


(13) 


If  n  is  odd  there  is  a  similar  result  derived  from  (12). 

Values  of  4.(()  are  givoi  in  Table  II.  The  derivative  •^.(0  of  4>.(0  is  also 
often  needed  and  is  given  in  Table  III.  Since  ^i>(0)  »  1,  it  follows  that 

-  liit-d))  -  1  -  - 1 . (14) 

This  is  equivalent  to  the  statement  that 

Li*:«)  +  »(oi  -  . (16) 

where  6(t)  is  the  Dirac  delta  fimction. 

One  relation  between  Jnit)  and  ^,(0  follows  immediately  from  (10),  (4),  and 


(7),  namely. 

♦«(0  - 

Jo[2y/(ut)]Jn(ti)  du,  . 

. (16) 

and 

JM  - 

[  Jol2\/(ui)]*n(u)  du . 

. (17) 

that  is,  ^ndf*)  and  are  a  pair  of  Hankel  transforms,  cf.  van  der  Pol  [8]. 


6.  The  semi'infinite  ladder  network.  We  consider  always  an  initially  passive, 
semi-infinite  ladder  network  with  mid-series  termination,  and  suppose  voltage 
F(0  is  applied  to  it  at  f  -  0.  Travelling  wave  solutions  for  the  finite  ladder 
network  with  simple  terminations  can  be  obtained  immediately  from  the  solu¬ 
tions  for  the  semi-infinite  network  given  here. 


TABLE  II 


B 

•t(0 

♦i(i) 

*1(0 

*•(/) 

«•«) 

«•(() 

•»«) 

♦t(I) 

H 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1 

0.76520 

0.08027 

-0.27544 

-0.40949 

-0.40285 

-0.31522 

-0.18941 

-0.05496 

P 

0.22389 

-0.42577 

-0.37993 

-0.11370 

0.13809 

0.28418 

0.31252 

0.24902 

-0.26005 

-0.38757 

0.03100 

mEEi 

0.30396 

0.14074 

-0.06067 

-0.20845 

H 

-0.39715 

-0.02473 

0.32907 

0.24758 

-0.02312 

-0.22815 

-0.26554 

-0.16041 

5 

-0.17760 

0.28469 

0.25131 

-0.08390 

-0.27502 

-0.00518 

0.17472 

6 

0.15065 

0.29378 

-0.05449 

-0.28313 

-0.16547 

0.19578 

7 

0.30008 

0.04536 

-0.16942 

0.11972 

0.24708 

0.13573 

-0.07130 

8 

0.17165 

-0.21075 

-0.21068 

0.10070 

0.24894 

0.10300 

-0.12719 

-0.22012 

9 

-0.09033 

-0.25227 

0.03485 

0.24706 

0.10767 

-0.14460 

-0.21756 

-0.07606 

10 

-0.24594 

-0.06701 

0.22484 

0.14399 

-0.13145 

-0.21744 

-0.05143 

0.15118 

11 

-0.17119 

0.16020 

0.19366 

-0.08608 

-0.22166 

0.16089 

0.18647 

12 

0.04769 

0.22588 

-0.01065 

-0.21862 

-0.08814 

0.15183 

0.18596 

0.00751 

13 

MEm 

-0.18982 

-0.13680 

0.12186 

0.19373 

0.01287 

-0.16976 

14 

0.17107 

-0.12068 

-0.18445 

0.06661 

0.20163 

0.04002 

-0.16390 

-0.15378 

15 

-0.01422 

-0.20516 

-0.01249 

0.19552 

0.08453 

-0.14445 

-0.16369 

0.02476 

16 

-0.17490 

-0.10087 

0.16008 

0.13628 

-0.10597 

-0.17803 

0.00166 

0.16880 

17 

-0.16985 

0.08745 

0.17765 

-0.04511 

-0.18634 

-0.03754 

0.15729 

0.13213 

18 

-0.01336 

0.18669 

0.03347 

-0.17529 

-0.08774 

0.13215 

0.15016 

-0.03740 

19 

0.14663 

0.11307 

-0.13342 

-0.13793 

0.08806 

0.16751 

-0.00389 

-0.16195 

20 

0.16702 

-0.05838 

-0.17115 

0.02408 

0.17349 

0.04189 

-0.14748 

-0.11961 

21 

0.03658 

-0.16901 

-0.05208 

0.15648 

0.09372 

-0.11797 

-0.14326 

0.03953 

22 

-0.12065 

-0.12239 

0.10874 

0.13976 

-0.06958 

-0.15979 

-0.00009 

0.15364 

23 

-0.16241 

0.03242 

0.16400 

-0.00409 

-0.16164 

-0.04955 

0.13645 

0.11325 

24 

-0.05623 

0.15144 

0.06830 

-0.13830 

-0.10048 

0.10292 

0.13792 

-0.03581 

TABLE  III 


*VO 

•'i(i) 

♦'tO) . 

♦*•(1) 

•'4(0 

*'•«) 

•'t(/) 

0.00000 

-1.00000 

-2.00000 

-3.00000 

-4.00000 

-5.00000 

-6.00000 

-7.00000 

-0.76520 

-0.60059 

-0.21431 

0.21838 

0.59138 

0.84882 

0.97019 

-0.57672 

-0.22389 

0.27482 

0.53596 

0.50221 

0.25978 

-0.06614 

-0.36525 

0.26005 

0.19806 

-0.16311 

-0.44460 

-0.28852 

0.39715 

0.11551 

-0.37966 

-0.21474 

0.07664 

0.31635 

0.32758 

0.17760 

-0.24180 

-0.32503 

-0.07400 

0.22501 

0.34385 

0.23536 

0.27668 

-0.15065 

-0.31087 

-0.04166 

0.25539 

0.28928 

0.07879 

-0.18180 

mmm 

-0.30008 

0.23871 

0.25280 

-0.00072 

-0.24136 

-0.27218 

-0.23464 

-0.17165 

0.18686 

0.24951 

-0.01454 

-0.24836 

-0.22054 

0.00602 

-0.24531 

0.25922 

-0.23495 

-0.19472 

0.05426 

0.24040 

-0.04347 

0.24594 

-0.20374 

-0.19743 

0.05916 

0.23745 

0.16201 

0.17679 

0.17119 

-0.14362 

-0.21613 

0.22718 

0.14354 

-0.09460 

0.22345 

-0.04769 

-0.22831 

-0.02639 

0.20894 

0.14988 

-0.09473 

-0.22204 

0.07032 

-0.10084 

0.17271 

0.17276 

-0.07101 

-0.21469 

-0.09675 

-0.13338 

-0.17107 

0.10798 

0.19783 

-0.02525 

-0.10530 

0.12237 

-0.20510 

0.01422 

0.20522 

0.03920 

-0.18582 

-0.12986 

0.10308 

0.19754 

-0.09040 

0.17490 

0.11133 

-0.14526 

-0.16122 

0.19485 

0.06337 

0.09767 

0.16985 

-0.07723 

-0.18545 

0.01299 

0.18723 

0.08807 

-0.12735 

0.18799 

0.01336 

-0.18539 

0.16519 

0.12190 

-0.09911 

-0.17842 

0.10570 

-0.14663 

-0.12044 

0.12021 

0.15541 

-0.05591 

-0.17961 

-0.04813 

-0.16702 

0.04992 

0.17527 

0.00177 

-0.17171 

-0.08201 

0.12326 

-0.17112 

0.16690 

0.06758 

-0.14607 

-0.11985 

0.16486 

-0.11718 

0.12065 

0.12760 

-0.15192 

0.04236 

0.16765 

0.04312 

0.03952 

0.16241 

-0.02533 

-0.16559 

-0.01715 

0.15768 

0.08195 

-0.11521 

0.15404 

0.05623 

-0.14885 

0.12775 

0.12058 

-0.07809 

-0.15526 
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Let  t'  and  z  be  the  generaliied  impedances  of  the  series  and  shunt  elements, 
respectively,  let  It  be  the  input  current,  /« the  current  in  the  n-th  series  element 
s',  and  Vn  the  voltage  drop  across  the  n-th  shunt  element  z,  then  (cf e.g.,  Carslaw 
and  Jaeger  [2]) 


uv.).nv)  . 


(18) 

(19) 


We  proceed  to  determine  /„  and  for  a  number  of  simple  networks  o(  ladder 
type. 


6.  The  high-pass  filter  with  series  elements  capacitance  C  and  shunt  ele¬ 
ments  inductance  L.  Here 

z'  “  1/C«;  z  ^  L9\  2^/42  ■«  wV«*> . (20) 

where  u  — 

For  constant  applied  voltage,  V  ^  E,L\V)  »  E/z,  (18)  and  (19)  become 

L\I.\  -  B  VWm  . (21) 

Tty  )  _  p  {V(«* +«*)-«)*•"* 

^  ^V(«*  +  «-*)  . 


It  follows  from  (6)  and  (10)  that,  cf.  Carson  and  Zobel  [3], 


In  -  EVWL)**M . (23) 

V.  -  .B*i»-i(a-0 . (24) 

For  an  impulsive  applied  voltage  V  —  Ei{t),  L{V\  *=  E,  it  follows  in  the 
same  way  from  (15)  that 

In  -  Ew  y/WW)  {«(«<)  +  ♦J-(«<)} . (25) 

Vn  “  E(a[S(ut)  -f  ♦in-i  («<)} . (26) 


Niunerical  values  for  tl^e  8oluti(xis  (23)-(26)  can  be  written  down  from  Tables 
II  and  III. 

It  is  of  some  interest  to  consider  cases  in  which  simple  expressions  are  available 
for  the  solution  when  constant  voltage  E,  instead  oi  being  applied  at  midseries 
termination,  is  applied  to  the  network  through  a  series  impedance  Zi . 

If  2i  l/2Cs,  that  is,  the  voltage  E  is  applied  to  a  network  built  up  of  n 
instead  of  T  sections, 

/,  -  ^E  {*tniu>t)  +  ^*f*(«<)} . (27) 


If  2i  is  the  resistance  y/  {L/C) 

In  •  E  VWL)4>n{ut) . (28) 

where  f»(0  can  be  expressed  in  terms  of  the  Jit.n{t)  and  is  given  in  Table  IV. 
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TABLE  IV 


t 

♦•«) 

♦i(0 

^(.0 

0 

0.6 

0.6 

0.5 

1 

0.44006 

-0.11083 

-0.19182 

2 

0.28836 

-0.16968 

0.05363 

3 

0.11302 

-0.01902 

0.13079 

4 

-0.01661 

0.09696 

0.00260 

5 

-0.06562 

0.09398 

-0.09809 

6 

-0.04611 

0.01686 

-0.06730 

7 

-0.00067 

-0.05134 

0.02711 

8 

0.02933 

-0.06738 

0.07543 

9 

0.02726 

-0.01432 

0.04162 

10 

0.00436 

0.03032 

-0.02637 

11 

-0.01607 

0.03967 

-0.05676 

12 

-0.01862 

0.01366 

-0.03061 

13 

-0.00641 

-0.01882 

0.01936 

14 

0.00953 

-0.02926 

0.04391 

16 

0.01367 

-0.01292 

0.02510 

16 

0.00665 

0.01176 

-0.01366 

17 

-0.00576 

0.02249 

-0.03483 

18 

-0.01044 

0.01227 

-0.02198 

19 

-0.00556 

-0.00709  • 

0.00894 

20 

0.00334 

-0.01777 

0.02810 

21 

0.00816 

-0.01167 

0.01989 

22 

0.00533 

0.00384 

-0.00616 

23 

-0.00172 

0.01406 

-0.02287 

24 

-0.00642 

0.01084 

-0.01828 

7.  The  band-pass  filter  in  which  file  series  elements  are  inductance  Lo  and 
capacitance  Co  in  series,  while  the  shunt  elements  are  capacitance  C.  In  this 
case 

"  Lo8  +  1/Co*  “  i^C**  +  wo)/*> 


where  ci)S  IfL^o .  Also  z  »  1/C*,  and  therefore 

2^/4*  «  (**  +  «o)/«l 

where  wj  =  A/LtC. 

For  constant  applied  voltage,  E,  (18)  gives 

Therefore,  using  (4)  and  (8), 

In  -  Eun  y/iC/Lo)  jJ  ^o[wo  -  u')]Jtnicnv)  du. 


For  an  impulsive  applied  voltage  E6{t),  we  find  in  the  same  way 

f,--  V(C7Lo|^i.(«iO  -  «o/j[  - dtt}. 


.(29) 

.(30) 

.(31) 


1 
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If  the  applied  voltage  is  £  sin  uU,  that  is,  a  sine  wave  of  (me  of  the  cutoff 
frequencies, 


In 


E  —  \/ (C/ Lo)  s 

u>l 


V«*  -  u*)] 
V(i*  -  u«) 


Jitn.i(onu)  du 


...(32) 


8.  The  hi^'paas  filter  in  \diich  the  series  elements  are  capacitance  C»  and 
file  shunt  elements  are  inductance  L«  and  capacitance  C«  in  series.  Tins  is  the 
“inverse”  of  the  filter  of  §7  in  the  sense  that  z'  and  z  are  interchanged  and  so 
t^/z  is  inverted. 

Writing  <i>o  ~  l/L(jCt  and  <>4  ~  1/4I«C,  we  find  for  constant  applied  voltage  E 


L\In\ 


Ey/Wi^ 


{(«*  +  coo  +  <4)*  —  <0*}** 
(«*  +  <0o)*(«*  +  coo  +  M*)* 


(33) 


Therefore,  using  (15)  and  (8), 

/,  —  Em  y/{C/Lt)  Jftimy/ii'  —  t<*)l{*i»(<oitt)  +  i(<o*t4)}  du 

«  E  y/iC/Lt)  |/o(wo<)  +  j[  y/(^  ~~  w*)l  ^ii(«*w)  du|.  (34) 


9.  The  band-pass  filter  in  which  the  series  elements  are  inductance  L,  and 
the  shunt  elements  are  inductance  Lo  and  capacitance  Co  in  parallel.  This  is 
the  dual  oi  the  network  of  §7,  except  that  it  is  differently  terminated.  Writing 
co!  -  lIL^t ,  and  coi  -  4/LCo ,  we  have 

//4z  “  («*  +  coo)/coj 


The  simplest  transient  to  study  in  this  case  is  that  caused  by  applied  voltage 
E  cos  coot;  coo  is  (me  of  the  cut-off  frequencies.  For  this  case  we  have 


L{In\ 


Ey/(^) 


{(s*  +  cop  -j-  cop)*  —  («*  -|-  CO*)*}*" 
C0|"  *(«*  -}-  COo  +  ««)*(«*  +  W*)* 


(35) 


and  then  from  (4)  and  (8) 

-  Em  VWL)  j[*  -/olwo  y/(^  -  u')]J,n(.mu)  du . (36) 


A  result  for  constant  applied  voltage  may  be  derived  in  the  same  way  but  is  a 
little  more  complicated. 


10.  The  high-pass  filter  in  which  the  series  elements  are  inductance  Lp  and 
capacitance  Co  in  parallel,  while  the  shunt  elements  are  inductance  L.  This  is 
the  dual  of  the  filter  of  §8  and  the  inverse  of  that  oi  §0;  its  cut-off  frequency  is 
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(biS  +  «*)* .  Writing  (dS  —  1/LoCo ,  u*  —  l/4ZX7o ,  we  find  for  applied  voltage 
E  COB  utt 


mn\ 


E  V{Co/L) 


{(«*  +  +  W*)*  —  «4}** 

(«*  +  +  W*  +  W*)^ 


(37) 


Therefore,  using  (15)  and  (8), 

In  =  Eui  \/(Ct/L)  /o[«0  y/if  —  W*)l{*li.(w4u)  +  5(«4tt)}  du 

*  E  V (Ct/L)  |/o(wo<)  V^(<*  ~  t**)]*i*(w4t4)  du| . . .  (38) 


11.  The  band-pass  filter  in  which  the  series  elements  consist  of  inductance  L 
and  capacitance  1/ulL  in  series,  while  the  shunt  elements  consist  of  capacitance 
C  and  inductance  l/ulC  in  parallel.  Writing  u!  =«  4/LC  we  find  for  constant 
applied  voltage  E, 

L[In]  “  E  \/{C/L) 

"  [{(-?)■*  4 -(-sr . »' 

Therefore,  using  (9)  and  (4), 

In  =  Ey/dh  Wi  Jo[2wo\/{«(^  —  u)}Ui,(wiu)  dtt. . (40) 


12.  The  band-supinession  filter  in  which  the  series  elements  consist  of 
capacitance  C  and  inductance  l/u\C  in  parallel,  ^lile  the  shunt  elements  con¬ 
sist  of  inductance  L  and  capacitance  l/ulL  in  series.  Writing  <d2  »  IfAI/J  we 
find  for  constant  applied  voltage  E, 


L\In 


®V(C/B  !  (.  +  +  =7  +  -l}'* 


(41) 


It  follows  from  (15)  and  (9)  that 

/,  -  EunVi^  [  Jol2«oV{tt(<  -  t4)}]{4^.(u«,)  -I-  «(««,))  du 
-  Ey/{C/L)  |l  +  «•  j[  ^o[2«oV{w(<  —  t4)}]44»(M««)  dtt|  . 


(42) 


13.  The  relation  of  the  solutions  of  §§7-12  to  the  general  theory  of  the  ladder 
networic  must  now  be  considered.  The  two  simplest  ladder  networks  are  the 
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simple  low-  and  high-pass  filters,  in  which  there  is  a  single  element,  an  inductance 
or  a  capacitance  in  each  branch.  The  high-pass  case  has  been  discussed  in  §6, 
the  Bessel  function  solutions  for  the  low-pass  filter  are  too  well  known  to  need 
mention.  Next  in  order  of  complexity  come  eight  cases  in  which  there  is  a  single 
element,  an  inductance  or  a  capacitance,  in  (me  set  of  branches  of  the  network 
and  in  the  other  set  a  series  or  parallel  combination  of  an  inductance  and  a  capaci¬ 
tance.  These  eight  circuits  are,  as  remarked  above,  related  to  each  other  by 
duality,  inversion,  and  by  the  process  called  reflection  by  van  der  Pol  [8].  Four 
a[  these  circuits  have  been  discussed  in  $§7-10  and  in  these  cases  the  solutions 
of  many  important  transient  problems  can  be  written  down  by  (8)  as  single 
integrals  involving  Bessel  or  high-pass  filter  functicms  which  are  easy  to  evaluate 
numerically.  To  write  down  solutions  involving  single  integrals  of  this  type 
for  the  remaining  four  circuits  requires  a  simple  result  similar  to  (7),  (8),  and  (9) 
for  the  functi(m  x*[\/ (1  +  a*/s*)]  and  this  does  not  seem  to  exist.  These  four 
circuits  are  treated  briefly  in  §§14-17  by  a  different  method.  The  next  ladder 
networks  in  order  oS  ccmiplexity  are  those  in  which  each  branch  contains  both  an 
inductance  and  a  capacitance,  the  natural  frequencies  of  the  branches  being  equal. 
There  are  two  circuits  of  this  t}rpe,  and  simple  solutions  for  these  have  been  found 
§§11-12. 


14.  The  band-pass  filter  in  which  die  series  elements  consist  of  inductance 
Lt  and  capacitance  Co  in  series,  while  die  shunt  elements  consist  of  inductance 
L.  Writing  <^2  >>  lIL^t ,  k*  -  4L/Lo ,  we  find  for  constant  applied  voltage  E, 

J\T  \  -  pWfr  {[!  +  *;*  +  -  [1  +  <i>o/«*l*l*"  /.o) 

L{I.\  -  EV(C./L)^,  +  +  +  . («) 

Expanding  the  numerator  of  (43)  by  (11)  we  find 
n«,(n  +  m  -  l)!2*"ifc‘~*" 


L{7,|  -  EVWL)  E 


(2m)l(n  —  m)! 
(1  + 


+«*/s*)Vl  +  fc*  +  «o/ «*)* 

-  EVmr)  t  (i  +  ^) 


(2m  —  l)!(n  —  m)! 
Therefore,  using  (5)  and  Duhamel’s  theorem. 


T  c  /TrTiTs  ^  ^  "H  m  +  l)!m!2*"i:*  r  t  f*  m 

In  »  Ey/iCt/L)  E  Z  (1  +  k*)^{2m)\{n  -  m)lrl(m  -  r)!  I 


-  Ex/(c;/l)E  Z 


(n  +  m  -  l)l(m  -  1) 

(2m-  l)I(n  -  m)b!(m  -  r  -  l)l(2i>  +  1)1 
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16.  The  band -pass  filter  in  which  the  series  elements  consist  of  capacitance 
C,  and  the  shunt  elements  of  inductance  Lo  and  capacitance  Co  in  parallel. 
Writing  =  l/LoCo ,  k*  =  4C/Co ,  we  find  for  applied  voltage  E  cos  cmt 


L{U]  =  E 


{[l-l-A:*-t-«2/sV-[l+o,oV«V|*" 

(1  +  a)J/s»)Hl  +  A:*  +  «?/«*)*  ^ 


and  In  follows  as  in  §14. 


16.  The  low-pass  filter  in  which  the  series  elements  consist  of  inductance  L, 
and  the  shunt  elements  of  inductance  Lo  and  capacitance  Co  in  series.  Writing 
(<4  =  1/LoCo  ,  A;*  =  4Lo/L,  we  find  for  constant  applied  voltage  E, 


Wn] 


p-i  /n'  IIA^*  +  «V(«*  4-  «o)]*  —  !«*/(«*  +  wo)!*}*" 

* V (Co/L)  - — t.n  . — stti - •  •  •  A 


k**  '  «(«*  +  wo)*[A:*  +  «*/(**  4“  "o)l^ 

Using  (11)  this  becomes 

L\In]  -  Ey/W^  Z 


„  (2m)!(n  —  m)  Is* 

(ir|— r**  4-  ,r^.]  * 

\«  Wo/  l_  a  +  woj 


(47) 


i  wo(n  +  m-  l)!2*->A:^-»"/  a«  X" 
°  (2m— l)!(n  —  m)!a*  \«*  +  wj/  ‘ 


It  follows  that 

/•  -  EV(C^)  Z 


n(n  +  m  -  l)!2”^^fc^~^” 
(2m)!(n‘—  m)!(m  —  1)!(1  +  A*)* 


0-ii, 


kit  -  r)\  4 


—  {t**  sin  wot}  dr 


-  Ey/iC^/L)  Z 


(1  4“  A:*)*  j  dr" 

(n  -1-  m  -  1)!2"A:‘-*’" 


(48) 


{t"  *  sin  wofj. 


(2m  —  l)!(n  —  m)!(m  —  l)!d<*“^ 

The  last  remaining  case  in  which  the  series  elements  consist  of  inductance  Lo 
and  capacitance  Co  in  parallel,  while  the  shimt  elements  consist  of  capacitance  C, 
leads  to  a  similar  result. 
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ON  TWO-DIMENSIONAL  NON-STEADY  MOTION  OF  A  SLENDER 
BODY  IN  A  COMPRESSIBLE  FLUID 

Bt  C.  C.  Lin,  E.  Reissner  and  H.  S.  Tsien 

1.  Introductioa.  Many  problems  of  aerodynamics  involve  flow  around  a 
slender  body.  It  is  known  that  in  such  cases  a  perturbation  approach  often  leads 
to  linear  differential  equations.  Recently,  von  Karman*  pointed  out  that  for 
steady  motions  in  the  transonic  range,  certain  non-linear  terms  have  to  be  re¬ 
tained  even  in  a  perturbation  theory.  This  fact  was  also  discussed  by  C.  Kaplan* 
together  with  a  comparison  with  results  of  his  earlier  iteration  calculation. 
Tsien*  has  carried  the  same  point  of  view  to  hypersonic  flow.  Quite  recently, 
I.  E.  Garrick,*  during  his  discussion  of  flutter  in  the  transonic  range,  wrote  down 
an  equation  for  the  non-steady  disturbance  potential  which  contains  the  same 
non-linear  term  as  the  equation  derived  by  von  Karman.  Garrick,  however,  gave 
no  discussion  of  the  size  of  the  different  terms  for  different  flow  conditions  and  of 
the  appropriate  similarity  laws.  In  this  article,  we  shall  present  a  simple  unified 
treatment  of  the  unsteady  two-dimensional  polytropic  potential  flow  around  a 
slender  body.  We  shall  give  for  different  situations  a  systematic  estimate  of  the 
size  of  the  various  terms  in  the  differential  equation  for  the  velocity  potential. 
This  then  includes  all  the  known  special  cases  and  yields  others  not  discussed  by 
previous  authors. 

The  general  conclusions  are  as  follows.  Let  5  be  the  larger  of  the  two  quanti¬ 
ties:  the  thickness  ratio  of  the  body  and  the  ratio  of  the  amplitude  of  lateral 
motion  of  the  body  and  its  chord.  Let  be  the  Mach  number  at  infinity,  and 
let  1/A:  be  the  characteristic  period  of  time  for  transient  motions;  e.g.,  in  the 
case  of  oscillating  wings,  k  would  be  the  dimensionless  ratio  of  the  product  of  the 
angular  frequency  and  the  chord  length  to  the  free  stream  velocity.  These  are 
the  three  important  parameters. 

A.  If  is  not  large,  there  are  the  following  possibilities: 

If  I  1  —  I  =  0(5*^*)  and  k  =  0(5*^*)  (or  smaller)  we  are  in  the  transonic  range, 
and  the  problem  is  non-linear.  In  this  case,  if  A:  =  the  problem  is  quasi¬ 
stationary Notice  that  the  comparison  between  k  and  1 1  —  \  does  not  enter 

the  problem.  , 

If  either  or  both  of  the  above  conditions  are  not  satisfied,  that  is,  if  jl— Af.  | 
or/and  k  »  5*^*  the  general  linearized  theory  holds,  even  though  may  become 
unity.  In  such  cases,  if  A:  =  o(|  1  —  1)  the  problem  is  quasi-stationary. 

*  Th.  von  Karman:  The  Similarity  Law  of  Transonic  Flow,  J.  Math.  Phys.  26,  pp.  182- 
190  (1947). 

*  C.  Kaplan:  On  Similarity  Rules  for  Traruonic  Flows,  NACA  Tech.  Note  No.  1627, 
16  pp.  (1948). 

*  H.  S.  Tsien :  Similarity  Laws  of  Hypersonic  Flows,  J.  Math.  Phys.  26,  pp.  247-261  (1946) 

*  I.  E.  Garrick:  A  Survey  of  Flutter,  Papers  presented  at  the  NACA-University  Confer¬ 
ence  in  Aerodynamics,  pp.  291-292  (June  1948). 

*  The  notation  y  —  0(z)  and  y  o(x)  are  used  in  the  following  conventional  sense.  If 
y  ■■  0(x),  limx-.o  y/x  is  bounded  or  zero.  If  j/  -•  o(x),  lim^-.*  y/x  0. 
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B.  If  )$>  1,  there  are  the  following  possibilities: 

If  <3C  1/j  and  \/kh,  the  general  linearised  theory  holds. 

If  either  or  both  of  the  above  conditions  are  not  satisfied,  the  equations  are 
non-linear  and  in  the  first  of  the  two  cases  the  flow  is  hypersonic.  Moreover,  we 
then  have  no  longer  a  perturbation  theory  in  the  sense  that  the  pressure  perturba¬ 
tion  is  not  small. 

The  method  of  attack  is  to  introduce  a  parameter  for  each  type  of  quantity  to 
characterize  its  size.  In  this  way,  one  can  distinguish  small  quantities  of  various 
orders.  One  then  neglects  those  quantities  which  are  definitely  of  higher  orders 
in  comparison  with  other  terms  in  the  same  equation. 

To  fix  our  ideas,  we  shall  consider  the  periodic  oscillations  of  a  two-dimensional 
thin  airfoil  at  small  angles  of  attack.  The  scheme  is  obviously  capable  of  includ¬ 
ing  more  general  cases. 

2.  General  formulation  of  the  problem.  The  basic  equations  for  unsteady 
two-dimensional  pol}i;ropic  potential  motions  are  (in  dimensionless  form), 

♦.  +  K*:  +  ^)  +  - 1 + *  * 

where  0  is  the  (dimensionless)  velocity  potential,  c  is  the  (dimensionless)  velocity 
of  sound,  and  Mi  is  the  Mach  number  of  the  reference  velocity  Ui  which  may  be 
taken  to  be  either  the  free  stream  velocity  17.  or  the  critical  velocity  c*  .  The 
reference  length  is  the  chord  length  6.  The  non-dimensional  time  variable  t  is 
constructed  by  multipl3ring  the  actual  time  by  Ui  and  dividing  by  b.  On  the 
airfoil 

y  -  b(x,  t\  (2) 

the  boundary  condition 

hi  +  ^tha  “  0y  (3) 

must  be  satisfied.  If  the  velocity  potential  is  written  as 

0  —  X  -H  (4) 

then,  at  infinity,  we  have  the  boundary  conditions 

*  +  *•  “  K  +  (t  -  HArt}  /{*  +  (t  ® 

If  the  reference  velocity  is  taken  to  be  the  critical  velocity  c«  then 

Ml  -  1  (6) 

If  it  is  taken  to  be  the  free  stream  velocity  then 

Ml  -  ilf . 


(7) 
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In  the  latter  case, 

”  0,  ^  “  0,  at  infinity  (8) 

We  shall  make  the  latter  choice  because  it  enables  one  to  cover  arbitrary  free- 
stream  Mach  number.  The  former  choice  imposes  an  additional  restriction 
that  when  the  magnitude  of  at  infinity  is  small  compared  with  unity  it  must 
at  the  same  time  be  of  the  order  (tf  1 1  —  | .  It  is  therefore  limited  to  the 

transonic  case.  In  fact,  this  additi(xial  restriction  may  be  taken  to  be  the  crite¬ 
rion  for  transonic  flow.  Besides  this  additional  restriction,  and  certain  imessential 
changes  in  formulae,  the  results  are  not  affected  otherwise.  Thus,  it  is  very  easy 
to  include  existing  discussions  ol  transonic  flow  in  the  present  development. 
This  will  be  carried  through  in  some  detail  when  the  transonic  case  is  brought 
up. 

3.  Introduction  of  parameters.  Let  us  now  introduce  dimensionless  quantities 
of  the  order  of  magnitude  unity: 

I  -  X,  17  -  Xp,  T  -  kt, 

(9) 

r)  -  h{x,  t),  /({,  17,  r)  -  €"*  0'(x,  y,  t) 

where  X,  k,  S,  <  are  parameters,  which  shall  specify  the  orders  of  magnitude  of  the 
various  quantities.  In  particular 

k  -  <J)/Ui  (10) 

is  the  dimensionless  angular  frequency,  and  S  is  the  thickness  ratio  of  the  airfoil. 
The  components  of  velocity  and  the  velocity  of  sound  are 

w  -  1  -H  €/|,  t;  -  eX/, 

c*  =  —  (t  ~  +  /i  +  §«(/|  +  X*/J)] 

and  the  pressure  coefficient  is 

~  ~  -  II  (12) 

4.  Theory  of  small  perturbations.  The  assumption  of  small  disturbances 
demands  that  the  departure  of  the  velocity  components  and  the  pressure  from 
the  reference  conditions  is  small.  Thus,  we  have  the  conditions 

€  «  1,  eX  «  1,  (13) 

from  the  expressions  (11)  for  the  velocity  components,  and  the  conditions 

€3fJ«l,  («XMi)*«l,  €fcMj«l,  (13A) 

from  the  expression  (12)  for  the  pressure  coefficient. 

The  complete  equation  (1)  is 

k'ftr  +  2(1  -f  tft)kftT  4-  2(eX*)A/,/^  +  (1  +  2€/|  -f  «*/|)/|i  +  2(eX*)(l  -1-  e/|)/t, 
+  (A*)'Afn  —  (y  —  l)t[kfT  +  ft  +  H/i  +  X*y5)l|  (/ii  4-  X*/n)-  (14) 
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Under  the  condition  (13)  of  small  disturbancee,  tnthoul  any  knowledge  of  the 
relative  eizee  of  the  parametere,  the  above  equation  simplifies  to 

f/-  +  +  .(■,  +  -  0.  (15) 

In  this  equation  the  orders  of  magnitude  of  the  different  terms  are  not  necessarily 
the  same  and  this  allows  further  simplification  of  the  equation,  to  be  discussed 
subsequently.  However  all  terms  in  (14)  that  are  neglected  are  definitely  small 
compared  with  some  term  retained  in  (15).  For  instance,  the  term  ke{y  —  l)/T/t{ 
is  small  compared  with  2kftr  and  is  thus  neglected. 

Boundary  conditione.  The  boundary  condition  (3)  is 

+  (1  +  «/i)j^|]  "  n^O,  0<f<l 

which  simplifies  to 

1,-0,  0<{<1;  €X/,  -  «[Av, -f  (,|]  (16) 

Eq.  (16)  implies  that  the  larger  of  the  two  quantities  kb  and  h  must  be  of  the  order 
of  cX.  Note  that  the  possibility  of  sati8f3nng  the  boundary  condition  at  i,  —  0 
rather  than  at  the  actual  boundary  depends  on  the  fact  that  i,  <C  1  at  the  actual 
boundary  in  all  cases,  as  can  be  verified  d  ‘posteriori.  Besides  this  fact  we  must 
assume  that  the  solution  is  regular  near  i,  —  0  in  such  a  way  that  this  simplifica¬ 
tion  is  permitted. 

The  boundary  conditions  at  infinity  do  not  impose  any  restriction  when  taken 
in  the  form  (8).  That  is,  when  Afi  —  Af .  ,  the  conditions  at  infinity  are 

/i(-  n)  “  /,(-  *,  n)  -  0  (17) 

The  formula  (12)  for  the  pressure  coefficient  becomes 

C,  ^  2e[kfr  +  ft  +  itX*ftJ  (18) 

Equation  {15)-(18)  are  the  basic  equations  for  the  small  perturbation  theory  of  a 
two-dimensional  potential  motion.  Additional  simplifications  may  be  carried  out 
for  special  cases.  In  fact,  all  the  known  perturbaticm  theories  are  obtainable 
from  them  by  such  specialisations,  as  will  be  shown  in  the  following  sections. 

Similarity  of  disturbance  prevails  when  two  cases  have  identical  equations  and 
boundaiy  conditions. 

6.  Furdier  simplification  in  special  cases.  We  shall  carry  out  some  further 
reduction  in  the  individual  cases  to  bring  out  the  important  parameters  involved. 
We  shall  take  Afi in  our  discussions. 

Our  first  step  is  the  elimination  of  the  parameter  X,  as  follows.  We  distinguish 
two  cases  by  considering  the  boimdary  condition  (16).  We  set 

(A)  X  —  i/«  when  k  —  0(1) 

'  (B)  X  —  ik/ 1  when  1  <K  A: 


(19) 

(20) 
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In  the  first  case,  (15),  (16),  and  (19)  give 

/„  .  ^  (Ml  -  l)/„  +  (t  +  1)  MiUfa  (21) 

IJ  -  0,  0  <  €  <  1;  /,  -  fifi  + 

and 

C. -2.[t/,+/, + 

The  conditions  (13)  for  small  disturbances  become 

««1,  ««1,  eMl,«l,  M,««l 

In  the  second  case,  we  have 

i  nrt  1 


(22) 

(23) 

(24) 

(26) 


=  0,  0  <  {  <  1;  /,  -  y,  (26) 

Cp  -  2tkfr  +  (27) 

The  conditions  (13)  become 

e  «  1,  k6  «  1,  k6M^  «  1,  tkMi  «  1  (28) 

To  have  a  meaningful  boundary  value  problem,  we  must  retain  the  term  with 
in  equations  (21)  and  (25).  That  is  why  these  equations  are  solved  explicitly 
for  .  Further  simplification  depends  on  the  order  of  magnitude  of  the  coeffi¬ 
cients.  These  will  then  appear  as  certain  conditions  on  the  parameters  6,  k, 
and  of  the  problem: 

Cltus  A,k  0(1).  In  this  class  of  problems,  there  are  the  four  parameters 


Cl  -*  (y  4-  1) 

c»-^(il/i-l). 

2kt'Ml 

t'k'Ml 

’ 

But  only  the  order  of  magnitude  of  three  of  them  need  be  discussed,  since  Ci  « 
0(ct).  The  various  cases  may  be  distinguished  further  as  follows: 


Caae  1.  Ci  *  1, 

C  -  0(1), 

C,  -  0(1) 

(30) 

Case  2.  Ci  «  1, 

|c*l  '  1. 

c,  -  0(1) 

(31) 

Case  3.  Ci  «  1, 

1  C,  1  «  1, 

c,  -  1 

(32) 

That  is.  Cl ,  Cl  and  ct  are  successively  taken  to  be  the  principal  parameter.  Notice 
that  in  Case  2  we  impose  the  restriction  Ci  1,  rather  than  let  Ci  »  0(1),  because 
the  case  Ci  ~  1  is  essentially  included  in  Case  1.  A  similar  remark  applies  to 
Case  3. 
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Let  us  work  out  Case  1  in  some  detail  and  thra  summarize  the  results.  The 
other  cases  can  be  treated  in  a  very  similar  manner.  We  have,  from  (29)  and 
(30). 

«  -  (7  + 

ft  -  (Afl  -  1)[(7  +  l)Af,«r*'‘  -  0(1) 
ft  -  2ifeA/Ll(7  +  -  0(1) 

ft  -  **Af!:i(7  +  I)i»/-al~*'* 

Thus,  it  is  clear  that  one  must  have 

Ml  -  1  -  0[(7  +  i)Af .a]*'*,  k  -  0[(7  +  i)M.a]*'* 

or,  since  Af„  1, 

Af,  -  1  -  0(a*'*),  jb  -  0(a*'*)  (34) 

If  one  checks  back  with  the  condition  (24),  one  sees  that  they  are  all  satisfied  when 
a  ^  1.  The  similarity  parameters  are  essentially  ft  and  ft ,  because  ft  is 
negligible  in  view  of  (34). 

The  result  may  be  summarized  as  follows: 

Cate  1.  Transonic  case.  When  i  <K  1  and  the  conditions  (34)  are  satisfied, 
we  have  the  transonic  case  with  always  a  non-linear  equation.  The  funda. 
mental  equations  are 

1(7  +  i)a]w  {[(7  +  i)ai*«  ® 

1,-0,  0  <  {  <  1; 

c,  -  2a*'*(7  + 

In  this  case,  there  are  the  two  parameters 

k  j  —  1 

1(7  +  i)«r  [(7  +  iw'  ’ 

If  either  or  both  of  them  are  large  compared  with  unity,  we  pass  out  of  the  present 
case.  When  k  <3C  if'*,  the  problem  is  quasi-stationary. 

Case  2.  Subsonic  or  supersonic  case.  The  condition  |  ft  |  —  1  leads  to  the 
following  relation  for  the  order  of  magnitude  of  the  velocity  disturbance 

«  -  «  1 1  -  Af  L  r*  (37) 

The  conditions  (24)  and  (31)  become 

6  «  1,  SM^  «  1 

and  (38) 

]fc  -  0(1  -  AC*),  1 1  -  Afi  I »  «*'* 


When  these  are  satisfied,  we  have  the  usual  cases  of  supersonic  or  subsonic  flow. 
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The  fundamental  equati<xi8  are 

k'u  +  +  (i  -  + 1 J  _  I  /-)  -  0 

n  ~  0,  0  <  i  <  1;  fi  ~  gt-\-  kgr 
C,  ~  25  \l-  Ml  r‘'’(/i  +  kfr) 

The  two  parameters  occurring  in  the  differential  equation  are  k  and  1  —  M^. 
The  pressure  coefficient  is  further  proportional  to  5.  When  k  0,  the  problem 
is  stationary;  when  A;  <3C  |  1  —  Ml  \  the  problem  is  quasi-stationary. 

Cdse  3.  Highly  oacillatory  case.  The  condition  C|  —  1  leads  to  the  relation 

«  -  a/ .  (40) 

The  conditions  (24)  and  (32)  become 


a « 1,  aiif,  « 1 


and 

1 

^  Ml 

This  is  the  case  where  the  time  rate  of  change  predominates, 
equations  are 


k  »  a*'*,  k  » 


kfrr  +  ”  /J  -  0 

If  -  0,  0  <  €  <  1;  -f  Avt 

C,  -  (25/V^Jifi  +  kfr) 


(41) 

The  fundamental 
I  (42) 


When  A;  «  1,  the  terms  in  A;  in  (42)  can  be  omitted. 

Class  B,k»l.  In  this  class  of  problems,  we  have  the  two  parameters 

c«  =*  e*Mi/a*,  c,  -  e'/kW  (43) 

in  Eq.  (24).  Consequently,  there  are  two  cases: 


Case  4-  c«  -  1,  C  -  0(1)  (44) 

Case  6.  ‘  C4  1,  c»  »  1.  (45) 

Case  4.  Highly  oscillatory  case.  The  condition  C4  ~  1  leads  to 

€  -  a/3f. 

The  other  condition  in  (44)  and  the  condition  (28)  lead  to 

l/k  -  0(Af,),  k5M^  «  1  (46) 

The  fundamental  equations  are 

frr  -  -  il/k*Ml)fu  ~  0 

if-0,0<{<l;  (47) 

C,  -  2(5k/MJfr 


I 
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There  is  the  only  parameter  kM^  . 

Cate  5.  Quati-ttalionarj/  nearly  imcompreteible  flow. 

The  condition  C|  »  1  leads  to 

<  -  iba  (48) 

The  other  condition  in  (42)  and  the  condition  (27)  lead  to 

fcM,  «1;  W«1  (49) 

The  fundamental  equations  are 

/«  +  /w  “  0 

n  -  0,  0  <  $  <  1;  f,~gr 

C,  -  2Sk'fr 

The  above  results  are  summarised  in  Table  1. 

For  convenience  of  the  discussion,  the  various  items  are  numbered  on  the  left. 
Item  1  gives  the  characterising  conditions  in  terms  of  the  important  parameters 
,  k  and  S.  The  equations  which  hold  in  the  various  cases  are  indicated  in 
item  2.  Item  3  gives  the  type  of  formula  for  the  pressure  coefficient.  The  fimc- 
tions  F  are  not  the  same.  Their  arguments  give  the  similarity  parameters  in  the 
individual  cases.  In  item  4,  the  ph3r8ical  nature  of  the  various  cases  is  described. 
Finally,  it  is  indicated  that,  only  in  one  case,  is  the  theory  non-linear;  i.e.,  when 

I  1  -  I  -  0(8*'*)  and  fc  =  0(8*'*)  (51) 

But  it  should  be  emphasised  that  in  this  transonic  case,  the  nonsteady  effects 
appear  even  at  relatively  low  reduced  frequencies.  Take  for  instance  the  case 
for  which  the  thickness  ratio  and  the  amplitude  ratio  are  of  the  same  order  of 
magnitude  and  where  the  value  for  thickness  ratio  is  5%  or  8  »  0.05.  Then 
non-steady  effects  are  already  important  when  k  (0.05)*'*  according  to  (51). 
Consider  particularly  the  case  of  harmonic  oscillation,  the  period  T  of  the  cor¬ 
responding  motion  is  then 

T  ~  2irb/kU  »  46.56/C/ 

By  taking  6  5  ft.  and  U  1000  ft./sec.,  T  =>  0.237  second.  This  is  a  rela¬ 

tively  slow  oscillation.  In  subsonic  or  supersonic  flow,  the  non-steady  effects 
of  such  slow  oscillation  are  negligible  as  shown  by  the  conditions  of  case  2  in 
Table  I.  But  for  transonic  flow,  the  non-steady  effects  are  not  negligible.  This 
fact  must  be  kept  in  mind  when  the  stability  of  aircraft  in  transonic  flight  is 
considered,  as  it  is  likely  that  a  quasi-stationary  calculation  will  not  be  suf¬ 
ficiently  accurate. 

Linearization.  If  either  of  the  conditions  (51)  is  not  satisfied,  the  equation  is 
linear.  Note  also  that  the  boundary  conditions  and  the  formula  for  the  pressure 
coefficient  are  always  linear.  Thus,  if  one  includes  all  the  linear  terms  in  the 
equation,  one  does  not  have  to  distinguish  between  the  cases  2  to  5.  To  be  sure, 
some  of  the  terms  are  neghgible  in  one  case  and  some  in  other.  But  it  is  clear 


228 


C.  C.  LIN,  B.  REiaSKBR  AND  H.  8.  TBIBN 


that  the  complete  linearized  equations  can  be  applied  whenever  either  or  both  of  the 
conditions  (51)  is  not  satisfied,  since  we  are  retaining  all  the  necessary  terms. 
The  system  of  linear  equations  is  the  following, 


+  20a,  +  (1  —  Mr*)0a#  ~  “  0 

y  “  0,  0  <  X  <  6;  h,  +  hi  ■  > 

C,  ■»  2(0a  +  0«) 


(52) 


TABLE  1. 

Clauifieatim  of  various  eases.  Arguments  in  function  for  pressure  coefficient  are 
the  similarity  parameters 


1 

*  -  0(1) 

1 

CaM  1 

Cmc2 

CaieJ 

Cut* 

CsmS 

1 

k  - 

|i-a/.|>a*'* 

i<i,  aAf.<i 

8<1,  aAf,*Cl 

kM^Cl 

kSCl 

2 

Eq.(36) 

Eq.  (89) 

Eq.(42) 

Eq.  (47) 

Eq.(50) 

3 

4- 1)*'* 

-fF  * 

-  Fik) 

C,/tk* 

-  FikMj 

c,/a** 

-  Fmj 

[l(y  +  Dal*'*’ 
Af.-l  *] 

((t  +  i)al»'»j 

4 

Transonic 

subsonic 

supersonic 

oscillating  terms  dominating 

quasi¬ 

stationary 

incompres¬ 

sible 

S 

Non-linear 

1 

linear 

For  example,  when  an  airfoil  is  accelerated  through  the  sonic  speed  with  a 
sufficiently  high  acceleration,  k  can  be  made  to  be  much  larger  than  and 
the  linear  theory  applies.  The  physical  interpretation  is  the  following.  The 
breakdown  of  the  linearization  is  due  to  the  accumulation  of  disturbances  in  a 
steady  flow  at  transonic  speeds.  On  the  other  hand,  if  there  is  a  high  enough 
rate  of  time  variation,  such  disturbances  have  no  chance  to  build  up,  and  the 
linearized  treatment  is  justified. 


6.  Influence  of  wind  timnel  walls.  If  the  airfoil  is  placed  in  a  two-dimensional 
wind  tunnel,  there  are  further  conditions  of  vanishing  vertical  velocity  at  the 
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walls  y  Hi  and  y  ^  Ht  (reduced  to  non-dimensional  form  by  dividing  by  the 
chord  length).  In  order  that  (me  may  have  similarity,  there  are  therefore  the 
additional  conditions  of  identical 


iji  =■  \Hi ,  and  tft  ”  X/f* . 

Referring  to  Eqs.  (18)  and  (19)  and  the  value  of  c  in  the  individual  cases,  one 
can  easily  show  that  the  parameters  for  the  five  cases  are  respectively 


Case  1. 

((t  +  m''H, 

1(7  +  m''H, 

Case  2. 

|1  - 

ii  -jifii'ff, 

Case  3. 

V2j^^Hi 

Case  4. 

kM^Hi 

kM^Hi 

Case  5. 

Hi 

H, 

(63) 


7.  The  Case  of  Large  Pressure  Disturbance.  In  all  the  above  cases,  the 
restrictions 

M,  «  1/6  and  Af.  «  l/kS  (k  »  1)  (54) 

are  implied.  Thus,  if  either  or  both  of  these  conditions  are  not  satisfied,  the 
linearised  theory  breaks  down.  This  can  happen  when  1,  and  is  indeed 

the  hypersonic  range  with  non-linear  equations.  In  such  cases,  even  though  the 
velocity  perturbations  may  be  small  (i.e.,  condition  (13)  satisfied),  the  conditions 
(13A)  for  small  pressure  perturbation  cannot  be  all  satisfied.  (For  if  they  are, 
we  will  go  back  to  one  of  the  linearized  cases  discussed  above) ;  that  is,  this  case 
cannot  be  treated  properly  by  a  theory  of  small  perturbations.  Thus,  the  expan¬ 
sion  of  the  formula  (12)  for  the  pressure  coefficient  cannot  be  carried  out.  One 
can  merely  write 

c,  -  {ii  -  (t  -  DMiw, + /,  +  - 1}  (55) 

Indeed,  the  reduction  of  the  fundamental  equation  (14)  is  very  limited.  One 
can  show  that  it  simplifies  to 

k*/rr  +  2kf(T  +/«  =  —  (y  —  l)(fr/r  + /|)  “  Kt  + 

-  2/,(A/^-f /i,)|  (66) 

To  clarify  the  problem  further,  we  again  distinguish  between  the  cases 
(A)  k  -  0(1),  (B)  k »  1 

Case  A,  Hypersonic  Flow.  In  this  case,  we  have  (cf.  (19)  and  (54)) 
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It  turns  out  that  in  terms  of  the  parameters 

a  “  l/M^S  “  0(1)  and  $ 
one  can  rewrite  (55)  and  (56)  as 
2 


€X*, 


J  +  f>  +1/5)7'’”’  -  *} 


k*f„  +  2kffr  +  fu  +  +  /*•) 


(58) 


(59) 


^(a  -  h(y  +  i)yt)  -  (y  -  DMr  +  ft) 


It  is  thus  clear  that  /3  must  be  of  the  order  of  unity.  Since  it  is  at  our  disposal, 
one  may  put 

$  -  1.  (60) 
Thus,  the  final  equations  for  k  —  0(1)  are 
h'U  +  2kS^  +  /«  +  !%(/%.  +  /h) 

-  {(a  -  1(7  +  I)/!)  -  (t  -  !)(*/.  +/.)!/. 

,  -  0,0<{  <  1;  ■/.-»,  +  *».  (“') 

C,  -  (11  -  (7  -  !)«(*/,+/,  +  -  1| 

Cate  B.  Highly  Ogcillatory  Flow.  In  tlie  case  k"^  I,  we  have  (cf .  (20)  and  (54)) 
eX  =  W,  and  l/Mjk  ~  0(1)  (62) 

A  similar  argument  with 

a'  =  l/WM,  -  0(1),  /3'  -  -  1  (63) 


leads  to 

+  if,U  =  la”  -  1(7  +  1)/;  -  (7  -  1)/,)/, 

“  0,  0  <  f  <  1,  fn  —  9t  . 

c.  -  111  -  (7  -  i)«u  + 1/;)!’"’^"  - 1) 

Y/"**  , 

Thus,  when  k  =  0(1),  there  are  the  similarity  parameters 
fc,  a  “  and  7; 

when  A;  <SC  1,  the  problem  is  quasi-stationary,  and  the  parameter  k  disappears. 
In  the  highly  oscillating  case,  the  similarity  parameters  are 

o'  =  l/MJik  and  7. 


8.  The  Transonic  case  with  Mi  >■  1.  If  the  reference  velocity  is  taken  to  be 
the  critical  velocity,  so  that  Afi  >  1,  there  is  an  apparent  simplification,  because 
the  Mach  number  no  longer  appears  explicitly  in  the  equation  (15).  However, 
the  boundary  condition  at  infinity  introduces  it  back  again.  In  fact,  at  infinity, 

«/i  -  2(3f,  -  l)/(7  +  1), 
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and  this  introduces  a  relation  between  the  order  of  magnitude  of  c  and  (M «  —  1)< 
Arguments  along  the  above  lines  lead  to  the  following  results. 

,-0,0<f<l;  /, -1^1 

C,  -  2I*'*(7  +  ir"*/t 

Cp.  -  -  2«*'Vi  -  4(1  -  M.)/(7  +  1) 

and  this  is  readily  shown  to  be  equivalent  to  the  contents  of  (35). 

Mabsachusbtts  Institutb  or  Tcchnoloot 
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NOTE  ON  THE  USE  OF  ALMOST  PERIODIC  FUNCTIONS  IN 
THE  SOLUTION  OF  CERTAIN  BOUNDARY  VALUE 
PROBLEMS* 

Bt  Ida  RoBmiroBB 

1.  Introduction.  This  note  concerns  linear  troMformations  of  the  type 
T{F(x)]  =  F{x)ipkjix)dx  =  n  =  1,  2,  •••  ,  where  F(x)  belongs  to 

L*(0,t)  and 

=  {-^(*1.)  cos  AWT  +  B{kn)  sin  fc«x}  (1) 

A{kn)  =  —  {Kan  +  au  sin  Kx  +  014^^  cos  Kr), 

B(kn)  =  —  Ou  +  Ou  cos  knX  —  Oukn  sin  knX, 

[compare  [6]*  p.  300]  is  the  set  of  characteristic  functions  of  the  Sturm-Liouville 
problem 

y"(x)  +  k*yix)  *=  0,  L<(y)  =  at/uj  -  0,  »  =  1,  2; 

wi  =  1/(0),  uj  =  y'(0),  tt|  »  y(ir),  U4  «  y'(x). 

The  Oif  axe  constants,  the  interval  (0,  x)  is  chosen  for  convenience  and  without 
loss  of  generality.  It  is  assumed  that  the  L,-  are  linearly  independent  and  that 
auOn  —  aaOn  =  aaOn  —  auOu  ■  This  last  condition  is  to  guarantee  real  charac¬ 
teristic  values  (see  [3]  vol.  1,  p.  352).  There  is  a  countable  infinity  of  charac¬ 
teristic  values  which  can  be  numbered  as  A;.  ,  n  1,  2,  •  •  •  ,  in  such  a  way  that 
kn  <  n  <  kn+i .  Throughout,  functions  and  their  transforms  are  denoted  by 
corresponding  capital  and  small  letters.  In  case  the  characteristic  functions 
are  sines  or  cosines  only,  the  notations  S  and  C  respectively  are  used  instead  of  T. 

According  to  the  Riesz-Fischer  theorem  (sde  [4]  p.  98)  the  transformation 
^{^(x)}  has  a  unique  inverse  traneformation  T~^{f(kn)},  almost  everywhere,  in 
the  form  of  a  Sturm-Liouville  series 

r-'mk.)]  -  l.i.m.  t,  in  (0,  t),  (3) 

where  N\kn)  denotes  the  normalization  factor  of  the  complete  set  of  orthog¬ 
onal  fimctions  {vkS^)].  In  other  words,  there  is  a  one  to  one  mapping  of  the 
functions  F(x)  of  L*(0,  x)  and  the  sequences /(A:m),  n  =  1,  2,  •  •  •  . 

The  transformation  T  is  useful  in  finding  quickly  a  formal  solution  of  certain 
boundary  value  problems.  A  detailed  discussion  of  the  transformation  T  as 
well  as  the  type  of  boundary  value  problems  to  which  this  operational  method  is 
applicable  are  given  in  [6]. 

Hie  purpose  of  this  note  is  to  give  relations  (see  theorems  6  and  7  below)  which 
help  in  finding  solutions  with  intrinsic  character  (i.e.  closed  form  solutions,  com- 

*  See  Abstract  in  Bull.  Am.  Math.  Soc.  61,  p.  67. 

The  content  of  this  note  is  part  of  the  author’s  doctoral  dissertation. 

*  The  numbers  in  brackets  refer  to  the  bibliography. 

232 


USE  or  AUfOST  PERIODIC  FUNCTIONS 


233 


pare  [6]  Secs.  6,  9,  10, 11).  The  relaticRis  are  obtained  by  using  almost  periodic 
functions  in  the  form  of  “almost  periodic  extensions"  of  a  function  defined  on  a 
finite  interval.  Some  simple  examples  (see  Secs.  4  and  5  below)  illustrate  the 
use  oi  these  relatimis. 


2.  Some  definitions  and  theorems  from  the  theory  of  almost  periodic  func¬ 
tions.  Definition  1,  A  set  £  of  real  numbers  is  said  to  be  satisfactorily  uniform 
if  there  exists  a  positive  number  I  such  that  the  ratio  of  the  maximum  number  of 
terms  of  E  included  in  an  interval  of  length  I  to  the  minimum  number  is  less  than 
2.  (See  [1]  p.  77.) 

Definition  g.  Let  F(x),  —  «  <x<  ao,bea  real  function.  The  upper  and 
the  lower  limit  (if  they  exist)  of  (1/X)  F(x)dx  as  X  -*  »  ia  called  the  upper 


and  the  lovoer  mean  value  of  F(x),  and  is  denoted  by  Af  {F(x)},  M{F(x)}  respec¬ 
tively.  In  case  M  M  the  notation  M  is  used.  (For  more  detail  see  [1]  p.  12 
and  p.  69.) 

Definition  S.  A  function  F(x)  of  class  V  is  called  B*  almost  periodic  (B’.a.p.), 
if  to  any  c  >  0  corresponds  a  satisfactorily  uniform  set  of  numbers  •  •  •  r-i  < 
T_i  <  To  <  Ti  <  Ti  •  •  •  such  that  for  each  i  M,{|  F(x  -f  t<)  —  F{x)  |*j  <  t. 


and  that  for  every  c  >  0  M,Sii{l/c)  I  1  F(x  +  t<)  —  F(x)  |*<ix  <  €*.  The 


suffixes  X  and  t  indicate  with  respect  to  which  variable  the  mean  value  is  to  be 
taken.  The  numbers  r<  are  called  B*  translation  numbers  of  the  fimction  F(x) 
belonging  to  <  (see  [1]  pp.  69  and  78). 

Notation.  By  a  u.a.p.  function  is  meant  a  uniformly  almost  periodic  function 
in  the  sense  of  Bohr  (see  [1]  p.  2  and  [2]  p.  28). 

Theorem  1.  If  F(x)  is  B*.a.p.  then  Af{F(x)  exp  —  tXx}  exists  for  all  real  values 
of  X  and  differs  from  naught  for  at  most  an  enumerable  set  of  X.  Denote  these 
values  of  X  by  Xi ,  Xi ,  •  •  •  ,  and  write  Af{F(x)  exp  —  tX,,x}  =  A,  for  all  n.  (See 
[1]  p.  18  and  p.  104.) 

Definition  4-  The  numbers  X«  in  theorem  1  are  called  the  Fourier  exponents 
and  the  numbers  A,,n  =  1,2,  •••  ,  the  Fourier  coefficients  of  the  function  F(x). 
The  formal  series  ^  A„  wp  t  X.  x  is  called  the  Fourier  series  of  the  function  F{x) 
and  is  written  as  F{x)  ^  exp  tX»x  (see  [1]  p.  18  and  p.  104). 

Trigonometric  form  of  Fourier  series.  If  F(x)  is  real  in  definition  4  and  A,  = 
On  —  ibn,  then 


where 


F{x)  2  <*»  cos  X,,x  -b  bn  sin  X,x, 


(4) 


On  —  M{F(x)  COB  X,^;),  bn  =  M{F(x)  sin  X»x}. 


Lemma  1.  If  F(x)  is  real  and  almost  periodic,  then  F(x)  is  even,  (odd),  if 
and  only  if  6,  =  0,  (a*  =  0),  so  that 

Fix)  On  COB  \nX,  (Fix)  53  sin  X«x). 
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Lemma  2.  Let  F{x)  be  almost  periodic,  then  F{x)  is  periodic  if  and  only  if 
its  Fourier  exponents  are  integral  multiples  of  some  fixed  number. 

Theorem  2.  (Riesz-Fischer).  To  any  series  ^  An  exp  tX,x  for  which 
^  I  I*  converges,  corres^nds  a  B'.a.p.  function  having  this  series  as  its 
Fourier  series  and  conversely  (see  [1]  pp.  10&-110). 

Theorem  S.  If  F(x)  and  0(x)  are  B*.a.p.  functions,  then 

H(x)  -  M.{F(x  -  0(?(0I 

is  a  u.a.p.  function. 

Remark.  It  is  the  intrinsic  character  of  the  ^.a.p.  functions  as  defined  in 
definition  3,  and  theorem  2,  which  the  reader  should  bear  in  mind  in  the  sections 
to  follow. 

3.  Almost  periodic  extensions.  In  connection  with  the  finite  sin  nx,  cos  nx 
and  the  sin  (n  —  i)x,  cos  (n  —  \)x,  n  =  1,  2,  •  •  •  transformations,  periodic  and 
antiperiodic  extensions  respectively  of  a  function  defined  on  a  finite  interval  are 
introduced  in  order  to  prove  certain  theorems  (see  [6]  Secs.  5  and  7).  These 
extensions  have  their  origin  in  the  fact  that  a  series  expansion  in  one  of  the 
above  four  characteristic  functions  repre^nts  a  periodic  or  antiperiodic  function 
respectively  on  —  w  <  x  <  <».  That  the  expansion  is  a  periodic  or  anti¬ 
periodic  function  is  due  to  the  fact  that  these  characteristic  functions  have  a 
common  period  or  antiperiod  respectively.  In  generalizing  the  above  men¬ 
tioned  theorems  to  certain  special  cases  of  the  T  transformation,  where  kn  ^  n, 
kn  ^  n  —  1,2,  the  question  arises;  what  kind  of  function  does  the 

series  (3)  represent  on  —  «  <x<  «? 

The  Fourier  exponents,  i.e.  the  characteristic  values  of  (2),  are  not  integral 
multiples  of  a  fixed  number  (see  theorem  4  below),  in  other  words  the  charac¬ 
teristic  functions  (1)  have  no  common  period.  According  to  theorem  2  and 
lemma  2  the  series  (3)  represents  an  almost  periodic  function. 

Theorem  4-  There  exists  no  real  number  q  ^  0  such  that  kn/q  is  an  integer 
for  all  n  =  1 ,  2,  •  •  •  . 

The  assumption  that  all  numbers  kn  are  multiples  of  the  same  number  q  leads 
to  a  contradiction.  This  follows  from  the  fact  that  lim  (kn  —  n)  =  0.  The 

details  of  the  proof  can  be  left  to  the  reader. 

Definition  5.  A  function  /‘(x),  —  <»  <  x  <  «,  is  said  to  be  a  B'.a.p.  exten¬ 
sion  of  a  function  F(x)  belonging  to  L*(0,  t),  if  P{x)  is  ^.a.p.  and  ^(x)  =  F(x) 
in  (0,  t).  In  particular  P,{x),  (/‘o(x)),  is  called  an  even,  (odd),  E^.a.p.  extension 
if  P{x)  is  even,  (odd). 

Theorem  6.  Let  F(x)  belong  to  L*(0,  x),  then  there  exists  one  and  only  one 
B*.a.p.  extension  P(x),  —  «  <  x  <  «,  of  F(x)  such  that 

^(x)  has  kn  ,  n«*l,2,  •••,as  Fourier  exponents  (5) 

and  its  corresponding  Fourier  series  P(x)  ~  ^  o„  cos  fc*x  -|-  b*  sin  knX,  —  «  < 
X  <  00,  has  the  property 

an/A(kn)  =  bn/B(kn),  A (*,)  and  B(kn)  as  in  (1), 


(6) 
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namely 

/‘(x)  2^  N{kn)f(kn)vk,(j>:)  in  -  «>  <  x  <  oo. 

Proof.  According  to  theorem  2  the  series  2  ^(.^^n)f(kn)<pk,(x),  —  oo  <  x  < 
«,  corresponds  to  a  ^.a.p.  fimction,  and  any  E^.a.p.  fimction  satisfying  (5) 
and  (6)  has  a  uniquely  determined  Fourier  series  of  this  form.  According  to  the 
uniqueness  theorem  for  expansions  in  the  orthogonal  functions  ^*,(x)  on  the 
interval  (0,  ir),  there  is  one  and  only  one  such  representation  of  F(x)  on  this 
interval;  hence  this  series  corresponds  to  the  only  P*.a.p.  extension  f'ix)  of 
F{x)  satisfying  (5)  and  (6). 

4.  A  theorem  and  a  vibrating  string  problem.  If  F(x)  belongs  to  L*(0,  r) 
and  Pix),  —  <»  <  X  <  « ,  is  the  ^.a.p.  extension  of  F(x)  satisf3ring  (5)  and  (6) 
then  it  follows  from  (4)  that 

N{kn)f(K)Aikn)  =  M{Fix)  cos  knX], 

N{kn)fikn)Bikn)  =  M { /‘(x)  sin 

Theorem  6.  If  F(x),  —  «  <  x  <  « ,  denotes  the  ^.a.p.  extension  satisfying 
(5)  and  (6)  of  the  fimction  F{x)  belonging  to  L*(0,  r)  and  if  a  is  any  constant, 
then 

r-‘{coe  KafiK)]  -  i[^(x  -  a)  +  P{x  +  o)].  (8) 

Proof.  Since  F{x)  =  P{x)  in  (0,  *•),  it  follows  from  (7)  that 
r“*{coe  knaf(kn)\  =  l.i.m.  cos  knO  cos  knx]  cos  knX  + 

+  M{F'(x)  cos  Ka  sin  A;.x)  sin  knX. 
How,  M{F(x)  cos  k^a  coo  k^]  =  ^M{i^(x)  cos  A:«(x  +  o)  +  cos  knix  —  o)} 

»  JAf{[/‘(x  -  o)  +  P{x  +  o)]  cos 

similarly 

Af{^(x)  cos  A:»a  sin  A^,x}  =  iAf{[/‘(x  —  o)  +  Pix  +  a)J  sin  A:,x}, 
so  that 

r~‘{cos  knaf(kn)\  =  l.i.m.]^n-i  iM{[P{x  —  o)  -f-  Pi.x  +  o)l  cos  knx\  cos  knX 

+  ^M[[P{x  —  a)  4-  P{x  -|-  o)]  sin  A:,x}  sin  A:»x 
=  \{P{x  -  a)  +  P{x  +  o)]. 

Corollary.  Let  F(x)  belong  to  L*(0,  t).  If  P,(x),  (A(x)),  —  <»  <  x  <  «, 
denotes  the  even,  (odd),  ^.a.p.  extension  of  F{x)  with  Fourier  exponents  k^ 
and  if  a  is  any  constant,  then 

C“‘{co8  *:,a/e(A:,)}  =  ilPt(x  -  o)  +  P»(x  +  o)],  (9) 

iST^jcos  knaf,(kn)}  *=  ilPo(x  -  a)  +  Fo(x  +  o)],  (10) 


4^ 

I 

r 


i 


i 

1 

i  ‘ 

'  4 


♦ 


236 


WA  ROETTINOER 


where 

C(F(x)}  *»  F(x)  cos  Kpcdx  »  /*(fc,), 

5{F(x) j  »  f(x)  sin  Avwii  =»  /.(*«),  n  *  1,  2,  •  •  •  ; 


X;,  are  the  characteristic  values  of  (2)  where  certain  oty  respectively  are  zero. 

A  vibrating  string  problem.  The  closed  form  solution  below  of  the  following 
simple  boundary  value  problem  is  meant  to  illustrate  the  use  of  theorem  6. 


3^Y(x,  t)  _  d*r(x,  0 

“  dx* 

F(x,0+)  »  0, 

F,(0  0  =•  «»■  +  b, 


+  o,  X  in  (0,  t), 

F.(x,  0  +)  »  0, 
Y.(r  0  -f  hYix 


t  >  0, 


-.0  -  ft, 


a,  b,  h  axe  given  non  zero  constants. 

Let  C{F(x)}  =  ^  F(x)  cos  k^xdx  =  /*(A:«),  n  =  1,  2,  •  •  •  ,  (11) 

where  {cos  fc,xj  are  the  characteristic  functions  of  y”{x)  +  A:*y(*)  ”  0,  i/'(0)  =  0, 
^'(t)  +  ky{ir)  =  0;  that  is,  K  are  the  roots  of  cot  kr  —  k/h,  k  >  0.  If  F(x) 
and  F'(x)  are  continuous  and  F'*(x)  belongs  to  L*(0,  r),  then 

C{F'(x)\  *  -  k\Sc(K)  -  f"(0)  +  cos  A«tF(t)  -f  /»F(ir)],  (12) 

see  [6]  equation  (39).  This  last  formula  applied  to  the  above  problem  yields 
the  following  transformed  problem. 

=  -k\y,{k,,  t)  -  (ax  +  6)  +  6  cos  fc,  *  +  oCjl}, 


y,{kn  ,  0  +)  =  0,  dy,{kn  ,  0  ■\-)/dt  =  0. 

The  solution  of  the  transformed  problem  is 

y,{kn ,  0  =  (1  -  cos  (o»  +  b)  +  h  cos  Ks  +  aC{l)]. 

Now,  CIl)  =  fcl*  sin  A:»t, 

C[x\  =  k't'w  sin  kns  +  (—  1  +  cos  knv)k'f, 

C{x*}  =  sin  knv  +  kn*2r  cos  knv  —  k^  sin  knw, 
so  that  —  (oT  +  b)k^  +  bk  f  cos  knw  +  ak^  sin  ** 

=  C{-  (o/2)x*  +  (ax  +  5)x  -  (o/2)t’  -  6t}  =  C{F(x)\. 

Thus 

ye(kn  ,  t)  =  ^{^(x)}  —  COS  Kt  C|f(x)j  and  by  (9) 
r(x,  1)  -  F(z)  -  -  0  +  P,(i  +  0). 


(13) 
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where  A(x)  denotes  the  even  (in  this  case)  u.a.p.  extension  with  Fourier  ex¬ 
ponents  kn  of  the  function 

F(x)  =  —  (o/2)x*  (ot  +  h)x  —  (o/2)t*  —  hr,  0  <  x  <  r. 

The  closed  form  solution  (13)  is  of  intrinsic  character  and  thus  gives  an  insight 
into  the  behaviour  of  the  solution. 

Remark.  In  solving  practical  problems  of  this  type  it  is  worth  while  keeping 
in  mind  that  the  roots  k^  of  (2)  approach  n,  in  some  cases  n  —  n  =  1,2,***, 
asymptotically.  For  instance,  if  in  the  above  problem  |  ^  |  is  small,  K.  is  ap¬ 
proximately  n,  in  which  case  /^«(x)  in  (13)  is  approximately  the  even  periodic 
extension  with  period  2r  of  the  function  F(x)  defined  on  (0,  x). 

6.  A  convolution  theorem  and  a  problem  in  heat  conduction.  The  following 
theorem  gives  an  expression  for  the  inverse  of  the  product  of  two  C-transforms. 

Theorem  7.  Let  F(x)  and  G(x)  belong  to  L*(0,  x).  If  l^,(x)  and  0,(x), 
—  00  <  X  <  00 ,  denote  the  even  B*.o.p.  extensions  with  Fourier  exponents  kn 
of  the  functions  F(x)  and  G(x)  respectively,  and  if  H(x)  =  A(x  —  0^«(0} 

and  R(x)  =  H(v)dv,  thwi 

(r^{Mkn)g.ikn)\  =  (ir/2)H(x)  -  (l/8)[^(x  +  2x)  -  ff(x  -  2x)]  (14) 
Proof.  cr^{f»(.kn)g,ikn)\  =  llni.^n-iNikn)fciK)g,ikn)  cob  knX.  According 
to  (7) 

Nikn)Ukn)g,{kn)  =  [l/N(kn)]M{P',ix)  cos  knx\M{0.ix)  cos  knX]. 

And 

M{P,(x)  cos  kn?c]M\Q,{x)  cos  Kx]  =  M,{M^[P,{x)Q,{y)  cos  Kx  cos  A:,y)j 
=  kn{x  -f  y)  +  cos  k,(x  -  y)]) }]  »  M{H{x)  cos  Kx), 

which  follows  from  the  substitution  x  +  y*=u,  y  =  vin  the  first  term  and 
X  —  y>=M,  y*  — win  the  second  term. 

Next,  l/N{kn)  =  coB*knXdx  =  (x/2)  +  (4A:„)“*  sin  2k,x.  Now, 

kn^M{H(x)  cos  knx]  “  lim  (1/X)[fc^*  cos  knxRix)^  =  M{R(x)  sin  knx). 

Since  Rix)  is  bounded  the  first  term  vanishes,  so  that 

kn^MlH(x)  cos  knx\  =  M{R(x)  sin  A^,xj. 

Similarly  as  in  the  proof  to  theorem  6  it  follows,  that 
sin  2fc,xM{^(x)  sin  A^ix)  =  \M{[R{x  -f  2x)  —  Itix  —  2x)]  cob  knx], 
so  that 

(r^{fcikn)g,ikn)]  =  (x/2)^(x)  +  (l/8)[^(x  +  2x)  -  ff(x  -  2x)]. 
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Auxiliary  problem.  The  solution  oi  this  problem  is  of  use  in  giving  a  closed 
form  solution  of  the  heat  conduction  problem  below. 

d^/dt  =  d'^/dx',  X  in  (0,  t),  t  >  0, 

^'.(O  +,  0  »  -  1,  ♦.(t  t)  -f  k*{ir  t)  -  0,  0  +)  -  0. 

Relation  (12)  leads  to  the  following  tran^ormed  problem. 

d^./*  =  +  1,  UK ,  0  +)  =  0. 

Hence 

UK ,  0  =  k~\l  -  exp  -  k\t), 

and  ♦(x,  0  =  l.i.m.2r_i  4A:»‘(2A:,ir  +  sin  2*:»t)~'(1  —  exp  —  kU)  cos  fc«x. 

A  heat  conduction  problem.  The  closed  form  solution  below  of  the  following 
simple  boundary  value  problem  is  meant  to  illustrate  the  use  of  theorem  7. 

dU/dt  =  Ait)d*U/dx\  X  in  (0,  w),  t  >  0, 

t/.(0  +,  f)  =  -  1,  U.{x  0  +•  hU{T  t)  =  0,  U{x,  0  +)  =  F(x). 

A{1)  >  0,  F{x)  and  h  are  given.  According  to  (12)  the  following  transformed 
problem  is  obtained. 

du^{K  ,  t)/dt  *  A(0[-  k\uc{kn  ,  0  -f  1], 


UK  ,  0  +)  =  /e(fc0» 

thus  UK  ,  t)  =  fc(K)^c(K ,  a(0)»  where  'If  denotes  the  solu¬ 


tion  of  the  auxiliary  problem  and  a(t)  =  A(v)dv. 

By  theorem  7  the  solution  U(x,  t)  can  be  written  as 

I7(x,  t)  =  (ir/2)H(x)  +  (l/8)[^(x  +  2t)  -  ff(x  -  2t)], 


(15) 


where  H(x)  =  M,\  P,{x  —  t;)^^,(r,  a(0)},  denoting  the  even  B^.a.p.  extension 
with  respect  to  v  of  the  function 


Remark.  The  same  remark  as  in  Sec.  4  holds  here.  In  case  |  A  |  is  small  K 
is  approximately  n.  In  this  case  (14)  can  be  approximated  by  Cr^{fein)gcin)]  = 


F,(x  —  v)G,(v)dv,  where  F, ,  G,  denote  the  even  periodic  extensions  with 
period  2t  respectively  of  F{x)  and  G(x)  defined  on  (0,  x).  And  (15)  is  thus 
approximately  given  by  U(x,  t)  =  i  ^  F,{x  —  a(t))dv,  where  4^,  denotes 


the  even  periodic  extension  with  period  2t  with  respect  to  v  of  the  function 
'ir(v,  a(t)),  0  <  V  <  r,  and 

♦(x,  0  =  (t/x)  +  (r  —  x)'l2x  —  (t/6)  —  {2/x)Ya  n“*exp(— n*0  cos  nx,  x 
in  (0,  x). 
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CORRECTIONS  TO  THE  PAPER  “STRESSES  AND  SMALL  DISPLACE¬ 
MENTS  OF  SHALLOW  SPHERICAL  SHELIA.  11” 

*  Bt  Ebic  Rbissnbb 

In  this  paper  which  appeared  in  vol.  25,  p.  270  (1946)  the  following  corrections 
should  be  made:  Eqs.  (42)  and  (43)  should  read 

M.  -  [bei  r  +  (1  -  ,)  ^']  -  c.  [her  -  ,) 

(42) 

+  C.  [kei  r  +  (,  -  ,)  -  C.  [k.r  r  -  (1  -  ,) 

M.  (1  -  ,)^']-  C.[,berr+  (i  - 

+  c.[, kei -  c.[.k„  r  +  (1  - 

In  Eq.  (61b)  replace  r  ^  r,  by  r,  ^  r.  In  Eqs.  (62a,  b)  replace  (r  —  v')  by 
(1  —  r*).  Eqs.  (64a,  b)  should  read 

-ft(,bei^-  a(.'ber^+  (64.) 

-'•('kei  +  <,(,korI+  (64b) 

Eqs.  (63c),  (64c)  should  read 

«r,.B(0)  -  «r,.,(0)  =  ^  ^  (63c),  (64c) 

T  I*  M 

In  Eq.  (75f)  replace  J  X  by  1/2X.  In  Table  I  replace  k  by  k,  and  Ci ,  c»  by 

Cl ,  Ci . 

The  author  is  indebted  to  Mr.  J.  H.  Carr  of  the  U.  S.  Naval  Ordnance  Test 
Station  atTnyokem  for  pointing  out  to  him  the  majority  of  the  aforementioned 
corrections. 

None  of  the  numerical  results  obtained  in  the  paper  are  affected  by  these 
corrections. 
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SOUND  RADIATION  FROM  A  FINITE  CYLINDER 
PiEBO  Gioboio  Bobdoni  and  Wolf  Gboss 

1.  Introduction.  To  calculate  sound  pressure  at  every  point  of  the  held  orig¬ 
inated  by  a  vibrating  body,  whose  normal  vibration  velocity  is  given  on  its  whole 
surface,  a  Neumann’s  external  problem  for  the  wave  equation:  (A*  -|-  fc*)d>  =  0 
must  be  solved. 

In  a  previous  note  [6]  one  of  the  authors  has  shown  that  it  is  possible  to  get 
an  approximate  solution  of  this  problem,  for  a  sound  source  of  any  shape,  by 
means  of  spherical  harmonical  analysis.  The  process  outlined  in  the  paper 
quoted  consists  in  retaining  only  a  finite  number  of  terms  from  the  expansion  of 
the  velocity  potential  in  terms  of  Legendre  functions.  Boundary  conditions 
must  be  then  satished  not  on  the  whole  surface,  but  in  a  hnite  number  of  points, 
in  order  to  obtain  as  many  equations  as  arbitrary  coefficients  in  the  series. 

Only  a  linear  system  of  independent  equations,  which  are  just  the  same  number 
as  the  unknowns,  must  be  solved  with  the  above  method.  This  is  a  much  easier 
problem  than  the  search  for  the  integral  satisfying  to  boundary  conditions  all 
over  the  body’s  surface,  and  therefore  a  numerical  solution  can  always  be  ob¬ 
tained,  for  any  shape  of  the  source. 

The  same  method  has  subsequently  been  improved  by  the  second  author,  ac¬ 
cording  to  the  suggestions  of  Prof.  M.  Picone.  Instead  of  making  the  approxi¬ 
mate  solution  to  converge  to  the  exact  one  in  a  discrete  number  of  points,  it  has 
been  required  that  it  converge  in  the  average  all  over  the  surface. 

For  this  purpose  the  difference  between  the  given  velocity  and  the  velocity  of 
the  sound  field,  has  first  been  squared,  and  afterwards  integrated  over  the  whole 
surface,  rendering  this  integral  a  minimum  by  a  suitable  choice  of  the  expansion’s 
coefficients. 

The  chief  advantage  that  the  latter  method  has  over  the  former,  is  that  not 
only  its  solutions  but  also  all  their  derivatives  converge  uniformly  to  the  exact 
values,  when  the  number  of  terms  retained  from  the  series  tends  to  infinity. 
This  property  can  be  proved  without  much  difficulty  as  it  is  done  in  the  Appendix, 
and  is  a  very  significant  one  from  a  physical  viewpoint,  as  the  acoustical  velocity, 
involved  in  boundary  conditions,  is  exactly  one  of  the  potential  derivatives. 

In  the  present  note  the  last  method  has  been  employed  to  calculate  the  power 
radiated,  by  a  rigid  cylinder  with  one  vibrating  basis,  (Fig.  la)  and  to  trace  its 
directional  characteristics. 

Such  a  problem,  besides  its  theoretical  interest,  is  also  important  for  technical 
applications,  as  the  cylindrical  source  is  obviously  a  schematisation  of  a  moving 
coil  loudspeaker,  applied  to  a  back-enclosed  baffle  (Fig.  lb).  It  may  be  seen 
from  the  bibliography  that  not  very  much  is  actually  known  on  the  behavior  of 
this  source;  some  information  about  it  has  been  however  obtained  in  previous 
work  by  means  of  a  process  that  could  be  termed  of  “physical  approximation,” 
which  consists  in  substituting  to  the  true  source  a  rigid  sphere  with  a  vibrating 
cap  (Fig.  Ic).  If  the  sphere  has  the  same  volume  as  the  baffle,  and  the  cap  the 
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same  surface  and  strength*  as  the  loudspeaker’s  cone,  it  can  be  assumed,  on 
physical  grounds,  that  the  low-frequency  behavior  of  both  sources  is  similar. 

If  the  spherical  source  is  taken  as  a  first  approximation  to  the  back-enclosed 
loudspeaker,  the  vibrating  cylinder  must  be  considered  as  a  second  and  closer 
one.  Its  contour  is  indeed  much  more  like  the  loudspeaker’s  shape,  and  it  may 
reasonably  be  expected  that  its  behavior  too  be  more  similar  to  that  of  the  true 
source. 

A  third  approximation  could  eventually  be  obtained  by  applying  the  same 
analytical  process  to  a  cylinder  with  one  concave  basis,  exactly  like  in  Fig.  lb. 
Such  a  refinement  would  require  more  troublesome  calculations,  because  the 
odder  the  source  shape,  the  larger  the  number  of  terms  of  the  series  which  must 


a)  t)  c) 


Fio.  1.  Sound  sources  with  back-enclosed  baf9e;  a)  cylindrical;  b)  moving  coil  loud¬ 
speaker;  o)  equivalent  spherical  source. 

H 

be  retained.  The  present  note  shows  however  that  a  further  approximation 
of  this  kind  is  not  needed,  the  agreement  between  spherical  and  cylindrical 
source  being  good  enough,  at  least  for  technical  purposes,  and  below  a  certain 
frequency. 

When  this  frequency  is  exceeded  the  agreement  becomes  poorer,  and  for 
very  high  frequencies  the  two  sources  behave  in  a  quite  different  way.  This, 
however,  does  not  matter  very  much,  as,  for  such  frequencies,  computations 
must  be  started  on  an  entirely  different  basis,  owing  to  the  loudspeaker’s  cone 
breaking  up  in  very  complicated  modes  of  vibration. 

2.  Velocity  potential  ani)  boundary  conditions.  In  spherical  coordinates  the 
velocity  potential  ^  of  a  sound  wave,  symmetrical  about  the  polar  axis,  is  given 
in  terms  of  Legendre  functions  by  the  following  series: 

[1]  ip  =  2"-0  (Xn  +  jyn)Pnico6  d)  fnijkr) 

where 

r,  d  =  spherical  symmetrical  coordinates; 

k  u/c  ^  2t/X  =  phase  constant  of  propagation; 

Xn  +  jVn  —  arbitrary  coefficient; 

Pn  (cos  d)  =  Legendre  function,  of  order  n; 
fnijkr)  »=  Stokes  function,  of  order  n  [7]. 

*  Integral  of  the  normal  vibration  velocity,  taken  all  over  the  surface  of  the  cap  or  of  the 
diaphragm. 
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The  radial  velocity  Ur  at  any  point  of  the  field,  and  the  transversal  one  Ut 
which  lies  on  a  diametral  plain  because  of  symmetry,  are  given  by: 


{Xn  +  jyn)Pn(cOB  ^)Fn(jkr) 


(e  '‘Vr*)  sin  &  +  jyn)Pn(.coa  ^)fn(jkr). 


where  Pn  (cos  6)  =  dP,(cos  9)/d6  and  where  F,t{jkr)  is  the  Stokes  function  of  the 
second  kind,  and  order  [7]. 

If  the  origin  of  coordinates  is  chosen  in  the  center  of  the  cylinder,  and  its 
axis  is  taken  as  polar  axis  with  0  on  the  vibrating  basis  (fig.  2),  the  velocity 


Fio.  2.  Components  of  vibration  velocity  in  a  cylindrical  source 


U  normal  to  the  cylinder,  can  be  expressed  as  a  sum  of  the  projected  values  of 


IU  =  Ur  cos  d  —  U«  sin  d  (on  the  bases) 

U  =  t/r  sin  cos  0  (on  the  wall) 

If  the  cylinder’s  height  and  diameter  are  supposed  to  have  the  same  value 
a,  the  radius  r  is  given  by: 

r  =  o/cos  i>,  on  the  vibrating  basis,  where  0  <  <  t/4; 

[5]  V  ~  o/sin  i>,  on  the  wall,  where  t/4  <  <  3t/4; 

[r  =  —o/cos  i>,  on  the  standing  basis,  where  3t/4  <  <  t. 

Retaining  only  the  first  p  +  1  terms  from  the  expansions  [2]  and  [3],  and  in¬ 
troducing  them  into  [4],  to  get  the  normal  velocity,  the  coefficients  a:„  jy, 
must  be  chosen  in  such  a  way,  as  to  minimize  the  integral,  taken  all  over  the  sur¬ 
face,  of  the  squared  difference  between  given  and  calculated  velocity.  The 
former  velocity  is  zero  on  the  wall  and  on  one  basis  of  the  cylinder,  whilst  on 

the  other  basis  it  has  a  uniform  value,  which  can  be  assumed  real  and  equal 

to  1/a*,  without  any  loss  in  generality.  The  values  that  will  be  obtained,  for 


( 

1 

i 

I 
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the  coefficients  x,  +  jy^  hold  also  for  an  arbitrary  given  velocity  U,  provided 
they  are  multiplied  by  c^U. 

Denoting  with  So  the  wall  of  the  cylinder,  with  Si  the  vibrating  basis,  and  with 
St  the  standing  one,  the  function  which  must  be  minimized  by  a  suitable  choice 
of  the  Xn  +  iVn ,  is  then; 


-I-  /"  1 cos  d  -  sin  |*  ds  =  7^”’  +  /i”’  +  7^”’. 

2t  Jst 


3.  Computation  of  the  integrals.  Expression  [6]  is  split  up  in  three  integrals, 
which  are  taken  over  different  surfaces,  and  must  therefore  be  evaluated  dis¬ 
tinctly.  Putting  the  Ur,Ut  values,  given  by  [2]  and  [3],  into  [6],  we  get  for 

i 


[7] 


=  ^  f  ^  c  sin  £  (xn  +  jy,)(P,(co8  d)Fn(jkr) 

2t  Jst  r*  n-O 


-I-  COS  dPUcos  t^)fn(jkr)] 
On  the  wall  So ,  the  radius  and  the  elemental  area  ds  are  given  by  [5]: 


d8 


[8] 


r  = 


sin  d  * 


,  o  ®  ^ 
ds  =  2ira  .  ;  , 
sm* 


hence  the  surface  integral  can  be  changed  into  a  line  integral,  for  the  d  variable. 
Taking  for  brevity  ka  =  a  we  obtain: 

70”’  =  f  I  i  (*»  +  jy»)  fP-Ccos  0)Fn  (j 
,  ,  •'«■/<  I  «-o  L  \ 

^  /  \T  I* 

-f  cos  dPUcos  d)fn  [j  -7^  I  sin*  dd. 
,  \  sm  t?/ J  i 

Putting  (t/2)  —  in  the  place  of  i>,  and  introducing  a  new  function 
given  by: 


[10] 


,W  =  P.fem  «)F.  (j  +  sin  oKi^in  i)S.  {j 


after  some  algebraic  juggling,  the  following  expression  can  be  established  for  7o’’^ : 

p  p  i•-Hr/4 

75'^  =  23  2^  (aJn  +  jyn)(Xn  “  Jl/*)  /  {«(«>) COS*  d  dd 

11— 0  »— 0  J-r/t 

*  A.n,t(.Xn  "H  jyf^(.Xn  ~  ^») 


[11] 
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It  may  be  observed  that,  {»(— 0)  =  (—1)"  {«(»>)  and  therefore  the  coefficients 
An.,  have  the  values: 

|.w/4 

2  /  inh  COS*  9  dd,  when  n  +  v  is  even; 

[12]  =  A,.n  = 

0  when  n  +  »» is  odd. 

The  above  values  can  be  easily  calculated,  as  they  are  given  by  integrals  of 
polynomials  in  sin  and  cos  d. 

Proceeding  along  the  same  lines  as  before,  that  is  putting  [2]  and  [3]  into  /i”’ 
we  get: 

AX  Js\  T  n*0 

r  ,  ni> 

•  cos  f>P,(co8  d)Fn(jkr)  —  sin*  dPn  (cos  &)fn{jkr)  ~  ^  da. 

On  the  vibrating  basis,  the  first  of  [5]  gives: 

[14]  r  =  — ^  ;  da  *»  2to  tan  d 

cos  cos*  d 

and  the  surface  integral  can  be  changed  into  the  following  one,  taken  from 
I?  =  0  to  =  t/.4. 

=  f  1  £  (a;-  +  jyn)  r cos  dPnicOS  d)Fn  (j 

1  «»o  L  \  cos  V/ 

/  Of  \  I* 

—  sin*  dP n(coa  d)fn  ( j - ; ) - 5-^  cos  «>  sin  I? 

V  cos  d/  COB*  J  1 

Putting  t  =  COS  d,  and  introducing  the  function: 

[16]  rinit)  =  tPn(t)Fnija/t)  -  (l  -  e)Pnit)fn(ja/t), 
the  integral  [15]  becomes: 

[17]  /i”’  =  [  ^  I  i  (x,  +  jynhnit)  -  ^  tdt 

I  n-O  tr 

It  is  easy  to  see  that  the  integral  Ii'\  taken  over  the  other  basis,  can  be  put 
in  a  similar  form,  with  the  slightly  different  change  of  variable  t  =  —cos  d: 

[18]  /i”’  =  f  I  £  (-l)""‘(x,  +  jynhnit)  *  t  dt 

Jlln/i  I  »-o 

As/]”’  and  are  both  taken  from  l/V^  to  1  they  can  be  evaluated  to¬ 
gether;  after  some  transformations  we  get: 

/!”  +  /!”  =££(!.+  jWfr.  -  jV.)[i  +  (-  1)"T 

HwO 

[19]  •  f  rinit)ll,(t)t  dt  -  £  ["(Xn  -I-  jyn)  f  Vnit)  ^-r-  dt 

Ji/VS  "-0  L  Ji/V*  * 
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Introducing  two  new  parameters,  ,  Cn 


.0, 


given  by 

(when  n  +  p  is  even), 
(when  n  +  >'  is  odd), 


[21] 


the  sum  +  7*”^  can  be  written  in  the  form 

/<'>  +  /<«» ^  i is,.  p(xn  -h  jyn)(x,  -  jy,) 

»— 0  r“0 

-  i  [CniXn  +  jyj  +  CniXn  -  jVn)]  +  § 


[22] 


and  can  be  calculated  without  di£Sculty,  and  C.  being  given  by  integrals  of 
pol3moms  in  t. 

From  [6],  [11]  and  [22]  the  function  7^'^  is  easily  obtained  in  terms  of  the  same 
Xn  +  jVn  which  must  render  it  a  minimum: 


tt  (A,.,  +  Bn,,)(Xn  +  jyn)(x,  —  jy,) 

kibO  r—0 


-  i  [Cn(Xn  +  il/«)  +  CniXn  “  jyn)]  +  § 


3.  Evaluation  of  the  coefficients.  On  differentiating  [23]  with  respect  to  x« 
and  2/a ,  a  system  of  linear  equations  for  the  coefficients  is  obtained 

dP^^/dXn  3  £  [(Aa.r  +  B,.,)(x,  -  jy,) 

F*0 


[24] 

j-^dt^^/dyn 


If  we  take: 


-}-  (Aa,»  +  B»,,)(x,  +  jy,)]  —  Cn  —  Cn  =  0, 


i  [(Aa.»  +  Bn.,)(x,  -  jy,) 

—  (An,,  +  Bn.,)(x,  +  jy,)\  -  Ca  +  »  0 

(n  =  0,  l,2---p]. 


[25]  Aa.»  +  Bn,,  =  an,,  +  j^n.,,  Ca  =  Ta  +  j^n 

the  preceding  system  reduces  to: 

an,,X,  “b  Pn,,y,  ~  "Yn 

0n,,X,  ~  an,,y,  *  in 

It  must  be  noted  that  when  n  +  p  is  odd,  a«.,  »»  fin,,  ■*  0,  as  follows  from 
[12]  and  [20].  Hence  equations  [26]  contain  only  the  terms  for  which  n  and  v 
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are  both  even  or  both  odd.  The  system  then  splits  up  into  two  separate  sys¬ 
tems;  the  former  contains  p  +  2  equation  for  the  p  -|-  2  unknowns  which  have 
an  even  index  if  p  is  even  and  vice-versa;  the  latter  has  only  p  equations,  and  the 
index  must  be  now  even  if  p  is  odd. 

From  the  expressions  derived  for  An,* ,  Bn.* ,  it  immediately  follows: 

[27]  01%,*  “  Ol*,n  ,  /S»,r  “  ~~0*,n  ,  0»,n  “  0 

To  evaluate  sound  radiation  accurately  enough  for  technical  purposes,  not 
many  terms  must  be  retained  from  the  series,  as  the  contribution  of  successive 
harmonics  to  radiation  quickly  vanishes  as  their  order  increases.  As  it  was 
shown  in  a  previous  note  (5)  four  or  five  terms  generally  suffice;  taking  for  in¬ 
stance  p  =  4  the  boundary  equations  [26]  are  then  written: 


oooXo  "r  ao2xj  -|-  004X4  -|-  ffotVi  +  ^otV*  =  7o, 

oojXo  +  ojiXi  -|-  024X4  —  ^mVo  +  ffuVt  =  7i» 

004X0  +  024X1  +  044X4  —  PmVo  —  PuVi  =  74, 

/9«X2  +  /3o4X4  —  OooPo  —  O02I/J  —  004^4  =  ^0, 

—  |9o»Xo  +  —  0022/0  —  0222/1  —  0242/4  =  ^2 , 

—  1804X0  —  (814X2  —  0042/0  ~  0142/2  “  0442/4  =  i*) 


[28] 


oiiXi  -1-  oiaXi  +  PuVt  =  7ii 
ouXj  -|-  osaXa  —  PuVi  =  7i» 

PuXt  —  011  2/1  —  011  2/3  =  ^1, 

.  — /3uXi  —  oiipi  —  oiaPs  =  5i 


To  evaluate  On,, ,  /3,.,  in  the  above  equations  the  integrals  An,* ,  8%,*  must  be 
computed.  Their  calculation  however  does  not  offer  serious  difficulties,  and 
both  can  be  expressed  in  terms  of  elementary  functions.  The  expression  of 
An,*  is  of  the  type: 


[29]  An,*  =  ZCi'  \  +  En+*a*  -f  j(Fn,*  o  -b  GnM 

o" 

where  £%,* ,  Fn,* ,  0%,*  are  numerical  coefficients.  For  the  8%,*  holds  a 

similar  equation  but  with  different  values  of  the  coefficients. 

The  computation  of  7* ,  6%  is  somewhat  more  complicated,  as  the  integrals 
Cn  cannot  be  given  in  terms  of  elementary  functions.  It  will  be  remembered 
that  riniO  is  A  polynom  in  /,  and  therefore  the  integrals  to  evaluate  are  of  the 
following  type: 

[30]  T*(a)  =  f  dt  («  =  -1, 0,  1, 2  . . .) 

Ji/Vl 
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If  we  suppose  «  >  0,  and  integrate  by  parts,  we  get: 


131] 


r.(«)  =  ^  -  / 

.« +  1  Ji/V*  •'1/ 


i/V*  *  +  1 


whence  a  useful  recurrence  formula  can  be  derived,  which  reduces  the  calcula¬ 
tion  of  T,  to  that  of  T-\ . 

The  latter  can  be  expressed  by 


132] 


r_i(a)  =  f  r 

Jl/y/i  t  Ja 


.y/f 


—ix  dx 


/: 


V* 


cos  X 


dx 


-7. 


Sin  x 


dx 


Introducing  the  known  functions,  ^ 

Ct(x)  -  -  r  —  du,  Si{x)  »  r  du 

Jx  U  Jx  u 

whose  values  are  tabulated,  the  integral  T,  and  therefore  the  coefficients  C, , 
7„  ,  Sn  can  be  computed  for  given  a’s. 


4.  Directional  characteristics  and  power  radiated.  Once  the  constants  a«,, 
fin.p  ,yn,Sn  are  evaluated,  equations  [27],  [28]  may  be  solved,  and  a  set  of  +  jy* 
found  for  any  given  value  of  ka  =  a.  In  the  present  case  the  following  values  of 
a  have  been  chosen: 

a  =  0.5;  1.0;  2.5;  5.0 

which  correspond  to  the  numerical  values  for  (xn  +  jy»)  listed  in  Table  I. 

It  must  be  noted  that  it  is  unnecessary  to  take  values  smaller  than  0.5  for  a, 
as  the  behavior  of  a  source  does  not  depend  any  more  on  its  shape  when  fre¬ 
quency  vanishes.  On  the  other  hand  values  larger  than  5.0  are  of  no  use,  as 
the  cone  vibrates  with  one  nodal  circle  when  the  frequency  is  near  to  that  of  its 
main  symmetrical  mode,  and  therefore  cannot  be  any  longer  thought  of  as  a 
rigid  body. 

A  simple  calculation  shc/ws  that  5.0  is  the  largest  value  which  can  be  safely 
given  to  a.  Although  no  general  expression  has  yet  been  derived  for  the  sym¬ 
metrical  frequencies  of  a  free-edge  cone,  the  fundamental  one  can  be  evaluated 
by  means  of  the  approximate  formula  given  by  N.  W.  MacLachlan  (1) 

(331  [|j 

where  ^  «  apical  angle,  a  »  radius  of  the  basis,  E  »  Young’s  modulus,  pt 
density. 

Taking:  ip  =  t/2,  [E/p,^  =  1.9-10*  cm.  sec”*  (for  paper),  and  assuming  the 
velocity  of  sound  in  air  to  be  3.4  •  10*  cm.  sec”*,  the  value  of  a  corresponding  to 
the  main  symmetrical  mode  of  the  cone  is  found  to  be 
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IT 


ai,o  =  5-54 

which  is  just  a  little  in  excess  of  the  largest  value  taken  in  Table  I. 

To  draw  the  directional  characteristics  of  the  source,  the  sound  pressure  P 
must  be  evaluated  at  a  large  distance  making  r  to  approach  infinity;  if  the  com¬ 
mon  factor:  jo)p’exp[jkr]-r~^  is  dropped,  the  limit  is  found  to  be  proportional  to 
the  following  value 

flO 

(34]  lim:  I P  1  «  2]  (x,  -|-  jy,)P»(co8  tf) 

r-»«8  naiO 

Giving  to  a  the  above  values,  and  making  the  angle  0  to  vary,  the  sum  [34] 
has  been  calculated  from  n  0  to  n  =  4,  and  a  set  of  directional  curves  has 


TABLE  I 


Valuet  of  Ike  Xn  +  jyn,for  different  a’e  and  for  U  1/a* 


9  am 

0.5 

1 

2.5 

5 

xt  +  jv»  - 

0.21106  + 

0.13066  + 

-0.015362  + 

-0.0*46455  - 

>0.039894 

>0.066966 

>0.062044 

>0.023890 

*1  -1-  JVi  - 

0.0*63092  -1- 

0.044426  + 

-0.066823  + 

-0.0*90767  - 

>0.10394 

>0.17146 

>0.16333 

>0.086201 

Xt  +  jVt  - 

-0.012376  - 

-0.040445  + 

-0.13079  + 

-0.0*56871  - 

>0.0*27191 

>0.0*10278 

>0.11888 

>0.10574 

*•  -b  jV»  - 

-0.0*18261  - 

-0.0*86243  - 

-0.023286  - 

0.0*22146  - 

>0.0*66037 

>0.0*46973 

>0.0261417 

>0.049240 

Xi  +  jy*  - 

-0.0662861  - 

-0.0*36836  - 

-0.0*32670 

0.013421  - 

>0.0*33278 

‘  >0.0*10132 

>0.012355 

>0.089106 

been  traced  in  the  left  half  of  fig.  3,  assuming  the  pressure  on  the  axis  to  be 
unity  at  every  frequency.  As  the  frequency  increases,  the  directionality  becomes 
shaiper,  and  several  secondary  maxima  appear. 

The  power  radiated  W  can  be  evaluated  integrating  the  square  of  pressure 
divided  by  pc,  on  a  sphere  whose  radius  is  much  larger  than  wavelength 


[35] 


w  _  2Tw*pa*  ^  I X,  -I-  jy„  I* 
c  ^  2n+  1 


According  to  experience  the  amplitude  of  the  alternating  force  in  the  moving 
coil  can  be  supposed  to  be  constant  with  frequency,  and  the  vibrations  of  the 
diaphragm  to  be  mass-controlled,  at  least  until  frequency  does  not  reach  the 
main  S3mimetrical  mode.  Therefore  the  product  oiU,  does  not  vary  any  more 
with  frequency,  and  the  changes  of  power  radiated  given  by  [35]  are  due  only  to 
the  term  in  brackets. 

As  Fig.  4  shows  (curve  C)  power  falls  rather  quickly  as  frequency  increases  as 
it  happens  with  a  plane  diaphragm  in  an  infinite  baffle,  or  with  a  pulsating  mass- 
controlled  sphere.  As  it  is  known,  it  is  only  the  breaking-off  of  diaphragm  in 
superior  modes  which  allows  the  higher  frequencies  to  be  radiated  at  all. 
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while  directional  characteristics  and  power  can  be  calculated  by  the  same  for¬ 
mulae  [34],  [35],  provided  x„  +  jv*  are  taken  instead  of  x»  +  jy„  and  a. 

The  right  half  of  Fig.  3  gives  for  the  same  values  of  ka  =  a,  the  new  directional 
characteristics;  the  agreement  is  good,  specially  in  the  front  side,  the  only  dif¬ 
ference  being  that,  at  high  frequency,  the  sphere,  as  it  could  be  expected,  has 
a  less  sharp  radiation  than  the  cylinder. 

Curve  S  of  Fig.  4  shows  that  the  power  radiated  by  the  equivalent  sphere 


Ka 

Fio.  4.  Variation  with  ka  of  power  radiated  by  a  mass-controlled  diaphragm  in  cylin¬ 
drical  source  (curve  C)  and  in  the  equivalent  spherical  source  (curve  S). 


varies  with  frequency  exactly  in  the  same  manner  as  that  of  the  cylinder,  being 
always  slightly  in  excess.  This  excess  does  not  vanish  as  frequency  approaches 
*ero,  the  computations  for  the  cylinder  being  only  approximate. 


6.  Conclusions.  The  power  radiated  by  a  cylindrical  sound  source  with  one 
vibrating  basis  is  calculated  together  with  the  directional  curves  of  the  same 
source,  evaluating  the  integral  of  the  wave  equation  by  a  minimum  method. 

The  values  obtained  agree  very  well  with  those  derived  for  an  equivalent  spheri¬ 
cal  source,  and  therefore  show  the  soundness  of  the  physical  equivalence  criterion 
employed  in  previous  works. 

The  same  agreement  proves  that  further  approximations  are  useless,  and  that 
the  characteristics  calculated  coincide  accurately  enough  for  all  technical  pur¬ 
poses,  with  those  of  a  back-enclosed  loudspeaker. 
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APPENDIX:  On  the  uniform  convergence  of  the  approximate  solutions.  The 
solution  of  a  partial  differential  equation  of  elliptic  type  can  be  expressed,  under 
wide  conditions,  in  terms  of  the  boundary  conditions  referring  to  the  unknown 
function,  or  to  its  normal  derivative,  by  means  of  the  formula: 

u(P)  =  f  G(P,Q)f(Q)dQ 

where  f(Q)  gives  the  conditions  on  the  contour  S. 

In  any  domain  not  including  points  of  S  the  function  G(P,  Q)  is  analytic; 
the  derivatives  of  m  can  therefore  be  expressed  by  the  above  formula,  provided 
the  corresponding  derivatives  are  substituted  for  GiP,  Q). 

If  a  succession  of  functions  /.(Q)  is  considered,  which  converges  on  an  average 
towards  the  f{Q),  it  must  be: 

lim:  f  \MQ)  -  f(Q)  |*  dQ  =  0 

and  therefore  Schwarz’s  formula  for  the  corresponding  Hn(P)  gives 

|u,(P)  -  m(P)|  <  VI  1 0(P,  Q)  I’  iQ- |/.(0)  -  m  I’  dQ 

In  any  domain  not  including  points  of  S  the  integral  of  |  G(P,  Q)  |*  is  finite; 
hence  combining  the  last  two  formulas  the  m,(P)  are  seen  to  be  uniformly  con¬ 
vergent.  The  above  argument  holds  also  for  the  derivatives  of  any  order,  the 
function  being  analytic;  it  may  then  be  concluded  that:  in  any  domain  not 
including  points  on  the  boundary  the  u„(P)  converge  uniformly  with  all  its  deriva¬ 
tives  towards  the  unknown  function,  when  the  boundary  conditions  converge  on  an 
average  towards  the  given  ones. 
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ON  A  QUESTION  OF  HADAMARD  CONCERNING 
SUPER-BIHARMONIC  FUNCTIONS* 

R.  J.  Dufhn 

1.  Introduction.  If  a  perpendicular  force  is  applied  at  some  point  of  a  thin, 
flat,  elastic  plate  which  is  rigidly  clami)ed  on  its  boundary,  will  the  displacement 
of  the  plate  be  of  one  sign  at  all  points?  This  question  was  raised  by  Hadamard* 
in  his  prize  memoir  on  the  elastic  plate.  (The  French  Academy  had  posed  the 
prize  problem — to  integrate  the  equation  of  the  clamped  plate,  especially  in  the 
case  of  a  rectangular  boundary.)  The  displacement  u;  of  a  thin  plate  satisfies 
the  equation  A*w(x,  y)  =  p(z,  y)  where  p  is  the  normal  pressure  and  the  clamping 
condition  demands  that  w  and  its  first  derivatives  vanish  on  the  boundary.  If 
a  function  which  satisfies  the  relation  A*tp  >  0  be  termed  super-biharmonic,  then 
the  question  can  be  phrased  thus:  If  a  function  is  super-biharmonic  in  a  region 
and  vanishes  to  the  second  order  on  the  boundary,  is  it  non-negative  in  the 
region? 

This  note  considers  this  question  for  rectangular  regions.  First  the  Fourier 
transform  method  is  applied  to  obtain  an  explicit  solution  for  an  infinitely  long 
rectangle  subject  to  a  pressure  distribution  which  is  constant  transversely  but 
arbitrary  lengthwise.  It  is  found  that  if  a  positive  pressure  is  applied  over  a 
length  not  exceeding  the  breadth  of  the  plate,  then  at  large  distances  the  dis¬ 
placement  is  asymptotic  to  an  exponentially  damped  sine  wave.  The  wave 
length  and  decrement  of  this  wave  depend  only  on  the  breadth  of  the  plate  and 
not  on  the  particular  form  of  the  distribution  of  pressure. 

Next  the  question  is  considered  for  a  finite  strip  which  is  approximately  rec¬ 
tangular  in  shape.  In  this  case  a  solution  is  not  obtained  explicitly,  but  it  is 
shown  that  if  the  solution  w  is  reasonably  well  behaved  on  the  boundary,  the 
assumption  that  w  is  non-negative  violates  a  certain  integral  inequality.  This 
integral  inequality  is  of  some  interest  in  its  own  right,  and  it  is  conjectured  that 
it  is  true  under  very  weak  restrictions. 

The  finite  region  considered  is  so  nearly  rectangular  that  physical  intuition 
would  lead  one  to  believe  that  an  approximating  rectangle  would  have  the  same 
qualitative  behavior.  It  is  to  be  expected,  therefore,  that  positive  and  negative 
deflections  would  result  if  a  force  is  applied  to  the  center  of  a  rectangular  plate 
which  is  about  four  times  as  long  as  it  is  wide.  On  the  other  hand,  it  is  con¬ 
jectured  that  for  a  square  plate  the  answer  to  Hadamard’s  question  is  yes.  This 
conjecture  gains  some  support  from  the  fact  that  the  answer  is  yes  for  the  circular 
plate.* 

*  Presented  to  the  American  Mathematical  Society,  October  26,  1947. 

>  J.  Hadamard,  “Sur  un  probl6me  d’analyse  relatif  k  I’equilibre  des  plaques  41astiques 
encastr^es,’*  Memoires  pr^sentds  par  divers  savants  strangers  &  l'Acad6mie  des  Sciences, 
33,  n*  4  (1908). 

- ,  “Sur  certains  cas  int^ressants  au  problime  biharmonique,”  Proceedings  of  the 

Fourth  International  Mathematical  Congress  at  Rome,  2,  pp.  12-14  (1908). 

*  J.  H.  Michell,  “Flexure  of  circular  plates,”  Proc.  Math.  Soc.  London,  34,  pp.  223-228 
(1901). 
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2.  The  infinite  strip.  To  find  formal  solutions  of  the  equation 

(1)  d*w/dx*  +  2d*wldx*dy*  -f  d*w/dy*  ■=  p(x,  y) 

in  the  infinite  strip  — l<y<l,— '»<a;<  oo,itis  natural  to  express  to  as  a 
Fourier  integral.*  Thus  let 


(2) 


(3) 


y)  =  f  c*”'  u(p,  y)  dp 
p{x,  y)  = 


c'‘y(p,  y)  dp. 


Substituting  (2)  and  (3)  in  (1)  gives 

(4)  p*u  —  2p*  (fuldy*  4-  (tu/dy*  *  g. 

If  the  solution  to  is  to  represent  the  displacement  of  a  clamped  plate  under  a 
distributed  load  p,  then  w  must  satisfy  the  boundary  conditions  w  =  dw/ dy  =  0 
for  y  —  ±1.  Therefore  a  particular  solution  u  of  the  ordinary  differential  equa¬ 
tion  (4)  is  sought  which  will  give  w  the  correct  boundary  conditions.  It  is 
sufficient  for  our  purpose  to  have  p  a  function  of  x  only;  in  this  case  a  particular 
solution  is  u  =  g(p)/p*  -1-  A  cosh  py  +  By  sinh  py,  where  A  and  B  are  to  be 
chosen  so  that  u  =  du/dy  =  0  at  y  =  ±1.  It  is  convenient  to  let  u  =  gH]  then 
we  shall  verify  that 

fK\  uf  \  ^  1  py  P  py  ~  P  +  P  cosh  p)  cosh  py 

to;  H(p,  y;  -  +  pHp  +  coslTpliiih^  • 

Ignoring  the  case  p  =  0,  it  is  easy  to  see  that  H(p,  ±  1)  =  0.  Also 

••J  oinK  nruiVi 


(6) 


dJI 

dy 


y  sinh  p  cosh  py  —  cosh  p  sinh  py 
p*(p  -H  cosh  p  sinh  p) 


and  dHJdy  =  0  for  y  =  ±1.  Thus  (5)  furnishes  a  formal  solution  to 
the  problem. 

It  is  not  difficult  to  give  a  direct  proof  that  the  function  w  defined  by  (2) 
actually  satisfies  the  biharmonic  equation  (1).  Moreover,  w  and  its  first  deriva¬ 
tives  may  be  shown  to  vanish  at  y  =  ±1  and  at  x  =  ±  « .  To  simplify  this 
proof  it  may  be  assumed  that  p(x)  vanishes  outside  a  finite  interval  of  the  x  axis. 
This  makes  y(p)  an  entire  function.  In  addition  it  may  be  assumed  that  p(x) 
has  a  continuous  nth  derivative.  Then  by  partial  integration  it  is  seen  that 
y(p)  =  0(1  4-  I  p  It  is  to  be  noted  that  this  relation  holds  also  for  complex 
p  if  Im(p)  is  bounded.  Choosing  a  sufficiently  large  n  will  make  the  integrals 
occurring  in  the  proof  absolutely  convergent. 

At  first  sight  it  appears  that  H  has  a  singularity  at  p  =  0;  however,  expansion 

*  The  Fourier  integral  method  has  also  been  applied  to  the  clamped  strip  by  A.  Ghizzetti 
in  a  paper  which  appeared  after  the  present  note  was  written,  “Ricerche  analitiche  sul 
problems  dell’  equilibrio  di  una  piastra  inde&nita  a  forma  di  striscia,  incastrata  lungo  i 
due  lati,”  Univ.  Roma  ht.  Naz.  Alta  Mai.  Rend.  Mat.  e  Appl.,  (5)  6,  pp.  145-187  (1947). 
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of  the  numerator  in  a  power  series  shows  that  H  is  analytic  at  p  =*  0.  Further 
analysis  reveals  that  H  is  uniformly  bounded  for  |  p  |  <  «  and  |  y  |  <  1.  The 
assumed  properties  of  g{p)  then  guarantee  that  w  defined  by  (2)  is  a  continuous 
function  which  vanishes  at  p  *  ±1.  That  w  vanishes  at  d=  «  is  a  consequence 
of  the  Riemann-Lebesgue  lenuna. 

To  investigate  the  asymptotic  form  of  ip  as  a;  —»  -}-«>,  it  is  necessary  to  know 
the  behavior  of  ^  as  a  function  of  the  complex  variable  p.  The  only  possible 
singularities  of  H  are  at  the  zeros  of  1  -|-  cosh  p  sinh  p/p.  The  zeros  of  this  func¬ 
tion  are  symmetric  to  the  real  and  imaginary  axes,  so  it  is  sufficient  to  consider 
only  the  first  quadrant.  Plotting  the  loci  of  the  real  and  imaginary  parts  equated 
to  zero  gives  the  following  information:  There  is  one  and  only  one  zero  for 
/m(p)  in  the  intervals  (t/2,  3t/4),  (t,  5t/4),  etc.  There  are  no  zeros  outside 
these  intervals.  The  real  and  imaginary  parts  of  the  zeros  increase  together. 
The  first  zero  is  at  the  point  a  -|-  t6  =»  1.12  -|-  i2.10.  ^ 

By  Cauchy’s  theorem 

y)  =  fix,  y)  +  e””  Hg  dp. 

Here  $  is  a  line  parallel  to  the  real  axis  and  a  distance  c  above  it,  and  fix,  y)  is 
the  contribution  from  the  poles  of  H  passed  over.  Clearly . 

Thus  ip(x,  y)  =  fix,  y)  -\-  0e““. 

Suppose  the  contour  5  passes  over  only  the  first  two  poles  of  H  which  are  at 
the  points  a  +  ih  and  —  o  -|-  ih.  Evaluating  the  residue  at  these  |>oints  gives, 
if  o  -h  *6  =  9, 

(7)  /U,  v)  =  Rei2rig(q)i'-  W  7  W  -  (»mh  ji  +  ?  coA  })  cosh 

(  9*  cosh*  9  J 

Simplifying  (7)  and  substituting  in  the  expression  for  w  gives 

(8)  wix,  y)  =  r  cos  (ox  +  m)  -f  0e“** 

where  r  and  m  are  functions  of  y  only  and  c>  b.  Thus  if  r  is  not  zero,  w  oscillates 
between  positive  and  negative  values  for  x  sufficiently  large. 

It  is  seen  from  (7)  that  fix,  y)  could  vanish  identically  only  if  9(9)  =  0.  Let 
us  now  assume  that  p(x)  vanishes  outside  the  interval  —  ir/2o  <  x  <  r/2a  and 
is  non-negative  inside  the  interval.  Thus 

Re{giQ)\  =  s-  /  COS  axp(x)  dx. 

XT  J-w/U 

Since  the  integrand  is  non-negative,  9(9)  can  not  vanish  unless  p(x)  is  identically 
zero.  Thus  under  these  hypotheses  on  p(x)  the  function  rp(x,  y)  eventually 
behaves  like  an  exponentially  damped  sine  wave  of  wavelength  2r/a  5.6  and 
decrement  =  360. 
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3.  The  finite  strip.  The  asymptotic  solution  /  given  by  (7)  is  actually  a  bi- 
harmonic  function  (aV  *  0)  which  vanishes  together  with  its  first  derivatives 
for  y  =“  ±1.  We  may  simplify  /  by  making  use  of  the  relation  q  -f  sinh  q  cosh 
9  =  0  and  choosing  an  appropriate  multiplying  constant.  Thus  let 

(9)  /(z,  y)  =  Re  {c***  (cosh  qy  —  y  coth  q  sinh  qy)} 

Then  /(z,  0)  =  cos  1.12z,  so  /  has  nodal  lines  which  intersect  the  z  axis  at 
1.12z  =  r/2  -h  nr.  Substitution  of  other  values  of  y  shows,  after  a  rather  long 
calculation,  that  the  nodal  lines  are  only  slightly  curved.  They  are  symmetric 
about  the  z  axis  and  are  bent  away  from  -|-  with  a  lag  of  .26  at  ^  =  ±1,  so 
they  deviate  about  six  per  cent  from  a  mean  vertical  line. 

Let  the  r^on  R  be  bounded  by  the  lines  y  =  d:  1  and  the  nodal  lines  which 
intersect  the  z  axis  at  1.12  z  =  ±(3t/2).  Thus  R  is  divided  into  three  congruent 
sections  by  the  nodal  lines  which  intersect  the  z  axis  at  1.12z  =  ±r/2.  In  the 
central  section  /  is  positive,  and  in  the  others  it  is  negative.  Hence  on  the 
boundary  S  of  the  region,  /  =  0  and  3// 3n  >  0.  Here  n  is  the  exterior  normal  to 
the  boundary. 

Let  p  be  a  non-negative  function  which  is  positive  somewhere  in  the  central 
section  of  R  and  vanishes  outside  that  section.  Let  w  satisfy  A^w  ^  pin  R  and 
w  =  dw/dx  =  dwidy  =  0  on  S.  We  now  employ  Green’s  theorem  twice: 


j  j  (fA*w  —  AwAf)  =  j  (fdAw/dn  —  Awdf/dn) 


j  j  (u>A*/  —  AfAw)  =  j  (wdAf/dn  —  Afdw/dn). 


Subtracting  these  relations  and  making  use  of  the  assumed  properties  of  w  and  / 
gives 


(10) 


Awdf/dn. 


Let  us  assume  that  tr  >  0;  then  at  any  point  of  the  boundary  where  the  second 
derivatives  of  w  are  continuous,  we  have  Aw  >  0.  This  follows  because  if  a 
rotated  system  of  coordinafes  is  chosen  with  the  z  axis  in  the  direction  of  the 
normal.  Aw  =  d*w/dx'.  The  term  d'w/dy*  vanishes  because  dw/dy  =  0  on  the 
boundary  and  the  boundary  parallels  the  y  axis  at  that  point.  So  by  the  mean 
value  theorem  if  (zi ,  j/)  is  a  point  of  the  boundary  and  (z* ,  y)  is  an  interior  point, 

(11)  tp(z, ,  y)=  -  Z2)*  ^  ^  • 

Here  Z|  lies  between  zi  and  zi .  Thus  {d*w/ 3z*),_,,  >  0.  Allowing  Zj  to  ap¬ 
proach  Zi  shows  that  (3*tp/3z*),_,  >  0. 

The  integral  on  the  right  side  of  (11)  is  non-negative,  so  jj  /p  <  0.  But 
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this  is  a  contradiction,  as  /  is  positive  inside  the  central  section  and  p  is  positive 
somewhere  inside  the  central  section  and  vanishes  outside,  which  means  that 


//. 


fp  >  0.  The  conclusion  is  that  a  positive  pressure  applied  over  the  cen¬ 


tral  section  of  a  clamped  plate  of  the  shape  R  produces  a  negative  deflection  at 
some  points. 

The  relation  (10)  is,  in  mechanical  language,  “a  principle  of  reciprocity ’’which 
is  demanded  by  the  conservation  of  energy.  Therefore,  from  a  physical  point 
of  view,  its  employment  here  seems  perfectly  innocent.  But  from  the  abstract 
viewpoint  it  has  been  tacitly  assumed  that  Green’s  theorem  is  applicable  to 
the  function  w.  Thus  it  would  appear  necessary  to  assume  that  the  third  deriva¬ 
tives  of  w  are  bounded  in  R.  To  give  a  proof  w'hich  involves  no  assumption  on 
the  second  or  higher  derivatives  of  w,  the  writer  has  attempted  a  more  direct 
approach.  It  is  sufficient  to  demonstrate  the  following  inequality 


(12) 


V  —  vA^u)  dx  dy 


>  0 


when  it  is  given  that  u  =  v  =  dv/dn  =  0  and  du/dn  >  0  on  the  boundary  and 
i;  >  0  inside.  A  proof  of  this  inequality  has  been  obtained,  provided  the  bound¬ 
ary  is  sufficiently  smooth  and  has  no  comers.  The  fact -that  R  has  comers 
prevents  its  application  here. 

An  inequality  such  as  (12)  might  be  called  a  Green’s  inequality  because  it  is 
related  to  Green’s  theorem.  Corresponding  to  the  various  forms  of  Green’s 
theorem  we  would  have  similar  inequalities.  Thus  the  following  theorem  (which 
is  the  simplest  case)  is  conjectured. 

Theorem :  Let  f  be  a  contintious  non-negative  function  which  vanishes  on  the  bound¬ 
ary  of  a  region  R.  Let  the  second  derivatives  of  f  be  continuous  at  interior  points  of 

R,  and  let  Af  be  absolutely  integrable  over  R.  Then  j  j  Af  <  0.  The  proof  of 

this  theorem  is  easy  if  12  is  a  circle  or  sphere. 

Clearly  the  expression  (9)  defines  a  biharmonic  function  vanishing  to  the 
second  order  on  the  boundary  of  the  strip  when  q  is  any  root  of  the  equation 
1  -f  cosh  q  sinh  q/q  =  0.  The  set  of  functions  (9)  together  with  the  correspond¬ 
ing  imaginary  parts  might  be  termed  the  even  separable  modes  of  the  clamped 
strip.  Likewise,  the  odd  separable  modes  are  obtained  from  the  real  and 
imaginary  parts  of  c’**  (sinh  qy  —  y  tanh  q  cosh  qy)  where  q  satisfies  the  equation 
q  —  cosh  q  sinh  9  =  0.  The  non-zero  roots  of  q  ±  cosh  q  sinh  9  =  0  in  the  first 
quadrant  can  be  ordered  so  that  the  real  and  imaginary  parts  increase  together, 
with  the  -|-  roots  and  the  —  roots  alternating.  This  series  begins  with  a  -\-  root, 
so  the  first  even  mode  is  the  least  damped  of  all.  If  /,(x,  y)  represents  the  se¬ 
quence  of  the  various  modes,  it  would  appear  useful  in  problems  concerning 
clamped  strips  to  seek  a  solution  as  a  linear  combination  'ZCnfnix,  y). 

It  is  to  be  noted  that  the  simplicity  of  the  expression  (9)  is  deceptive.  For 
example,  it  is  not  easy  to  see  by  inspection  the  nature  of  the  nodal  lines  for  the 
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higher  modes;  actual  calculation  shows  that  they  are  quite  curious/  Thus 
while  the  wave  length  of  the  lowest  even  mode  is  longer  than  that  of  the  next 
higher  even  mode,  nevertheless  the  overall  length  of  the  positive  and  negative 
sections  is  considerably  greater  for  the  higher  mode  because  of  a  large  phase 
change  across  the  strip.  Hence  the  positive  and  negative  sections  of  the  higher 
mode  are  far  from  being  rectangular  in  shape. 

CAaNBOiE  Institute  or  Technoloot 

(Received  May  19,  1048) 

*  The  writer  is  indebted  to  Mr.  M.  S.  Klamkin  for  carrying  out  these  calculations. 


A  TABLE  OF  THE  COEFFICIENTS  OF  THE 
HERMITE  QUADRATURE  FORMULA* 


ZoENix  Kopal 

A  Gauss-type  quadrature  formula  for  an  approximate  evaluation  of  definite 
integrals  with  doubly  infinite  limits  appears  to  have  first  been  established  by 
Courier,*  who  proved  that  if  f(x)  is  a  function  of  degree  not  in  excess  of  2n-l, 

=  (1) 

where  (x)  denotes  the  Hermite  polynomial  defined  by 

H,(x)  =  c**  (r(e-*)/dr"  (2) 

and  the  x,’s  in  (1)  are  roots  of  the  Hermite  polynomials  of  n-th  order.  Numerical 
values  of  the  Christoffel  numbers 

p,  =  2-'‘n!/{H:(x.)}*  (3)  * 

,  for  n  =  2,  3,  and  4  were  given  by  Berger,*  and  a  more  complete  set  of  7D  values  i 

corresponding  to  n  =  2(1)9  was  later  completed  by  Reiz;*  the  latter’s  paper  was  ^ 

the  first  one  in  which  the  respective  Christoffel  numbers  were  given  in 
decimal  form. 

In  certain  computations  performed  recently  in  the  Center  of  Analysis  of  the 
Massachusetts  Institute  of  Technology,  a  need  arose  for  the  Christoffel  numbers 
of  the  quadrature  formula  (1)  corresponding  to  n  =  10(1)20.  Since  their  values 
do  not  appear  to  have  been  evaluated  before  and  are  apt  to  be  frequently  needed  • 

in  the  future,  the  table  which  was  prepared  for  the  purpose  of  our  investigation 
will  be  reproduced  below. 

In  computing  the  Christoffel  numbers  as  defined  by  equation  (3),  use  has 
been  made  of  values  of  roots  of  the  Hermite  polynomials  published  previously 

*  The  computations  involved  in  the  preparation  of  the  foregoing  coefficients  have  been 

sponsored  by  the  Electronic  Research  Laboratories,  Air  Material  Command,  Cambridge,  ’ 

Massachusetts.  The  permission  of  the  Commanding  Officer  of  the  Laboratories  to  publish 
the  above  data  is  gratefully  acknowledged. 

*  C.  R.  Acad.  Sci.,  Paris,  97,  79,  1883.  *  ' 

*  Nova  Acta  Regiae  Soc.  Sci.,  Uppsala,  (3),  16,  No.  4,  1893. 

'  Arkiv  fdr  Math.,  Astr.  och  Physik,  29  A,  No.  29,  1943. 
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by  Smith;*  their  accuracy  of  six  decimal  figures  imposed  the  limit  to  the  accuracy 
with  which  the  corresponding  Christoffel  numbers  could  be  evaluated.  As 
many  decimals  are  retained  in  our  table  as  are  regarded  to  be  significant;  the 
error  of  no  published  value  of  p  is  expected  to  exceed  one  unit  of  the  last  place. 

Centeb  of  Analtsis,  Massachusetts  Institute  of  Technologt 

*  Amer.  Math.  Monthly,  48,  354,  1936.  Smith  defined  his  polynomials  as 
Unix)  -  (-l)-e^'*d»(e-*‘'*)/dx- 

which  are  related  with  the  Hermite  polynomials  as  defined  by  equation  (2)  above  by 

Hnix)  -  (-  \/2). 

In  consequence,  the  roots  of  the  If -polynomials  as  evaluated  by  Smith  must  be  divided  by 
\/2  to  obtain  the  requisite  roots  of  Hnix).  The  roots  so  divided  will  be  given  in  our  table 
together  with  the  corresponding  Christoffel  numbers. 


GENERALIZATION  OF  APPELL’S  TRANSFORMATION* 

Bt  Edward  Kasneb  and  John  De  Cicx;o 


1.  Introduction.  We  shall  extend  Appell’s  Theorem  concerning  the  trans¬ 
formation  theory  of  the  dynamical  trajectories  of  a  held  of  force  from  positional 
helds  to  generalized  helds  where  the  force  vector  depends  not  only  on  the  posi¬ 
tion  of  the  point  but  also  on  the  direction  through  the  point.  Positional  helds 
may  be  described  as  isotropic  and  generalized  helds  as  anisotropic} 

In  1889,  Appell  showed  that  the  appropriate  transformations  for  positional 
helds  are  those  of  the  eight-parameter  collineation  group  together  with  a  time 
factor  which  depends  only  on  the  particular  collineation  used  up  to  an  arbitrary 
constant.*  We  shall  prove  that  the  required  transformations  for  generalized  fields 
are  those  of  the  complete  mixed  projective  group  of  eight-parameters  consisting  of 
coUineations  and  correlaiions  together  with  a  time  factor.  This  time  factor  de¬ 
pends  in  the  case  of  a  collineation  only  on  the  particular  collineation  up  to  an 
arbitrary  function  of  two  variables,  and  in  the  case  of  a  correlation,  it  depends 
not  only  on  the  particular  correlation,  but  also  on  the  particular  generaUzed  held 
under  consideration  up  to  an  arbitrary  function  of  two  variables. 


2.  The  transformation  theory  of  generalized  fields  of  force.  If  (^,  are  the 
rectangular  components  of  a  generalized  held  of  force  in  the  plane,  the  corres¬ 
ponding  equations  of  motion  of  a  particle  of  unit  mass  are 

(1)  c^x/dt*  =  (hix,  y,  p),  (fy/d^  =  r^x,  y,  p). 

The  cartesian  coordinates  of  a  point  are  denoted  by  (x,  y),  the  slope  through 
the  point  by  p  =  dyjdx,  and  the  time  by  t.  If  the  force  vector  is  not  identically 
zero,  there  are  « *  trajectories  in  a  generalized  held  of  force. 

Before  proceeding,  it  is  remarked  that 

to\  ip  =  ^( ^  ~ 

dt  dt  \dx/dt)  dx/dt 

To  the  differential  equation  (1),  we  apply  a  general  contact  transformation 


(3) 


X  =  X(x,  y,  pX 


Y  =  r(x,  y,  p), 


P  =  P(x,  y,  p) 


Y,  -{=  pY, 
X.  +  pX, 


Xp* 


where  the  jacobian  J  =  d(X,  Y,  P)/d(x,  y,  p)  is  not  zero  in  a  certain  region  of 
lineal-elements  (x,  y,  p),  together  with  a  change  of  time  of  the  form 


(4) 


dT  =  dt/F{x,  y,  p). 


This  type  of  transformation  dehned  by  (3)  and  (4)  depends  not  only  on  the 
union:  x  =  x(0,  y  =  yif),  p  =  p(0  =  dyfdx,  under  consideration  but  also  on 
the  particular  form  of  the  parameterization  of  the  union. 


*  Presented  to  the  American  Mathematical  Society,  1948. 
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It  is  seen  that  the  components  of  the  velocity  vectors  of  the  trajectories  of  (1) 
undergo  by  use  of  (2),  the  following  change 


(5) 


dT 

dT 


F[iX.+  pX.)%+^±^X,] 


Thus  by  use  of  (2),  the  differential  equations  (1)  under  the  transformation  de¬ 
fined  by  (3)  and  (4),  assume  the  form 

^  +  pX.)  +  -  p*)  ±[F(X.  +  pX.)l 

+  Kl  + 

^  =  F*0(r.  -I-  pYy)  -I-  F(^  -  p^)  ^  iFiY.  +  pY,)] 

+ ii+  ’%}’'<■*  - 


Thus  under  a  general  transformation  of  the  form  defined  by  (3)  and  (4),  the  dy¬ 
namical  trajectories  of  a  generalized  field  of  force  are  not  in  general  converted 
into  the  dynamical  trajectories  of  a  generalized  field  of  force. 

By  (6),  it  is  found  that  the  transformed  trajectories  are  those  of  a  generalized 
field  of  force  if  and  only  if  the  transformation  defined  by  (3)  and  (4),  obeys  the  four 
conditions 

(7.1)  F{X„  +  2pXrf  +  P*Xyy)  -T"  (F,  -|-  pFy)(Xs  "f"  pXy)  =■  0, 

(7.2)  FiY„  -b  2pY^  p'Y„)  -H  (F.  -f  pFy){Y.  -f  pYy)  -  0, 

(7.3)  (^  -  p0)(FA'„  -f  FyXy)  -f  FXyi^j,,  -  p0,  -  20)  -  0, 

(7.4)  (0  -  p0)(Fr„  -I-  F,r,)  4-  Fr,(0,  -  p^p  -  20)  -  o. 


We  shall  proceed  to  discuss  this  system  of  equations  (7). 


3.  Transformations  converting  every  generalized  dynamical  family  of  trajec¬ 
tories  into  a  generalized  dynamical  family.  From  the  equations  (7),  we  shall 
deduce  the  following  result. 

Theorem  1.  A  transformation  of  the  form  (3)  and  (4),  carries  the  «>*  trajectories 
of  a  generalized  field  of  force  into  the  cc*  trajectories  of  a  generalized  field  of  force 
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if  and  only  if  the  contact  transformation  (3)  is  an  extended  collinealion 


^  _  aiX  biy  Cl  y  _  ~f~  bay  +  Ca 

j  ak)X  +  bo!/  +  Co’  aox  +  6oy  +  Co’ 

p  _  Ci(y  —  xp)  +  Bi  +  Aip 
Ciiy  —  xp)  +  +  Atp* 

where  the  capital  letters  denote  minors  in  the  determinant  |  ai6iCo  \  0,  of  the  nine 

constants,  and  the  change  of  time  (4)  is  of  the  form 


k(u,  v){aox  +  6oy  +  Co)*’ 

where  k  is  an  arbitrary  function  of  the  two  variables  u  =  p  and  v  =  —y  +  px  only. 

Moreover  if  the  equations  of  motion  of  a  particle  in  the  transformed  gen¬ 
eralized  field  of  force  are 

(10)  ^X/dT*  =  HX,  Y,  P),  d*  r/dT*  =  4'(X,  Y,  P), 

the  relation  between  the  new  .field  and  the  original  field  is  explicitly  as  follows 
4>  =  k\aox  +  boy  +  Ctf[C2(y<t>  —  x^)  4-  5*0  +  ^*0] 

+  k(aoX  +  6oI/  +  Co)*[Ci(p  -  xp)  +  5*  +  4jp](0  -  p0)(A:«  +  xk,), 

(11) 

4^  =  fc*(aoX  +  boy  +  Co)*[Ci(y0  —  x0)  +  5i0  -1-  Aiiff] 

-H  k{aox  +  boy  +  Co)'[Ci(y  -  xp)  +  5i  -f  i4ip](0  -  p0)(A;,  -|-  xk,). 

If  it  be  demanded  that  both  the  original  field  and  the  transformed  field  be  posi¬ 
tional,  it  can  be  shown  by  (11)  that  k  is  constant.  In  this  case,  our  Theorem  1 
reduces  to  Appell’s  Theorem. 

To  prove  Theorem  1,  we  first  note  that  the  equations  (7.3)  and  (7.4)  must  be 
identities  in  <f>,  0,  0p  ,  .  Upon  placing  the  coefficients  equal  to  zero,  we  find 

that  Xp  =  0  and  Yp  =  0.  Thus  the  transformation  (3)  is  necessarily  a  point 
transformation.  ^ 

Next  eliminating  F  from  the  equations  (7.1)  and  (7.2),  we  have 
(X,  4  pX,)(r„  4  2pY^  4  p’‘Ypp) 

-  (F.  4  pYp)iX„  4  2pX^  4  P^Xyp)  =  0. 


But  this  is  the  condition  that  the  point-to-point  transformation  (3)  carry  every 
straight  line  into  a  straight  line.  Thus  (3)  is  the  extended  collineation  (8). 

From  either  one  of  the  equations  (7.1)  or  (7.2)  together  with  the  equation 
(8),  we  obtain  (9).  From  (8)  and  (9),  the  equations  (11)  follow.  This  com¬ 
pletes  the  proof  of  Theorem  1. 

By  the  transformation  (8)  and  (9),  the  trajectories  of  the  original  field  are 
converted  into  the  trajectories  of  the  new  field.  Also  the  directions  of  the 
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forces  of  the  two  fields  are  projectively  related.  However  the  two  fields  of  force 
are  not  projectively  related.  The  relationship  between  the  corresponding  force 
vectors  of  the  two  fields  is  quite  complicated.  The  positional  case  has  be«i 
discussed  by  Kasner.* 

4.  Transformatioas  sending  only  one  generalized  dynamical  family  of  trajec¬ 
tories  into  a  dynamical  family.  Henceforth  we  can  assume  that  either  X,  4=  0 
or  F,  H  0  or  both  X,  0  and  F,  \  0.  We  shall  establish  the  following 
result. 

Theorem  S.  A  contact  transformation  (3),  which  is  not  an  extended  collineation, 
will  send  the  <x>*  dynamical  trajectories  of  a  generalized  field  of  force  into  the  <*>* 
dynamical  trajectories  of  a  generalized  field  of  force  if  and  only  if  it  is  an  extended 
correlation 


(13) 


aiu  +  biv  +  Cl 
OoU  boV  +  Co* 


Y  =  b,v  +  Ci 

OoU  “t"  btv  “f*  Co* 

p  _  Ci{v  —  uw)  Bi  +  Aiw 
Ct{v  —  uw)  Bi  +  At  w 


where  the  capital  letters  denote  the  minors  in  the  determinant  |  Ci&jCo  \  ^  Q,  of  the 
nine  constants,  and  (u,  v,  w)  are  given  by  the  Legendre  transformation 


(14)  w  =  P>  b  =  —y  +  xp,  w  =  X, 

which  is  polarity  with  respect  to  the  parabola  y’  2x.  For  the  given  generalised 
field  of  force  with  rectangulaf  componerUs  {<!>,  l>),  the  appropriate  change  in  the 
time  (4)  is 


(15) 


dT 


{if,  -  p0)  exp  J [^/(^  -  p0)]  dp^  di 
Hx,  y)(oou  +  6oP  +  Co)* 


where  k  is  an  arbitrary  function  of  two  variables  x  and  y. 

Moreover  the  relation  between  the  new  field  and  the  original  field  is  as  follows 

***  =  ^  _f-p0 

(-C,y  +  +  Aix)(k,  +  +  P^}  / ‘^p) 

I  +fc(-C',p  +  A,)  J, 

(-  C.»  +  B.  +  A,x)(h.  +  pt,  +  t  |A  +  p  i.|  dj) 

k{—  Cip  +  Ai). 


( 
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If  the  original  held  is  positional,  it  is  found  by  these  formulas  (16)  that  the 
new  field  can  never  be  positional  except  in  certain  very  special  cases.  This 
verifies  Appell’s  Theorem  that  in  the  positional  case,  the  only  possible  trans¬ 
formations  are  the  collineations  with  the  appropriate  changes  in  the  time. 

By  the  transformation  (13)  and  (15),  the  trajectories  of  the  original  field  are 
carried  into  the  trajectories  of  the  new  field.  However  the  directions  of  the 
forces  are  not  related  by  the  correlation  (13),  and  hence  the  two  fields  of  force 
are  not  related  by  the  correlation.  It  is  noticed  that  the  change  of  the  time 
(15)  depends  essentially  on  the  original  field.  Thin  in  a  new  phenomenon. 

To  prove  our  Theorem  2,  we  proceed  as  follows.  First  define  X  by  the  relation 

(17)  X  =  (^  -  p0)  exp^-  j [</>/(^  -  p0)]  dp^. 

By  this  and  (14),  it  is  found  that  the  equations  (7)  may  be  written  in  the  form 

FX^  +  F.X.  =  0,  FY^  +  F.F.  =  0, 

(18) 

x„/x,  =  r„/r,  =  -iFjF)  -  (x,/x). 

Eliminating  F  and  X  from  the  equations  (18),  we  obtain  the  conditions 

(19)  X^Y^  -  YJC^  =  0,  X^Y„  -  FpXpp  -  0. 

Since  either  Xp  4=  0,  or  Y,  #=  0,  or  both  Xp  4=  0  and  Fp  ^  0,  the  last  condition 
states  that  any  point  (x,  y)  of  the  (x,  y)-plane  is  converted  into  a  line  (C7,  F) 
where  U  P  and  F  =  —  F  -|-  XP,  of  the  (X,  F)-plane.  On  the  other  hand, 
if  either  X.  4=  0,  or  F,  4=  0,  or  both  X*  4=  0  and  F*,  4=  0,  the  first  equation  states 
that  every  line  (u,  v)  where  u  =  p  and  v  =  —y  +  xp,  of  the  (x,  y)-plane  corre¬ 
sponds  to  a  line  (U,  V)  of  the  (X,  F)-plane.  Since  the  contact  transformation 
is  assumed  to  be  one-to-one,  this  is  impossible.  Hence  it  follows  that  X.  =  0 
and  Fv  =  0.  Therefore  our  contact  transformation  is  point-to-line  and  line-to- 
point,  and  hence  is  an  extended  correlation  (13). 

That  the  change  in  the  time  is  of  the  form  (15),  is  now  an  immediate  conse¬ 
quence  of  (13),  (17),  and  the  last  of  equations  (18).  This  completes  the  proof 
of  Theorem  2.  , 

6.  Differential  equations  of  the  type  (0)*.  Upon  eliminating  the  time  t  from 
the  differential  equations  (1)  of  motion  of  a  particle  in  a  generalized  field  of  force, 
we  find  that  the  differential  equation  of  third  order  defining  a  generalized  dynamical 
family,  in 

(20)  ^ 

Evidently  this  differential  equation  is  of  the  type  (G) 

(21)  0  =  0(x.  V,P)^,+  Hix,  V,  p)  (0)  . 
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Conversely  we  have  proved  elsewhere  that  any  differential  equation  of  the  type 
(Cf)  always  represents  the  dynamical  trajectories  of  a  generalized  field  of  force. 
However  in  the  positional  case,  the  functions  G  and  H  must  be  specialized  further. 
Kasner  obtained  a  completely  characteristic  set  of  five  geometric  properties  for  the 
«  dynamical  trajectories  of  a  positional  field  of  force. 

Theorem  3.  An  arbitrary  lineal-elemerU  transformation,  not  necessarily  of  the 
contact  type,  will  send  the  dynamical  trajectories  of  every  generalized  field  of 
force  into  the  <x>^  dynamical  trajectories  of  a  generalized  field  of  force  if  and  only  if 
it  t«  on  extended  coUineaiion  or  correlation. 

A  general  theorem  of  Kasner  states  that  any  rum-contact  transformation  of 
lineal-elements  carries  exactly  oo*  unions  into  unions'.  Hence  our  lineal-element 
transformation  must  be  a  contact  transformation  since  it  carries  at  least 
unions  into  unions.  By  a  previously  stated  theorem,  every  generalized  dynami¬ 
cal  family  is  identical  with  the  t3rpe  (G).  Our  Theorem  3  then  follows  from 
another  theorem  of  Kasner  which  states  that  aU  the  contact  transformations  con¬ 
verting  every  system  of  « *  curves  of  the  type  (G)  into  a  system  of  curves  of  the 
type  (G)  are  the  extended  coUinealions  and  correlations. 

It  is  remarked  that  Theorem  3  differs  essentially  from  the  Theorems  1  and  2 
which  are  generalizations  of  Appell’s  Transformations.  For  in  Theorems  1  and 
2,  we  are  concerned  with  the  parametric  forms  of  the  trajectories,  namely, 
X  =  x(0,  y  =  y(t),  p  =  p{t)  =  dyjdx,  and  consider  transformations  operating 
on  the  four  variables  (x,  y,  p;  /);  whereas  in  Theorem  3,  we  are  dealing  with 
the  nonparametric  form  of  the  trajectories,  namely,  y  =  i/(x),  p  =  p(x)  =  dyfdx, 
and  consider  lineal-element  transformations,  that  is,  those  operating  on  only 
three  variables  (x,  y,p). 


6.  The  system  Sk .  A  system  Sk  of  curves  in  a  generalized  field  of  force  con¬ 
sists  of  curves  along  which  a  constrained  motion  is  possible  so  that  the  pressure 
P  is  proportional  to  the  normal  component  of  the  force  vector  N.  Thus  P  =  kN. 
The  differential  equation  of  third  order  defining  any  system  Sk  is 


(^  -  P^)  ^  +  pi^y  -  0.)  -  ^ 


+  \^p  —  P4>p  —  S<f>  — 


1  +  P*  JVdiV  ' 


There  are  « *  curves  in  any  system  Sk  for  a  fixed  k. 


The  relation  between  n  and  k  is 


(23) 


n  =  2/{k  +  1) 


It  is  noted  that  n  =  2  or  A;  =  0  gives  the  system  So  of  generalized  dynamical 
trajectories,  whereas  n  =  0  or  fc  =  <»  gives  the  system  <S«  of  velocity  curves.  A 
curve  is  a  velocity  curve  corresponding  to  the  spe^  t>o  if  any  trajectory  is  started 
from  a  lineal-element  of  the  curve  with  that  speed  is  initially  osculated  by  the 
curve.  The  case  k  =  1  orn  =  1  gives  the  system  Si  of  general  catenaries.  These 
are  the  curves  formed  from  the  resulting  equilibrium  when  an  inextensible  flexible 
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homogeneous  string  is  suspended  in  any  generalized  field  of  force.  We  shall 
define  the  case  A:  =  — 2orn  =  — 2as  the  system  of  hrachiatochrones.  These 

will  be  true  brachistochrones,  that  is,  curves  along  which  the  time  of  the  con¬ 
strained  motion  between  any  two  points  is  least,  if  Ihe  field  of  force  is  positional 
and  conservative*. 

A  curve  is  a  curvature  trajectory  of  a  family  of  «>*  curves:  ^y/d^  =  f{x,  y,  p), 
if  its  curvature  at  any  point  is  a  constant  multiple  of  the  curvature  of  the  tangent 
curve  of  the  given  family  at  the  given  point^. 

The  differential  equation  of  third  order  defining  a  curvature  family  ia 

(24)  + 

where  a  ia  an  arbitrary  function  of  three  variablea  (x,  y,  p).  Thua  any  curvature 
family  conaiata  of  curvea  of  the  type  (G)  of  apecial  form. 

We  have  proved  that  except  for  the  velocity  ayatema  ,  any  family  of  curvea  of 
ihe  type  (0)  alwaya  repreaenta  a  ayatem  Sk  in  a  generalized  field  of  force.  On  the 
other  hand,  a  family  of  curvea  of  the  type  (G)  ia  a  velocity  ayatem  if  and  only  if 
it  ia  a  ayatem  of  curvature  trajectoriea. 

In  the  positional  case,  Kasner  obtained  a  characteriatic  aet  of  five  geometric 
propertiea  for  any  system  5*  . 

Theorem  1^.  An  arbitrary  lineal-element  tranaformation,  not  neceaaarily  of  the 
contact  type,  will  aend  the  curvea  of  a  ayatem  Sk ,  including  the  velocity  ayatema 
fc  *  00 ,  into  the  ao*  curvea  of  a  ayatem  Sk  if  and  only  if  it  ia  an  extended  coUineation 
or  correlation. 

For  A;  4=  °°  I  the  proof  of  this  result  is  similar  to  the  proof  of  Theorem  3.  Since 
a  velocity  system  S»  is  of  the  type  {G),  it  follows  that  the  lineal-element  trans¬ 
formation  must  be  either  an  extended  coUineation  or  correlation.  That  a 
velocity  system  is  converted  under  an  extended  coUineation  or  correlation,  into  a 
velocity  sjrstem  follows  from  a  Theorem  of  Mehmke-Segre  which  states  that 
the  ratio  of  the  curvaturea  of  two  tangent  curvea  ia  invariant  under  the  colline- 
ation  group,  and  the  fact  that  the  ratio  of  the  curvaturea  ia  changed  into  ita  recipro¬ 
cal  under  any  correlation. 

In  the  positional  case,  we  have  proved  that  the  only  tranaformationa  which 
convert  every  ayatem  5*  ,  except  for  the  ayatem  So  of  trajectoriea,  into  a  ayatem  Sk  , 
are  the  aimilitudea.  Of  course,  the  appropriate  transformations  for  the  system 
So  of  trajectories  are  the  collineations. 
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CALCULATION  OF  THE  DISPLACEMENTS 
IN  PLASTIC  TORSION* 

Bt  Abis  Phillips 

1.  Introduction.  We  consider  the  problem  of  torsion  of  a  prismatical  bar 
assuming  that  the  material  exhibits  strain-hardening  and  the  bar  has  any  cross 
section.  Our  purpose  is  to  derive  the  displacements  by  making  a  minimum  of 
assumptions  regarding  the  stress  distribution. 

The  basic  assumptions  are: 

a)  The  principal  axes  of  stress  are  always  parallel  to  the  principal  axes  of 
strain. 

b)  The  figure  consisting  of  the  three  principal  strain  circles  of  Mohr  is  always 
geometrically  similar  to  the  figure  of  the  three  stress  circles  of  Mohr. 

c)  The  incompressibility  condition  is  satisfied. 

d)  For  each  material  the  intensity  Di  of  the  strain  deviation  is  a  known  func¬ 
tion  of  the  intensity  of  the  stress  deviation  Td  : 

Dd  =  FiTd) 

in  which 

Td  “  [(<T,  —  <r«)*  +  (ffy  —  <T»)*  -j-  (<r,  —  ffm)*  +  +  tJ,  -f- 

Dd  =*  [e*  -|-  4  ■+■  *»  +  iiy*»  +  yl*  +  7i»)]* 

ffm  =  (<I«  -f  +  ffi)/3 

By  means  of  these  assumptions  we  get  the  stress-strain  relations 
€.  =  [F(T.)/r.I(«r.  -  <r«),  .  -  2[F(r.)/T,]r^ 

The  remaining  formulae  are  obtained  by  cyclic  permutation  of  the  subscripts 
X,  y,  z. 

Let  us  now  consider  the  bar  twisted  by  couples  applied  at  the  ends.  The  axis 
z  is  assumed  to  be  parallel  to  the  generators  of  the  cylindrical  surface  of  the  bar. 
We  put 

I 

~  (Ty  (Tj  Tsy  0 

Assuming  that  no  body  forces  are  acting  on  the  bar  we  find  from  the  equations 
of  equilibrium  that  we  can  introduce  a  stress  function  ^(x,  y)  such  that 

T„  =  T„  =  —d^ldz 

The  stress  distribution  will  be  known  if  ^(x,  y)  is  determined. 

From  the  stress-strain  relations  we  find 

e,  =  e„  =  «,  =  7,*  =  0  (1) 

*  The  results  presented  in  this  paper  were  obtained  in  the  course  of  research  conducted 
under  Contract  N6-ONR-251  Task  XI  sponsored  by  the  Office  of  Naval  Research. 
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and 


7«. 


2F(V2(»rT~^)) 
V2(0J  +  0J) 


2F(V2(»1  +  »?)) 
\/2(^J  + 


(2) 


Introducing  the  Eqs.  (1)  and  (2)  into  the  compatibility  equations  we  find 


=  t  =  const. 

and  the  differential  equation  for  the  stress  function  ^(x,  y) : 


8  p(V2(»rr»i))  .1.9  p(V2(^  +  ^)) .  1 

+  'J  dyL  \/2(^J  +  ^)  'J 


t 

2 


(3) 

(4) 


Eq.  (4)  has  first  been  given  by  A.  Nadai*. 

The  boundary  conditions  are  the  same  as  in  the  theory  of  elasticity.  We  find 
that  the  stress  function  4»  must  be  constant  along  the  boundary  of  the  cross  sec¬ 
tion.  If  the  cross  section  is  simply  connected  then  we  can  choose  this  constant 
arbitrarily  and  we  may  put  ^  *=  0  at  the  boundary.  We  find  also 


Af,  =  2 


j  j  <l>dxdy 


(5) 


for  the  torque.  The  resultant  force  on  a  cross  section  is  zero,  exactly  as  in  the 
elastic  theory. 

By  integrating  Eq.  (4)  we  find  ^  =  0(x,  y,  0  and  introducing  this  function  into 
the  equation  (5)  we  can  express  t  as  a  function  of  Mt  only. 


2.  Displacements  in  the  torsion  of  prismatical  bars.  Suppose  the  stress  func¬ 
tion  0(x,  y)  has  been  determined  for  a  given  cross  section.  Then  we  can  find 
easily  the  expressions  for  the  displacements.  Putting 


2P(V2(»S  +^) 


«/•*  =  fiix,  y), 


and  using  the  equations  (1)  we  find 


2P(  V2(»l  +  ^)) 
V2(^  + 


<t>,  =  /j(x,  y). 


du/dx  =  0,  dv/dy  =  0,  dwjdz  =  0, 


9m  dv 


=  0, 


9m  dto 
92  to 


Siix,  y), 


where  /i  and  />  are  known  functions. 

From  the  third  of  the  equations  (6)  we  find  w 
and  sixth  of  them  we  get  du/dz  =»  /i  —  u>,  ,  dv/dz 
find 


|  +  (6) 

=>  w{x,  y)  and  from  the  fifth 
=*  ft  —  Wy  .  Int^ating  we 


M  =  z(/i  -  IP,)  -I-  Mo(x,  y),  V  =  z(fi  —  Wy)  +  vo(x,  y)  (7) 

Substituting  from  the  equations  (7)  into  the  first  and  second  on  the  equations 
(6)  we  find 


m 


2(/i,  -  W„)  +  Mo,  =  0,  z(/ty  -  Wn)  -1-  Po,  =  0 


(8) 
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These  equations  must  be  valid  for  every  value  of  z.  Hence  Uox  =  0,  vox  =  0. 
Therefore  uo(x,  y)  =  uo(y),  voix,  y)  =  voCx). 

'  Substituting  from  the  equations  (7)  into  the  fourth  of  the  equations  (6)  we  find 

z(Jiy  fix  —  2tVxy)  -h  Uo  -h  Vo  =  0  (9) 

This  equation  also  must  be  valid  for  every  z.  Therefore  ui(y)  +  vi(x)  =  0 
and  lio  =  —vo  =  k  =  const.  Thus  u,  v,  w  have  the  following  values 

w  =  z(fi  —  Wx)  +  k,  V  =  z(fz  —  Wy)  —  k,  w  =  w(x,  y)  (10) 

It  remains  to  determine  the  function  w  =  w(x,  y).  As  the  equations  (8)  and 
(9)  must  be  valid  for  every  z  we  get 

Wxx  =  Six  ,  Wyy  =  fiy,  Wxy  -  J  (/Uf  +  fix)  (H) 

Therefore 

Wx  =  fi  +  pi(y),  Wy=‘ft  +  pi(x)  (12) 

where  pi  and  pi  are  two  unknown  functions.  From  the  equations  (12)  we  find 
Wxy  =  fly  +  p'i(y)  =  fix  +  Piix) 

and 

Wxy  =  i(/l,  +  fu)  +  hiPliy)  +  Piix))  (13) 

Substituting  from  equation  (13)  into  the  third  equation  (11)  we  find  Piiy)  + 
Pt(x)  =  0.  Hence  p'liy)  =  —piix)  =  X  =  const.  Therefore  pi  =  \y  +  n, 
Pi  =  — Xx  4-  »» in  which  X,  v  are  constants.  Hence  equations  (10)  become 

u  =  —\yz  —  ya  k,  v  \xz  —  vz  —  k  (14) 

and  for  the  function  w  we  have 

Wx  =  fi  +  \y  +  y,  Wy  ft  -  \x  +  V  (15) 

The  equations  (14)  and  (15)  give  the  displacements  u,  v,  w. 

The  four  constants  X,  y,  v,  k  can  be  determined  from  the  conditions  of  fixing. 
The  constant  t  in  the  equation  (4)  can  be  related  to  these  constants.  Indeed 
from  the  equation  (3)  we  get/i,  —/»,  =  <.  But  from  the  equations  (15)  we  have 
Wxy  =  fly  +  X  =  /j*  —  X.  Hence /i,  —  /*,  *  — 2X  and  t  =  — 2X.  Assuming 
w  =  t;  =  0fora:  =  y  =  0  but  for  any  z,  we  get  k  =  ft  =  =  0.  In  this  case  we 

have  u  —  —\yz,  v  =  \xz.  These  equations  represent  a  rotation  of  the  cross 
sections  about  the  z-axis  with  X  representing  the  angle  of  twist  per  unit  length  of 
the  bar,  as  in  the  elastic  solution.  The  relation  between  t  and  Mi  is  of  course  not 
the  same. 

3.  Example.  We  shall  show  now  how  we  can  apply  the  above  formulae  for 
the  solution  of  concrete  problems. 

Let  us  assume  that  the  function  —  FiTf)  has  the  form 

Dd  =  A  .  7l 


(16) 
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where  ^4  is  a  constant.  Such  a  function  represents  the  behavior  of  aluminum 
with  some  accuracy.- 
With  this  assumption  Eq.  (4)  becomes 

^xx(30^  +  (ti)  +  ^(3^  +  =  t/4A  (17) 

We  consider  the  case  of  a  narrow  rectangular  cross  section,  the  boundaries  of 
which  are  given  by  the  equations  x  =  ±  a,  y  =  ±  6.  It  is  assumed  that  b  is 
very  large  in  comparison  with  a. 

Neglecting  the  effect  of  the  short  sides  of  the  rectangle  we  put  ^  «  0.  Hence 
Eq.  (17)  becomes 

=  t/12A  (18) 

The  solution  of  this  differratial  equation  is  given  by 

^  -  Cl)*'*  +  C, 

where  Ci  and  Ct  are  integration  constants.  By  putting 

Cl  -  0,  C, - {3^'*/4*'*A*'*)a*'* 

we  find 

^  -  (3t^'*/4*‘*A^'*)(x*'*  -  a*'*)  (19) 

with  ^  =  0  for  X  =  ±a. 

We  have  now 

fi(x,  y)  “  4:A(<I>1  4i)<^  =  0 

Mx,  y)  “  -4A(^*  +  <^)^,  =  —AA<t>i  =  -it 

Using  the  Eqs.  (14)  and  (15)  and  remembering  that  t  =•  —  2X  we  find 

u  *  — Xyz,  V  “  Xx2,  Wt  »>  \y,  Wy  =  Xx,  (20) 

where  we  have  assumed  that  k  —  =  v  ^  0.  Integrating  we  find 

w  -»  Xxy.  (20a) 

For  the  calculation  of  the  torque  we  can  use  the  equation  (5). 
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COEFFICIENTS  FOR  FACILITATING 
TRIGONOMETRIC  INTERPOLATION 
Bt  Hbbbxbt  E.  Salzbb 

The  trigonometric  sum  of  the  order,  f(x)  =  Co  +  (Ci  cos  x  +  <Si  sin  z)  + 
•  •  •  +  (C,  cos nx  +  sin  nx),  which  assumes  the  values fo,fi ,  •  •  •  , /*»  when 
X  B  Xo ,  Xi ,  ■  *  *  ,  xin  ,  i.e.  determined  by  an  odd  number  of  points,  is  expressible 
in  the  well-known  form 

/jN  ^  Y  sin  ^(x  -  xo)  sin  ^(x  -  Xi)  •  •  •  sin  ^(x  -  x>«)  - 

^0  sin  i(x<  —  Xo)  sin  ^{xi  —  Xi)  •  •  •  sin  §(x<  —  Xt,)  ■'*  ’ 

where  the  coefficient  of/<  is  of  the  formH^  sin  J(x  —  x>)/IIylo  sin  ~  */)i 
the  symbol  n'  denoting  the  absence  of  a  factor  having  j  **  i.  Formula  (1)  is 
commonly  known  as  Gauss’s  formula  for  trigonometric  interpolation.  Even 
when  the  points  x.  are  equally  spaced,  there  is  a  large  amount  of  computational 
labor  involved  in  the  use  of  (1).  The  purpose  of  this  present  article  is  to  provide 
auxiliary  coefficients  for  reducing,  by  a  very  considerable  factor,  the  amount  of 
work  in  appl3dng  (1).  The  principle  involved  is  a  generalization  of  a  method 
originally  given  by  W.  J.  Taylor*,  to  the  extent  of  going  beyond  the  Lagrangian 
interpolation  formula  (the  author’s  previous  generalizations  to  unequally  spaced 
points  or  to  complex  points  were  all  for  the  Lagrangian  formula). 

Rewriting  (1)  in  the  form 

ti»  J 

/9\  /(*)  =  n  sin  K®  -  Xi)  2  r*^; - T - fi  , 

^  Bin  \{xi  -  x,)J  sin  -  Xi) 

let  l/IIyio  sin  J(x<  —  xy)  be  denoted  by  Then  from  the  definition 

(3)  »  A^-'-'Vsin  Kx  -  Xi), 

it  follows  from  the  unique  determination  of  the  coefficients  of  a  trigonometric 
sum  of  the  n***  order  which  assumes  2n  -f-  1  preassigned  values*,  when  applied  to 
the  case/o  ^  fi  =  ■  *  *  ~  /tn  L  similar  to  ordinary  Lagrangian  coefficients,  that 

(4)  1  =  n  sin  §(x  —  xy)  2  o**"'''*^  from  which 

J— 0 

(5)  .  /(x)  =  2oi*--^*V./i:al*-^” 

/  i-O 

The  present  tables  give  s  Ai*!LV^  for  equally  spaced  x<’s,  for  some  of 

the  more  important  cases  likely  to  arise  in  practice.  Unlike  the  corresponding 

*  “Method  of  Lagrangian  Curvilinear  Interpolation,”  Jour.  Rea.  Nat.  Bur.  Stand. ,vol. 
36,  Aug.  1946,  RP 1667,  pp.  161-166. 

*  For  a  proof  of  the  statement  that  two  trigonometric  sums  of  the  n^  order  which  coin¬ 
cide  in  value  at  2n  -I- 1  distinct  points  of  a  period  are  identically  equal,  see  Dunham  Jackson, 
The  Theory  of  Approximation,  American  Mathematical  Society  Colloquium  Publications, 
vol.  XI,  1930,  Chapter  IV,  pp.  109-111. 
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quantities  for  Lagrangian  interpolation,  here  separate  sets  of  are  required 

for  each  interval  in  Coefficients  are  given  for  the  3-,  5-,  7-,  9-  and 

11-point  cases,  all  at  intervals  in  x  equal  to  1.0,  0.5,  0.2,  0.1,  0.05,  0.02  and  0.01 ; 
also  A  j*""^**  are  given  for  functions  tabulated  at  2n  -|-  1  equally  spaced  points 
over  a  range  of  r  and  t/2,  for  2n  -i-  1  =  3(2)11,  since  those  ranges,  i.e.  180°  and 
90°,  are  important  for  many  periodic  functions.  All  the  quantities  A  are 
given  to  eight  significant  figures. 

It  is  worth  noting  that  this  scheme  for  saving  labor  in  interpolation  by  Gauss’s 
formula,  would  be  apphcable  to  any  t}rpe  of  interpolation  formula  which  is  linear 
in  the  /<’s,  where 

a)  the  coefficient  of  /,  is  of  the  form  IlyZo  ^(x  -  xy)/n'A  -  Xy),  i.e. 
“separable”  into  products,  and 

b)  the  sum  of  the  coefficients  of  fi  is  1,  or  even  some  fixed  quantity 
C(xo ,  Xi ,  •  •  *  ,  Xm)  which  depends  upon  the  x.’s  but  not  upon  x,  so  that  from 
^(m+i)  ^  1/li yZo  ^(x<  —  Xj),  one  defines 

(6)  oj"''’”  s  A<’"'''‘V^(x  —  Xi),  from  which 

(7)  f(x)  -  t  or-v. . 

It  would  be  interesting  to  enumerate  other  fimctions  ^(x)  bemdes  ^(x)  as  x  and 
^(x)  B  sin  ^  X  which  have  properties  a)  and  b)  and  which  would  be  useful  in 
interpolating  for  other  special  types  of  functions  besides  polynomials  and  trigono¬ 
metric  sums. 
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CALCULATION  OF  THE  CURVATURES 
OF  ATTACHED  SHOCK  WAVES* 

Bt  T.  Y.  Thomas 

1.  Introduction.  Consider  a  plane  uniform  flow  of  a  gas  for  which  the  pres¬ 
sure,  density  and  velocity  vector  are  constant.  Denote  the  pressure  of  this 
flow  by  Pi ,  the  density  by  pi  and  let  w  be  the  magnitude  of  the  velocity.  The 
Mach  number  M  of  the  flow  is  defined  by  M  =  w/ci  where  ci  is  the  velocity  of 
sound  in  the  gas  and  is  given  by  Ci  =  yjh/pi ;  here  y  is  the  ratio  of  the  two  specific 
heats  Cp  and  c, ,  i.e.  y  —  Cp/c, .  Now  place  a  pointed  cylindrical  obstacle  in  the 
flow  so  that  the  axis  of  the  cylinder  is  perpendicular  to  the  direction  of  flow; 
the  flow  past  the  obstacle  will  then  be  a  plane  two  dimensional  flow.  To  treat 
the  problem  we  choose  rectangular  axes  x‘  and  x*  in  the  plane  of  the  flow,  with 
origin  at  the  vertex  V  of  the  obstacle,  and  such  that  the  direction  of  the  flow 


coincides  with  the  direction  of  the  positive  x*  axis  as  shown  in  the  figure.  It  is 
assumed  that  the  incident  flow  is  supersonic,  i.e.  M  >  1,  and  that  the  conditions 
are  otherwise  such  that  a  shock  wave,  or  shock  line,  will  originate  from  the  vertex 
of  the  obstacle.  In  the  figure  we  have  shown  the  upper  half  of  this  wave  which 
will  furnish  the  basis  of  our  consideration.  The  angle  of  inclination  of  the 
obstacle  at  its  vertex  V  is  denoted  by  w  and  the  corresponding  angle  for  the 
shock  line  by  a.  Unit  normal  and  tangent  vectors  to  the  shock  line  are  denoted 
by  y  and  X  respectively;  these  vectors  are  directed  as  shown  in  the  figure  so  that 
X,  y  have  the  same  orientation  as  the  coordinate  axes.  We  suppose  that  the 
shock  line  and  the  flow  behind  this  line  are  steady  in  character. 

In  a  recent  paper  On  Curved  Shock  Waves,  Journal  of  Mathematics  and  Physics, 
vol.  1947,  pp.  62-68,  we  derived  a  formula  relating  the  curvature  k  of  the  shock 
line  to  the  curvature  K  of  the  stream  line  immediately  behind  the  shock  line; 
this  formula  applies  to  the  case  of  steady,  rotational  and  non-adiabatic  plane 
flow  of  an  ideal  gas,  behind  the  shock  line,  with  viscosity  and  thermal  conduc¬ 
tivity  neglected.  In  the  formula  the  curvature  K  is  positive  for  stream  lines 
which  are  concave  upwards  while  the  curvature  «  of  the  shock  line  is  negative 
under  this  condition.  Hence  if  we  replace  k  by  —k  both  curvatures  K  and  k 

*  Prepared  under  Navy  Contract  N6onr-180,  Task  Order  No.  5,  with  Indiana  University. 
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will  be  positive  for  curves  which  are  concave  upwards  and  negative  for  curves 
which  are  concave  downwards.  For  uniform  flow  before  the  shock  line,  which 
we  assume,  the  modifled  formula,  involving  k,  can  be  written  in  the  form 

6-27' 

.  -,(;)■ 


(1) 


(ul/c*)  -  1 


4- 


7  + 


Here  p  denotes  the  density  immediately  behind  the  shock  line.  Also  v  is  the 
magnitude  of  the  velocity  behind  the  shock;  Ui  is  the  tangential  component  of 
the  velocity  along  the  shock  line;  is  the  component  of  the  velocity  behind 
the  shock  along  the  normal  to  the  shock  line;  finally  c  is  the  velocity  of  sound 
behind  the  shock  line  and  is  given  by  c*  =  yp/p  where  p  is  the  pressure  and  7 
is  the  above  ratio  Cp/c,  .  It  is  assumed  that  7  is  constant  throughout  the  flow. 

In  the  following  we  shall  be  concerned  primarily  with  the  calculation  of  the 
ratio  K/k  at  the  vertex  of  the  obstacle  where  the  angle  of  inclination  u  and  the 
curvature  K  are  specified  by  the  boundary  conditions  of  the  problem. 


2.  Auziliaiy  formulas.  To  evaluate  the  various  quantities  occurring  in  the 
right  member  of  (1)  we  need  to  make  use  of  the  equations  expressing  the  condi¬ 
tions  of  shock.  Using  the  above  designations  these  conditions  can  be  written 
in  the  form 


(2) 


-(7+1)piMu 


(3) 

(4) 


[p] 

[p] 


2(piMi„  —  7pi) 

7+1 

2piipiUin  —  ypi) 
27Pi  +  (7  “  l)pitfis 


where  the  quantities  [v,,],  [p]  and  [p]  are  the  increments  in  the  components  of 
velocity,  the  pressure  and  the  density  respectively  in  the  transition  of  the  gas 
particles  through  the  shock  wave,  e.g.  [u,]  «■  w«  —  Ui«  with  the  velocity 
components  immediately  behind  the  shock  and  ui«  the  velocity  components  of  the 
incident  flow.  Also  r.  are  the  components  of  the  unit  normal  vector  to  the  shock 
line  directed  into  the  regicAi  behind  this  line  (as  shown  in  the  figure);  corre¬ 
spondingly  we  shall  denote  by  X.  the  components  of  the  above  unit  tangent  vector 
to  the  shock  line.  The  quantity  uu  denotes  the  normal  component  of  the  incident 
flow  and  is  constant  only  in  the  special  case  where  the  shock  line  is  a  straight  line. 

Now  uin  “  wvi .  Hence,  from  (2),  we  have 


Ml 


_  2(pi  Mu  —  7Pi)  ¥1  _  _  2(Mu  —  Ci)l>i 

(7  +  l)piMu  (7  +  1)Mi„  ’ 

(7  +  —  2u\nVi  +  2c\vi  _  (7  +  l)M>*yi  —  2tP*i>t  +  2ciyi 

(7  +  1)mi,  (7  +  lymi  ’ 

(7  +  l)ui*  —  2tp*i»i  +  2ci  _  [(7  +  —  2A/*i'i  +  2]ci 

(7+l)«J  (7  +  1)M 
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Also, 

_  —2(piUin  —  TPpFt  ^  —  Ci)l«| 

(7  +  *  (7  +  1K»  ’ 

_  —  2(to*i>i  —  Cl)  _  —2{M*v\  —  l)i>iCi 
(7  +  l)tw»i  (7  + 

But  at  the  vertex  V  of  the  obstacle  we  have 

Xi  “  i>j  “  —cos  a,  Xj  =*  —  i»i  *  —sin  o. 


Hence  the  above  expressions  for  ui  and  tij  become 


(5) 

(6) 


Ux 


tit 


[(7  +  l)Af*  -  2Af*  sin’  a  +  2]ci 
(7  +  \)M 

2{M*  sin*  a  —  1)  cosa  Ci 
(7+l)Af  sin  a 


Now  tan  w  »  v^/ui  at  V.  Substituting  in  this  the  expressions  (5)  and  (6)  for 
Ui  and  tit  the  resulting  equation  can  be  written 


(7) 


tan  (d 


2[{M'  -  1)  tan’  a  -  1] 

[(7  -  1)M*  +  2]  tan*  a  +  [(7  +  l)Af*  +  2]  tan  o' 


From  (3)  we  see  that 

2(ti*i,  —  c’)pi 


[p] 


2iw'  v\  —  cj)pi  2(M*  yl  —  l)cjpi 


7  +  1  •  7+1 

27  (M*  y\  —  l)cjpx 


7+  1 


27 


7  +  1 


(tPi/p) 


(M*  vl  —  l)pi . 


Dividing  both  members  of  this  equation  by  pi  we  obtain 
(8)  p/pi  =  [27/(7  +  l)](Af’  sin’  o  -  1)  +  1. 


Now  treat  (4)  in  a  similar  manner,  obtaining 

U  ^  ^  2(Af  >;  -  1) 

Pt  2c*  +  (7  “  l)tiii»  2  +  (7  —  1)3/*  I*’ 


and  hence, 
(9) 


p  _  2(3f’  sin’  0—1)  .  - 

PI  “  (7  -  1)3/*  sin*  o  +  2 


Now 

(10) 


c*  =  2?  =  R.E}.2^  3.  (p/pi)ct 

p  Pi  p  pi  (p/pi) 


Hence  the  coefficient  of  c’  in  the  right  member  of  this  equation  is  determined  by 
the  formulas  (8)  and  (9).  Also  =  UaVa  and  on  expansion  this  gives 
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(11) 


But, 


Un  =  UiVi  +  UfVt  =  -MiXj  +  tijXi 
■=  “WxXi  tan  a  +  UiXi  tan  u 
<=  (tan  0)  —  tan  a)uiXi . 

Ut  =  M.X«  =  MiXi  +  Ut\i 


(12)  =  uiXi  +  Wi  tan  u  Xi  tan  a 

“  (1  tan  w  tan  a)  MiXi . 
Hence  combining  (11)  and  (12)  we  have 
(tan  w  —  tan  a)ut 


(13) 


Un  = 


1  +  tan  u  tan  a 


=  tan((i)  —  a)ut 


Since  Ut  is  continuous  across  the  shock  line  we  also  have  Ut  =  AfXiCi  « 
—Mci  cos  a.  Hence  (13)  becomes 

(14)  Un  =  M  cos  a  tan(a  —  u)ci . 

Then  from  (10)  and  (14)  we  have 

/,  u\  _  M*  cos*  a  tan* (a  —  u)(j>/pi) 

^  ^  c*  p/pi 

For  the  determination  of  the  right  member  of  (1)  we  also  need  the  ratio  u,/v. 
But  from  the  above  figure  (see  remarks  in  §4)  we  see  immediately  that  this  is 
given  by 

(16)  Ui/v  ■=  —  cos(o  —  «). 


3.  Tables  and  curvature  graphs.  Those  formulas  from  the  preceding  section 
which  are  needed  directly  in  the  calculation  of  the  right  member  of  equation  (1) 
will  be  listed  separately  as  follows 


2[{M*  -  1)  tan*  a  - 

-  1] 

tcui  w 

[(y  -  +  2]tan*  a  -f  [(y  + 

l)3f*  +  2]tan  a 

(B) 

P 

=  -^(il/*sin*a  -  1)  +  1, 

Pi 

7+1 

(C) 

p 

Pi 

2(M*  sin*  a  —  1)  .  . 

(7  -  l)Af*  sin*  a  +  2 

(D) 

c» 

_  3/*  cos*  a  tan*  (a  —  w)(p/pi) 

P/Pi 

(E) 

Uilv 

=  —  cos(a  —  «). 

In  the  calculations  we  have  taken  y  =  1.405.  Since  the  obstacle  is  assumed 
pointed  at  V  the  angle  «  will  be  subjected  to  the  restriction  0  ^  w  <  90°.  For 
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convenience  in  the  calculations  we  take  M  and  a  as  independent  variables  and 
consider  as  possible,  ab  initio,  all  values  of  a  satisfying  the  inequality  0  ^  a  ^ 
180°.  However  since  the  wave  is  a  compression  shock,  the  condition  p/pi  >  1 
must  be  satisfied  and  this  further  restricts  the  values  which  can  be  assumed  by 
a  and  u.  In  fact  it  follows  from  this  condition  that  the  first  term  in  the  right 
member  of  (C)  must  be  positive  and  since  the  denominator  of  this  term  is  neces¬ 
sarily  positive  the  numerator  must  also  be  positive.  Hence  sin  a  >  l/M. 
This  excludes  the  values  o  =  0°  and  a  =  180°.  If  a  is  assumed  to  lie  in  the  sec¬ 
ond  quadrant  the  denominator  in  the  right  member  of  (A)  is  negative;  but 

M*  sin*  a  —  1  =  ((M*  —  1)  tan*  a  —  1]  cos*  o  >  0, 

and  hence  the  numerator  of  this  member  is  positive  whereas  tan  w  ^  0  from  the 
inequality  satisfied  by  u.  Hence  a  cannot  be  a  second  quadrant  angle.  Also 
sin  a  =  1/M  or  o  =  90°  implies  tan  w  =*  0  and  conversely.  Hence  in  view  of  the 
condition  sin  a  >  1/Af  we  must  associate  «  =  0  with  a  =  90°  only. 

Denoting  by  ao(M)  the  value  of  a  in  the  first  quadrant  such  that  sin  a  » 
l/M  the  following  inequality  is  now  seen  to  be  satisfied  by  the  angle  a,  namely 

ooiM)  <  o  ^  90°. 

In  calculating  the  values  of  the  ratio  K/k  and  the  values  of  the  quantities  which 
appear  in  the  left  members  of  the  equations  (A),  •  •  •  ,  (E)  we  have  selected  values 
of  A/  so  that  the  values  of  ao(Af)  are  more  or  less  equally  spaced  throughout  the 
interval  from  M  «  1.05  to  Af  =  4.45.  The  results  of  these  calculations  are  given 
in  Tables  I  to  XIII  and  the  graphs  of  u  and  the  ratio  K/k  have  been  plotted  as 
fimctions  of  a  (for  fixed  M).  The  values  of  a  in  these  tables  have  not  been 
equally  spaced  but  have  been  chosen  in  a  way  which  appears  to  be  expedient 
from  the  standpoint  of  the  construction  of  the  graphs. 


4.  Exceptional  shock  angles.  From  the  graphs  of  the  functions  w  and  K/k 
it  is  seen  that  certain  values  of  the  shock  angle  a  merit  special  consideration. 
One  of  these  is  the  value  a  =  a(M)  at  which  u  assumes  its  maximum  value  u(M). 
The  equation  determining  a(M)  is  obtained  in  the  usual  manner  by  differentia¬ 
tion  of  (A)  and  is  found  to  be 


where. 


^  +  VA*  -t-  4BC 
tan  a{M)  =  - ^ - , 


A  ^[iy+  DM*  -b  2](M*  -  1)  +  3((7  -  1)M*  +  2], 
B  =  [iy-  1)3/*  +  2](M*  -  1). 

C  =  [(7  +  1)3/*  -  2]. 


Another  exceptional  value  of  the  angle  a  is  the  \^alue  a  =  a,(M)  at  which  the 
K/k  curves  cross  the  a  axis.  It  is  seen  from  the  graphs  that  this  value  of  a  is, 
in  each  case,  but  slightly  less  than  the  value  of  a  at  which  u  assumes  its  maxi¬ 
mum.  A  value  of  a  for  which  K/k  ^  0  will  be  called  singxdar,  more  precisely 
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this  value  of  a  will  be  called  singxdar  relative  to  the  value  of  M  in  question.  .  The 
value  of  w  corresponding  to  a  singular  value  of  a  will  also  be  said  to  be  singular 
relative  to  M.  Thus  the  above  values  a,(M)  and  the  corresponding  values  of 
to  =  to,(ilf )  are  singular  relative  to  M.  Also  we  see  from  the  graphs  that  a  — 
90°  and  the  corresponding  value  u  =  0  are  singular  for  all  values  of  M. 

In  Table  XIV  we  have  listed  the  values  of  a(M),  u{M),  a,(M)  and  oi,iM)  cor¬ 
responding  to  the  values  of  M  which  appear  in  Tables  I  to  XIII.  The  values 
of  a{M)  and  u{M)  in  this  table  have  been  calculated  while  the  values  of  a,(M) 
and  u,(M)  have  been  read  from  the  graphs  of  the  functions  K/k  and  to.  Finally 
we  have  constructed  the  graphs  of  the  functions  a(M),  to(3/),  a,(M)  and  u,{M) 
from  Table  XIV. 


TABLE  I 

3/  -  1.05  ao(Af)  -  72.250' 


TABLE  II 

3/  -  1.08  a«(3f)  -  67.8' 


.3495 

.32155 

.2917 

.2831 

.2267 

.19155 

1551 

.11735 

,0787 

03979 

.0000 
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TABLE  III 

Af-  1.12  ao(Af)  -  63.238° 


«(dcf.) 

"(deg.) 

flu 

*\l* 

PiPi 

-»l/* 

K/k 

k/K 

64 

.250 

1.0110 

.9891 

1.0155 

.4423 

.9870 

21.0259 

.Oil  55 

67 

1.057 

1.0517 

.9508 

1.0734 

.4076 

.9410 

2.7848 

.3591 

70 

1.644 

1.0879 

.9192 

1.1257 

.3688 

.9010 

.7482 

1.3365 

73 

1.892 

1.1194 

.8933 

1.1719 

.32375 

.8752 

.0593 

16.8634 

76 

1.946 

1.1461 

.8725 

1.2115 

.mi 

.8506 

-.2614 

-3.8256 

79 

1.789 

1.1676 

.8565 

1.2437 

.2214 

.8320 

-.3727 

-2.6831 

82 

1.450 

1.1843 

.8444 

1.2690 

.1642 

.8189 

-.3582 

-2.7917 

85 

.970 

1.1956 

.8364 

1.2861 

.1040 

.8109 

-.2606 

-3.8373 

88 

.402 

1.2017 

.8322 

1.2955 

.0420 

.8049 

-.1120 

-8.9286 

90 

.000 

1.2029 

.8313 

1.2972 

.0000 

.8039 

.0000 

—  00 

TABLE  IV 

M  -  1.18  ao(Af)  -  57.944° 


«(deg.) 

"(deg.) 

kiPi 

P/Pt 

-ui/t 

Ah* 

K/k 

k/K 

60 

.900 

1.0366 

.mi 

1.0518 

.5135 

.9578 

9.378 

.1066 

61.5 

1.467 

1.0619 

.9417* 

1.0880 

.4995 

.9307 

4.7103 

.2123 

63 

1.961 

1.0861 

.9207 

1.1231 

.4842 

.9062 

2.7802 

.3597 

64 

2.249 

1.1016 

.9078 

1.1458 

.4733 

.8913 

2.0233 

.4942 

66 

2.730 

1.1311 

.8841 

1.1893 

.4498 

.8636 

1.0488 

.9535 

69 

3.212 

1.1715 

.8536 

1.2496 

.4101 

.8295 

.2616 

3.8226 

70 

3.307 

1.1838 

.8447 

1.2681 

.3956 

.8193 

.0891 

11.2233 

71 

3.375 

1.1955 

.8365 

1.2860 

.38065 

.8097 

-.0509 

-19.6464 

72 

3.410 

1.2068 

.8286 

1.3033 

.3650 

.8004 

-.1662 

-6.0168 

75 

3.334 

1.2368 

.8085 

1.3495 

.3145 

.7784 

-.3859 

-2.5913 

78 

3.012 

1.2615 

.7927 

1.3880 

.2590 

.7606 

-.4684 

-2.1349 

81 

2.468 

1.2811 

.7806 

1.4188 

.1988 

.7479 

-.4468 

-2.2381 

84 

1.751 

1.2949 

.7723 

1.4406 

.1349 

.7377 

-.3443 

-2.9044 

87 

.908 

1.3032 

.7673 

1.4539 

.06815 

.7313 

-.1862 

-5.3706 

90 

.000 

1.3061 

.7656 

1.4585 

.0000 

.7309 

.0000 

—  00 
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«(def.)  M(def.) 


TABLE  V 

M  -  1.25  a»(Jf)  -  63.170“ 


-Kj/t  iij/e* 


.8927 
.8780 
.8511 
.8062 
.7876 
.7711 
.3435  I  .7443 

.7337  .32 

.7247  .28 

.7172 
.7111 
.7032 
.7006 


TABLE  VI 

-  1.36  a%{M)  -  47.8“ 

tif\  nip  -«i/»  *2/ 


29.926 

8.1467 

6.6283 

4.1454 

3.1436 

2.4242 

1.4540 

.3994 

.0507 

-.1880 

-.4779 

-.5443 

-.5661 

-.6440 


0000  .58057 


-.1941 

-.6196 

-.6169 

-.6709 

-.6496 

-.4692 

-.1719 

.0000 


.03342 

.1227 

.1777 

.2412 

.3181 

.4125 

.6878 

2.5038 

19.7239 

-6.3191 

-2.0925 

-1.8372 

-1.7696 

-1.8382 

-2.0576 

-3.5856 


.026536 

.1637 

.2536 

.3837 

.8744 

3.0497 

26.1097 

-6.1520 

-1.9246 

-1.6210 

-1.4905 

-1.6396 

-2.1313 

-6.8173 
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TABLE  VII 

M  -  1.47  a%{M)  -  42.869“ 


my 

-(deg.) 

f/n 

p\lp 

--i/t 

Ale' 

KIk 

k/K 

45 

1.831 

1.0940 

1.0660 

.9381 

.7294 

.9263 

15.6729 

.06380 

46 

2.633 

1.1379 

1.0962 

.9122 

.7270 

.8965 

10.4943 

.09529 

50 

5.513 

1.3131 

1.2132 

.8243 

.7135 

.7958 

4.0518 

.2468 

53 

7.317 

1.4419 

1.2957 

.7718 

.6986 

.7376 

2.4753 

.4040 

55 

8.344 

1.5260 

1.3480 

.7418 

.6864 

.7049 

1.7927 

.5578 

57 

9.222 

1.6076 

1.3976 

.7155 

.6720 

.6767 

1.2847 

.7784 

60 

10.272 

1.7252 

1.4673 

.6815 

.6464 

.6402 

.6942 

1.4405 

62 

10.767 

1.7997 

1.5103 

.6621 

.6262 

.6198 

.3783 

2.6434 

64 

11.106 

1.8712 

1.5509 

.6448 

.6033 

.6015 

.1035 

9.6618 

65 

11.211 

1.9055 

1.5701 

.6369 

.5907 

.5931 

-.0206 

-48.544 

70 

11.061 

2.0610 

1.6550 

.6042 

.5159 

.5595 

-.5075 

-1.9704 

75 

9.767 

2.1872 

1.7215 

.5809 

.4189 

.5351 

-.77285 

-1.2939 

80 

7.328 

2.2801 

1.7692 

.5652 

.2978 

.5191 

-.7706 

-1.2977 

85 

3.939 

2.3423 

1.8005 

.5554 

.1554 

.5105 

-.4844 

-2.0644 

90 

0.000 

2.3564 

1.8075 

.5533 

.0000 

.5073 

•  .0000 

»  00 

TABLE  VIII 

Af  -  1.63  ao(M)  -  37.843“ 


•(deg.) 

-(deg.) 

P/Pi 

k/n 

nik 

-Ut/t 

A/c* 

K/k 

k/K 

40 

2.154 

1.1143 

1.0800 

.9259 

.7896 

14.8145 

45 

6.539 

1.3838 

1.2588 

.7944 

.7831 

4.6781 

.2138 

50 

10.094 

1.6533 

1.4249 

.7018 

.7671 

.6617 

2.3683 

55 

12.800 

1.9149 

1.5753 

.6348 

.7408 

.5912 

1.2420 

60 

14.589 

2.1599 

1.7073 

.5857 

.7020 

.5403 

.4759 

62 

15.016 

2.2515 

1.7546 

.5699 

.6822 

.5241 

.2195 

4.5558 

65 

15.322 

2.3815 

.5495 

.6471 

-.1277 

-7.8309 

Km 

14.842 

2.5727 

1.9125 

.5229 

.5313 

.4770 

-.7317 

-1.3667 

75 

13.000 

2.7279 

1.9846 

.5039 

.4695 

.4580 

-.9054 

-1.1045 

80 

9.750 

2.8422 

2.0361 

.4911 

.3379 

.4450 

-.9249 

-1.0812 

85 

2.9185 

2.0697 

.4832 

.1779 

.4381 

-.5958 

-1.6784 

90 

2.9359 

2.0773 

.4814 

.4356 

—  00 

I 


T.  y.  THOMAS 


TABLE  IX 

3f  -1.83  at(M)  -  33.120° 


-m/t 

•J/c* 

K/k 

.8398 

.9090 

19.5274 

.8401 

.7350 

5.2491 

.8327 

.6225 

2.8503 

.8173 

.5464 

1.7392 

.7926 

.4925 

.9944 

.7562 

.4535 

.3844 

.7375 

.4410 

.1580 

.7038 

.4252 

-.1692 

.6292 

.4046 

-.6666 

.52485 

.3898 

-1.0294 

.4448 

.3834 

-1.1203 

.3837 

.3798 

-1.1030 

.2046 

.3748 

-.7381 

.0000 

.3727 

.0000 

-5.9102 

-1.6002 

-.9714 

-.8928 


85 

1 

90 

K/k 

k/K 

19.1349 

.05226 

5.3201 

.1880 

3.0646 

.3263 

2.0537 

.4859 

1.4000 

.7143 

.8682 

1.1518 

.3612 

2.7685 

-.1563 

-6.3980 

-.6868 

-1.4560 

-1.1457 

-.8728 

-1.3060 

-.7657 

-1.3247 

-.7549 

-.9430 

-1.0604 

.0000 

—  00 
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•  TABLE  XI 


M  -  2.66  ao(3f)  -  22.994” 


a(dcf.) 

p/»i 

pi/p 

-»</» 

Klh 

h/K 

25 

2.708 

1.1992 

1.1378 

.8789 

.92525 

.8586 

16.2871 

.06140 

30 

8.683 

1.7459 

1.4794 

.6759 

.9316 

.6343 

4.9269 

.2030 

35 

13.794 

2.3508 

1.8047 

.5541 

.9323 

.5082 

2.9958 

.3338 

45 

22.110 

3.6602 

2.3686 

.4222 

.9213 

.3781 

1.6174 

.6183 

55 

27.950 

4.9703 

2.7974 

.3575 

.8906 

.3164 

.8079 

1.2378 

60 

29.683 

6.5745 

2.9622 

.3376 

.8632 

.2977 

.3894 

2.5681 

65 

30.300 

6.1212 

3.0971 

.3229 

.8221 

.2839 

-.0922 

-10.8460 

70 

29.387 

6.5929 

3.2040 

.3121 

.7591 

.2740 

-.6496 

-1.5394 

75 

26.355 

6.9758 

3.2851 

.3044 

.6608 

.2668 

-1.2242 

-.8169 

80 

20.510 

7.2576 

3.3418 

.2992 

.5077 

.2619 

-1.5742 

-.6352 

85 

11.453 

7.4306 

3.3754 

.2963 

.2833 

.2595 

-1.2265 

-.8153 

90 

00.000 

7.4888 

3.3865 

.2953 

j  .0000 

.2584 

0.0000 

—  00 

TABLE  XII 

i»f  -  3.24  oo  (M)  -  17.150° 


a(def.) 

-(dt*.) 

P/Pi 

p/pi 

nl/c* 

K/k 

k/K 

20 

2.893 

1.2666 

1.1828 

.8455 

.9558 

.8201 

13.7221 

.07288 

25 

1.6341 

.6120 

.9616 

.5676 

4.3371 

.2306 

30 

14.353 

2.8979 

2.0607 

.4853 

.9629 

.4389 

2.7400 

.3650 

40 

23.186 

4.8997 

2.7769 

.3601 

.9572 

.3186 

1.6566 

.6036 

50 

30.122 

3.2960 

.3034 

.9404 

.2656 

1.0736 

.9314 

55 

32.748 

3.4911 

.2864 

.9255 

.2503 

.7822 

1.2784 

60 

34.608 

■iHiyrSl 

3.6493 

.2740 

.9034 

.2389 

.4384 

2.2810 

60.432 

34.727 

9.1116 

3.6616 

.2731 

.9011 

.2379 

.4074 

2.4667 

65 

3.7758 

.2648 

.8695 

.2305 

.0024 

416.67 

70 

34.656 

3.8743 

.2581 

.8157 

.2245 

-.5589 

-1.7860 

75 

31.608 

11.2753 

3.9478 

.2533 

.7227 

.2200 

-1.2582 

-.7948 

80 

11.7266 

3.9987 

.2501 

.5762 

.2170 

-.5546 

82.5 

11.8873 

.2490 

.4674 

.2161 

-1.8476 

-.5412 

85 

.2482 

.3323 

.2157 

-1.5737 

-.6354 

87.5 

.2478 

.1735 

.2149 

-.9221 

00 

.2476 

.0000 

.2149 

0.0000 

—  00 
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*/p\ 

1 

niP 

*J/C* 

K/k 

*/A 

.7643 

10.7176 

.09331 

.4850 

3.5531 

.2814 

.3602 

2.3370 

.4279 

.2624 

1.5367 

.6507 

.2144 

1.1603 

.8618 

.2079 

.9901 

1.0100 

.1908 

.7700 

1.2987 

.1939 

.4878 

2.0600 

.1896 

.1012 

9.8814 

.1864 

-.4417 

-2.2640 

.1841 

-1.1836 

-.8449 

.1824 

-1.9718 

-.5072 

.1822 

-2.1469 

-.4658 

.1819 

-1.9605 

-.6101 

.1814 

-1.2040 

.1825 

-.6126 

-1.9612 

.1814 

.0000 

—  00 

TABLE  XIV 


alM) 

MU) 

a.(U) 

79.937“ 

.567“ 

78.62“ 

77.558 

1.099 

76.20 

75.207 

1.955 

73.40 

72.663 

3.416 

70.40 

70.634 

6.271 

68.50 

68.563 

8.028 

66.35 

66.870  < 

11.289 

64.60 

65.635 

15.328 

63.50 

64.890 

19.732 

63.50 

64.582 

24.833 

63.60 

64.782 

30.300 

64.20 

65.399 

35.408 

65.20 

66.246 

39.838 

66.00 
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